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Introduction to First Edition* 


This text represents a first step in communicating the revolution in the actuarial 
profession that is taking place in this age of high-speed computers. During the 
short period of time since the invention of the microchip, actuaries have been freed 
from numerous constraints of primitive computing devices in designing and man- 
aging insurance systems. They are now able to focus more of their attention on 
creative solutions to society’s demands for financial security. 


To provide an educational basis for this focus, the major objectives of this work 
are to integrate life contingencies into a full risk theory framework and to dem- 
onstrate the wide variety of constructs that are then possible to build from basic 
models at the foundation of actuarial science. Actuarial science is ever evolving, 
and the procedures for model building in risk theory are at its forefront. Therefore, 
we examine the nature of models before proceeding with a more detailed discus- 
sion of the text. 


Intellectual and physical models are constructed either to organize observations 
into a comprehensive and coherent theory or to enable us to simulate, in a labo- 
ratory or a computer system, the operation of the corresponding full-scale entity. 
Models are absolutely essential in science, engineering, and the management of 
large organizations. One must, however, always keep in mind the sharp distinction 
between a model and the reality it represents. A satisfactory model captures enough 
of reality to give insights into the successful operation of the system it represents. 


The insurance models developed in this text have proved useful and have deep- 
ened our insights about insurance systems. Nevertheless, we need to always keep 


*Chapter references and nomenclature have been changed to be in accord with the second 
edition. These changes are indicated by italics. 
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before us the idea that real insurance systems operate in an environment that is 
more complex and dynamic than the models studied here. Because models are only 
approximations of reality, the work of model building is never done; approxima- 
tions can be improved and reality may shift. It is a continuing endeavor of any 
scientific discipline to revise and update its basic models. Actuarial science is no 
exception. 


Actuarial science developed at a time when mathematical tools (probability and 
calculus, in particular), the necessary data (especially mortality data in the form of 
life tables), and the socially perceived need (to protect families and businesses from 
the financial consequences of untimely death) coexisted. The models constructed 
at the genesis of actuarial science are still useful. However, the general environment 
in which actuarial science exists continues to change, and it is necessary to peri- 
odically restate the fundamentals of actuarial science in response to these changes. 


We illustrate this with three examples: 

1. The insurance needs of modern societies are evolving, and, in response, new 
systems of employee benefits and social insurance have developed. New mod- 
els for these systems have been needed and constructed. 

2. Mathematics has also evolved, and some concepts that were not available for 
use in building the original foundations of actuarial science are now part of 
a general mathematics education. If actuarial science is to remain in the main- 
stream of the applied sciences, it is necessary to recast basic models in the 
language of contemporary mathematics. 

3. Finally, as previously stated, the development of high-speed computing equip- 
ment has greatly increased the ability to manipulate complex models. This has 
far-reaching consequences for the degree of completeness that can be incor- 
porated into actuarial models. 

This work features models that are fundamental to the current practice of actu- 
arial science. They are explored with tools acquired in the study of mathematics, 
in particular, undergraduate level calculus and probability. The proposition guid- 
ing Chapters 1-14 is that there is a set of basic models at the heart of actuarial 
science that should be studied by all students aspiring to practice within any of 
the various actuarial specialities. These models are constructed using only a limited 
number of ideas. We will find many relationships among those models that lead 
to a unity in the foundations of actuarial science. These basic models are followed, 
in Chapters 15-21, by some more elaborate models particularly appropriate to life 
insurance and pensions. 


While this book is intended to be comprehensive, it is not meant to be exhaustive. 
In order to avoid any misunderstanding, we will indicate the limitations of the text: 
* Mathematical ideas that could unify and, in some cases, simplify the ideas 
presented, but which are not included in typical undergraduate courses, are 
not used. For example, moment generating functions, but not characteristic 
functions, are used in developments regarding probability distributions. 
Stieltjes integrals, which could be used in some cases to unify the presentation 
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of discrete and continuous cases, are not used because of this basic decision on 

mathematical prerequisites. 

* The chapters devoted to life insurance stress the randomness of the time at 
which a claim payment must be made. In the same chapters, the interest rates 
used to convert future payments to a present value are considered deterministic 
and are usually taken as constants. In view of the high volatility possible in 
interest rates, it is natural to ask why probability models for interest rates were 
not incorporated. Our answer is that the mathematics of life contingencies on 
a probabilistic foundation (except for interest) does not involve ideas beyond 
those covered in an undergraduate program. On the other hand, the modeling 
of interest rates requires ideas from economics and statistics that are not in- 
cluded in the prerequisites of this volume. In addition, there are some technical 
problems in building models to combine random interest and random time of 
claim that are in the process of being solved. 

* Methods for estimating the parameters of basic actuarial models from obser- 
vations are not covered. For example, the construction of life tables is not 
discussed. 

* This is not a text on computing. The issues involved in optimizing the orga- 
nization of input data and computation in actuarial models are not discussed. 
This is a rapidly changing area, seemingly best left for readers to resolve as 
they choose in light of their own resources. 

* Many important actuarial problems created by long-term practice and insur- 

ance regulation are not discussed. This is true in sections treating topics such 

as premiums actually charged for life insurance policies, costs reported for pen- 
sions, restrictions on benefit provisions, and financial reporting as required by 
regulators. 

Ideas that lead to interesting puzzles, but which do not appear in basic actuarial 

models, are avoided. Average age at death problems for a stationary population 

do not appear for this reason. 

This text has a number of features that distinguish it from previous fine textbooks 
on life contingencies. A number of these features represent decisions by the authors 
on material to be included and will be discussed under headings suggestive of the 
topics involved. 


Probability Approach 


As indicated earlier, the sharpest break between the approach taken here and 
that taken in earlier English language textbooks on actuarial mathematics is the 
much fuller use of a probabilistic approach in the treatment of the mathematics of 
life contingencies. Actuaries have usually written and spoken of applying proba- 
bilities in their models, but their results could be, and often were, obtained by a’ 
deterministic rate approach. In this work, the treatment of life contingencies is 
based on the assumption that time-until-death is a continuous-type random vari- 
able. This admits a rich field of random variable concepts such as distribution 
function, probability density function, expected value, variance, and moment 
generating function. This approach is timely, based on the availability of high-speed 
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computers, and is called for, based on the observation that the economic role of 
life insurance and pensions can be best seen when the random value of time-until- 
death is stressed. Also, these probability ideas are now part of general education 
in mathematics, and a fuller realization thereof relates life contingencies to other 
fields of applied probability, for example, reliability theory in engineering. 


Additionally, the deterministic rate approach is described for completeness and 
is a tool in some developments. However, the results obtained from using a deter- 
ministic model usually can be obtained as expected values in a probabilistic model. 


Integration with Risk Theory 


Risk theory is defined as the study of deviations of financial results from those 
expected and methods of avoiding inconvenient consequences from such devia- 
tions. The probabilistic approach to life contingencies makes it easy to incorporate 
long-term contracts into risk theory models and, in fact, makes life contingencies 
only a part, but a very important one, of risk theory. Ruin theory, another important 
part of risk theory, is included as it provides insight into one source, the insurance 
claims, of adverse long-term financial deviations. This source is the most unique 
aspect of models for insurance enterprises. 


Utility Theory 


This text contains topics on the economics of insurance. The goal is to provide a 
motivation, based on a normative theory of individual behavior in the face of un- 
certainty, for the study of insurance models. Although the models used are highly 
simplified, they lead to insights into the economic role of insurance, and to an 
appreciation of some of the issues that arise in making insurance decisions. 


Consistent Assumptions 


The assumption of a uniform distribution of deaths in each year of age is con- 
sistently used to evaluate actuarial functions at nonintegral ages. This eliminates 
some of the anomalies that have been observed when inconsistent assumptions are 
applied in situations involving high interest rates. 


Newton L. Bowers 
Hans U. Gerber 
James C. Hickman 
Donald A. Jones 
Cecil J. Nesbitt 
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Introduction to Second Edition 


Actuarial science is not static. In the time since the publication of the first edition 
of Actuarial Mathematics, actuarial science has absorbed additional ideas from 
economics and the mathematical sciences. At the same time, computing and 
communications have become cheaper and faster, and this has helped to make 
feasible more complex actuarial models. During this period the financial risks that 
modern societies seek to manage have also altered as a result of the globalization 
of business, technological advances, and political shifts that have changed public 
policies. 


It would be impossible to capture the full effect of all these changes in the re- 
vision of a basic textbook. Our objective is more modest, but we hope that it is 
realistic. This edition is a step in an ongoing process of adaptation designed to keep 
the fundamentals of actuarial science current with changing realities. 


In the second edition, changes in notation and nomenclature appear in almost 
every section. There are also basic changes from the first edition that should be 
listed. 

1. Commutation functions, a classic tool in actuarial calculations, are not used. 
This is in response to the declining advantages of these functions in an age 
when interest rates are often viewed as random variables, or as varying deter- 
ministically, and the probability distribution of time until decrement may de- 
pend on variables other than attained age. Starting in Chapter 3, exercises that 
illustrate actuarial calculations using recursion formulas that can be imple- 
mented with current software are introduced. It is logically necessary that the 
challenge of implementing tomorrow’s software is left to the reader. 

2. Utility theory is no longer confined to the first chapter. Examples are given that 
illustrate how utility theory can be employed to construct consistent models 
for premiums and reserves that differ from the conventional model that im- 
plicitly depends on linear utility of wealth. 

3. In the first edition readers were seldom asked to consider more than the first 
and second moments of loss random variables. In this edition, following the 
intellectual path used earlier in physics and statistics, the distribution functions 
and probability density functions of loss variables are illustrated. 

4. The basic material on reserves is now presented in two chapters. This facilitates 
a more complete development of the theory of reserves for general life insur- 
ances with varying premiums and benefits. 

5. In recent years considerable actuarial research has been done on joint distri- 
butions for several future lifetime random variables where mutual indepen- 
dence is not assumed. This work influences the chapters on multiple life ac- 
tuarial functions and multiple decrement theory. 

6. There are potentially serious estimation and interpretation problems in multiple 
decrement theory when the random times until decrement for competing 
causes of decrement are not independent. Those problems are illustrated in the 
second edition. 
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7. The applications of multiple decrement theory have been consolidated. No at- 
tempt is made to illustrate in this basic textbook the variations in benefit for- 
mulas driven by rapid changes in pension practice and regulation. 

8. The confluence of new research and computing capabilities has increased the 
use of recursive formulas in calculating the distribution of total losses derived 
from risk theory models. This development has influenced Chapter 12. 

9. The material on pricing life insurance with death and withdrawal benefits and 
accounting for life insurance operations has been reorganized. Business and 
regulatory considerations have been concentrated in one chapter, and the foun- 
dations of accounting and provisions for expenses in an earlier chapter. The 
discussion of regulation has been limited to general issues and options for 
addressing these issues. No attempt has been made to present a definitive in- 
terpretation of regulation for any nation, province, or state. 

10. The models for some insurance products that are no longer important in the 
market have been deleted. Models for new products, such as accelerated ben- 
efits for terminal illness or long-term care, are introduced. 

11. The final chapter contains a brief introduction to simple models in which in- 
terest rates are random variables. In addition, ideas for managing interest rate 
risk are discussed. It is hoped that this chapter will provide a bridge to recent 
developments within the intersection of actuarial mathematics and financial 
economics. 


As the project of writing this second edition ends, it is clear that a significant 
new development is under way. This new endeavor is centered on the creation of 
general models for managing the risks to individuals and organizations created by 
uncertain future cash flows when the uncertainty derives from any source. This 
blending of the actuarial/statistical approach to building models for financial se- 
curity systems with the approach taken in financial economics is a worthy assign- 
ment for the next cohort of actuarial students. 


Newton L. Bowers 
James C. Hickman 
Donald A. Jones 
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The reader can consider this text as covering the two branches of risk theory. 
Individual risk theory views each policy as a unit and allows construction of a 
model for a group of policies by adding the financial results for the separate policies 
in the group. Collective risk theory uses a probabilistic model for total claims that 
avoids the step of adding the results for individual policies. This distinction is 
sometimes difficult to maintain in practice. The chapters, however, can be classified 
as illustrated below. 
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Individual Risk Theory Collective Risk Theory 


1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 12, 13, 14, 19, 20 
11, 15, 16, 17, 18, 21 


It is also possible to divide insurance models into those appropriate for short- 
term insurance, where investment income is not a significant factor, and long-term 
insurance, where investment income is important. The following classification 
scheme provides this division of chapters along with an additional division of long- 
term models between those for life insurance and those for pensions. 
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Long-Term Insurances 


Short-Term Insurances Life Insurance Pensions 
1, 2, 12, 13, 14 3, 4, 5, 6, 7, 8, 9, 10, 9, 10, 11, 
11, 15, 16, 17, 18, 21 19, 20, 21 


The selection of topics and their organization do not follow a traditional pattern. 
As stated previously, the new organization arose from the goal to first cover ma- 
terial considered basic for all actuarial students (Chapters 1-14) and then to include 
a more in-depth treatment of selected topics for students specializing in life insur- 
ance and pensions (Chapters 15-21). 


The discussion in Chapter 1 is devoted to two ideas: that random events can 
disrupt the plans of decision makers and that insurance systems are designed to 
reduce the adverse financial effects of these events. To illustrate the latter, single 
insurance policies are discussed and convenient, if not necessarily realistic, distri- 
butions of the loss random variable are used. In subsequent chapters, more detailed 
models are constructed for use with insurance systems. 


In Chapter 2, the individual risk model is developed, first in regard to single 
policies, then in regard to a portfolio of policies. In this model, a random variable, 
S, the total claims in a single period, is the sum of a fixed number of independent 
random variables, each of which is associated with a single policy. Each component 
of the sum S can take either the value 0 or a random claim amount in the course 
of a single period. 


From the viewpoint of risk theory, the ideas developed in Chapters 3 through 
11 can be seen as extending the ideas of Chapter 2. Instead of considering the 
potential claims in a short period from an individual policy, we consider loss var- 
iables that take into account the financial results of several periods. Since such 
random variables are no longer restricted to a short time period, they reflect the 
time value of money. For groups of individuals, we can then proceed, as in 
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Chapter 2, to use an approximation, such as the normal approximation, to make 
probability statements about the sum of the random variables that are associated 
with the individual members. 


In Chapter 3, time-of-death is treated as a continuous random variable, and, 
after defining the probability density function, several features of the probability 
distribution are introduced and explored. In Chapters 4 and 5, life insurances and 
annuities are introduced, and the present values of the benefits are expressed as 
functions of the time-of-death. Several characteristics of the distributions of the 
present value of future benefits are examined. In Chapter 6, the equivalence prin- 
ciple is introduced and used to define and evaluate periodic benefit premiums. In 
Chapters 7 and 8, the prospective future loss on a contract already in force is 
investigated. The distribution of future loss is examined, and the benefit reserve is 
defined as the expected value of this loss. In Chapter 9, annuity and insurance 
contracts involving two lives are studied. (Discussion of more advanced multiple 
life theory is deferred until Chapter 18.) The discussion in Chapters 10 and 11 
investigates a more realistic model in which several causes of decrement are pos- 
sible. In Chapter 10, basic theory is examined, whereas in Chapter 11 the theory is 
applied to calculating actuarial present values for a variety of insurance and pen- 
sion benefits. 


In Chapter 12, the collective risk model is developed with respect to single-period 
considerations of a portfolio of policies. The distribution of total claims for the 
period is developed by postulating the characteristics of the portfolio in the aggre- 
gate rather than as a sum of individual policies. In Chapter 13, these ideas are 
extended to a continuous-time model that can be used to study solvency require- 
ments over a long time period. Applications of risk theory to insurance models are 
given an overview in Chapter 14. 


Elaboration of the individual model to incorporate operational constraints such 
as acquisition and administrative expenses, accounting requirements, and the ef- 
fects of contract terminations is treated in Chapters 15 and 16. In Chapter 17, in- 
dividual risk theory models are used to obtain actuarial present values, benefit and 
contract premiums, and benefit reserves for selected special plans including life 
annuities with certain periods that depend on the contract premium, variable and 
flexible products, and accelerated benefits. In Chapter 18, the elementary models 
for plans involving two lives are extended to incorporate contingencies based on a 
larger number of lives and more complicated benefits. 


In Chapter 19, concepts of population theory are introduced. These concepts are 
then applied to tracing the progress of life insurance benefits provided on a group, 
or population, basis. The tools from population theory are applied to tracing the 
progress of retirement income benefits provided on a group basis in Chapter 20. 


Chapter 21 is a step into the future. Interest rates are assumed to be random 
variables. Several stochastic models are introduced and then integrated into models 
for basic insurance and annuity contracts. 
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The following diagram illustrates the prerequisite structure of the chapters. The 
arrows indicate the direction of the flow. For any chapter, the chapters that are 
upstream are prerequisite. For example, Chapter 6 has as prerequisites Chapters 1, 
2,3, 4, and 5. 


We have a couple of hints for the reader, particularly for one for whom the 
material is new. The exercises are an important part of the text and include material 
not covered in the main discussion. In some cases, hints will be offered to aid in 
the solution. Answers to all exercises are provided except where the answer is given 
in the formulation of the problem. Writing computer programs and using electronic 
spreadsheets or mathematical software for the evaluation of basic formulas are 
excellent ways of enhancing the level of understanding of the material. The student 
is encouraged to use these tools to work through the computing exercises. 


We conclude these introductory comments with some miscellaneous information 
on the format of the text. First, each chapter concludes with a reference section that 
provides guidance to those who wish to pursue further study of the topics covered 
in the chapter. These sections also contain comments that relate the ideas used in 
insurance models to those used in other areas. 


Second, Chapters 1, 12, 13, 14, and 18 contain some theorems with their proofs 
included as chapter appendices. These proofs are included for completeness, but 
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are not essential to an understanding of the material. They may be excluded from 
study at the reader’s discretion. Exercises associated with these appendices should 
also be considered optional. 


Third, general appendices appear at the end of the text. Included here are nu- 
merical tables for computations for examples and exercises, an index to notation, 
a discussion of general rules for writing actuarial symbols, reference citations, 
answers to exercises, a subject index, and supplemental mathematical formulas that 
are not assumed to be a part of the mathematical prerequisites. 


Fourth, we observe two notational conventions. A referenced random variable, 
X, for example, is designated with a capital letter. This notational convention is not 
used in older texts on probability theory. It will be our practice, in order to indicate 
the correspondence, to use the appropriate random variable symbol as a subscript 
on functions and operators that depend on the random variable. We will use the 
general abbreviation log to refer to natural (base e) logarithms, because a distinction 
between natural and common logarithms is unnecessary in the examples and ex- 
ercises. We assume the natural logarithm in our computations. 


Fifth, currencies such as dollar, pound, lira, or yen are nol specified in the 
examples and exercises due to the international character of the required 
computations. 


Finally, since we have discussed prerequisites to this work, some major theorems 
from undergraduate calculus and probability theory will be used without review 
or restatement in the discussions and exercises. 
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THE ECONOMICS OF INSURANCE 


1.1 Introduction 


Each of us makes plans and has expectations about the path his or her life will 
follow. However, experience teaches that plans will not unfold with certainty and 
sometimes expectations will not be realized. Occasionally plans are frustrated be- 
cause they are built on unrealistic assumptions. In other situations, fortuitous cir- 
cumstances interfere. Insurance is designed to protect against serious financial re- 
versals that result from random events intruding on the plans of individuals. 


We should understand certain basic limitations on insurance protection. First, it 
is restricted to reducing those consequences of random events that can be measured 
in monetary terms. Other types of losses may be important, but not amenable to 
reduction through insurance. 


For example, pain and suffering may be caused by a random event. However, 
insurance coverages designed to compensate for pain and suffering often have been 
troubled by the difficulty of measuring the loss in monetary units. On the other 
hand, economic losses can be caused by events such as property set on fire by its 
owner. Whereas the monetary terms of such losses may be easy to define, the events 
are not insurable because of the nonrandom nature of creating the losses. 


A second basic limitation is that insurance does not directly reduce the proba- 
bility of loss. The existence of windstorm insurance will not alter the probability 
of a destructive storm. However, a well-designed insurance system often provides 
financial incentives for loss prevention activities. An insurance product that en- 
couraged the destruction of property or the withdrawal of a productive person 
from the labor force would affect the probability of these economically adverse 
events. Such insurance would not be in the public interest. 


Several examples of situations where random events may cause financial losses 
are the following: 
* The destruction of property by fire or storm is usually considered a random 
event in which the loss can be measured in monetary terms. 


Chapter 1 The Economics of Insurance 


* A damage award imposed by a court as a result of a negligent act is often 
considered a random event with resulting monetary loss. 

* Prolonged illness may strike at an unexpected time and result in financial 
losses. These losses will be due to extra health care expenses and reduced 
earned income. 

* The death of a young adult may occur while long-term commitments to family 
or business remain unfulfilled. Or, if the individual survives to an advanced 
age, resources for meeting the costs of living may be depleted. 

These examples are designed to illustrate the definition: 


An insurance system is a mechanism for reducing the adverse financial impact 
of random events that. prevent the fulfillment of reasonable expectations. 


It is helpful to make certain distinctions between insurance and related systems. 
Banking institutions were developed for the purpose of receiving, investing, and 
dispensing the savings of individuals and corporations. The cash flows in and out 
of a savings institution do not follow deterministic paths. However, unlike insur- 
ance systems, savings institutions do not make payments based on the size of a 
financial loss occurring from an event outside the control of the person suffering 
the loss. 


Another system that does make payments based on the occurrence of random 
events is gambling. Gambling or wagering, however, stands in contrast to an in- 
surance system in that an insurance system is designed to protect against the ec- 
onomic impact of risks that exist independently of, and are largely beyond the 
control of, the insured. The typical gambling arrangement is established by defining 
payoff rules about the occurrence of a contrived event, and the risk is voluntarily 
sought by the participants. Like insurance, a gambling arrangement typically re- 
distributes wealth, but it is there that the similarity ends. 


Our definition of an insurance system is purposefully broad. It encompasses sys- 
tems that cover losses in both property and human-life values. It is intended to 
cover insurance systems based on individual decisions to participate as well as 
systems where participation is a condition of employment or residence. These ideas 
are discussed in Section 1.4. 


The economic justification for an insurance system is that it contributes to general 
welfare by improving the prospect that plans will not be frustrated by random 
events. Such systems may also increase total production by encouraging individuals 
and corporations to embark on ventures where the possibility of large losses would 
inhibit such projects in the absence of insurance. The development of marine in- 
surance, for reducing the financial impact of the perils of the sea, is an example of 
this point. Foreign trade permitted specialization and more efficient production, yet 
mutually advantageous trading activity might be too hazardous for some potential 
trading partners without an insurance system to cover possible losses at sea. 
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1.2 Utility Theory 


If people could foretell the consequences of their decisions, their lives would be 
simpler but less interesting. We would all make decisions on the basis of prefer- 
ences for certain consequences. However, we do not possess perfect foresight. At 
best, we can select an action that will lead to one set of uncertainties rather than 
another. An elaborate theory has been developed that provides insights into deci- 
sion making in the face of uncertainty. This body of knowledge is called utility 
theory. Because of its relevance to insurance systems, its main points will be out- 
lined here. 


One solution to the problem of decision making in the face of uncertainty is to 
define the value of an economic project with a random outcome to be its expected 
value. By this expected value principle the distribution of possible outcomes may 
be replaced for decision purposes by a single number, the expected value of the 
random monetary outcomes. By this principle, a decision maker would be indif- 
ferent between assuming the random loss X and paying amount E[X] in order to 
be relieved of the possible loss. Similarly, a decision maker would be willing to pay 
up to E[Y] to participate in a gamble with random payoff Y. In economics the 
expected value of random prospects with monetary payments is frequently called 
the fair or actuarial value of the prospect. 


Many decision makers do not adopt the expected value principle. For them, their 
wealth level and other aspects of the distribution of outcomes influence their 
decisions. 


Below is an illustration designed to show the inadequacy of the expected value 
principle for a decision maker considering the value of accident insurance. In all 
cases, it is assumed that the probability of an accident is 0.01 and the probability 
of no accident is 0.99. Three cases are considered according to the amount of loss 
arising from an accident; the expected loss is tabulated for each. 


Case Possible Losses Expected Loss 
1 0 1 0.01 
2 0 1 000 10.00 
3 0 1 000 000 10 000.00 


A loss of 1 might be of little concern to the decision maker who then might be 
unwilling to pay more than the expected loss to obtain insurance. However, the 
loss of 1,000,000, which may exceed his net worth, could be catastrophic. In this 
case, the decision maker might well be willing to pay more than the expected loss 
of 10,000 in order to obtain insurance. The fact that the amount a decision maker 
would pay for protection against a random loss may differ from the expected value 
suggests that the expected value principle is inadequate to model behavior. 
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We now study another approach to explain why a decision maker may be willing 
to pay more than the expected value. At first we simply assume that the value or 
utility that a particular decision maker attaches to wealth of amount w, measured 
in monetary units, can be specified in the form of a function u(w), called a utility 
function. We demonstrate a procedure by which a few values of such a function 
can be determined. For this we assume that our decision maker has wealth equal 
to 20,000. A linear transformation, 


u*(w) = a ulw) + b 80, 


yields a function u*(w), which is essentially equivalent to u(w). It then follows by 
choice of a and b that we can determine arbitrarily the 0 point and one additional 
point of an individual's utility function. Therefore, we fix u(0) = —1 and (20,000) 
= 0. These values are plotted on the solid line in Figure 1.2.1. 


Determination of a Utility Function 


u(w) 


wealth in 
thousands 


We now ask a question of our decision maker: Suppose you face a loss of 20,000 
with probability 0.5, and will remain at your current level of wealth with proba- 
bility 0.5. What is the maximum amount* G you would be willing to pay for 


*Premium quantities, by convention in insurance literature, are capitalized although they 
are not random variables. 
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complete insurance protection against this random loss? We can express this ques- 
tion in the following way: For what value of G does 


u(20,000 — G) = 0.5 u(20,000) + 0.5 u(0) 
= (0.5)(0) + (0.5)(—1) = —0.5? 


If he pays amount G, his wealth will certainly remain at 20,000 — G. The equal 
sign indicates that the decision maker is indifferent between paying G with cer- 
tainty and accepting the expected utility of wealth expressed on the right-hand 
side. 


Suppose the decision maker's answer is G — 12,000. Therefore, 
(20,000 — 12,000) = u(8,000) = —0.5. 


This result is plotted on the dashed line in Figure 1.2.1. Perhaps the most important 
aspect of the decision maker’s response is that he is willing to pay an amount for 
insurance that is greater than 


(0.5)(0) + (0.5)(20,000) = 10,000, 


the expected value of the loss. 


This procedure can be used to add as many points [w, u(w)], for 0 = w = 20,000, 
as needed to obtain a satisfactory approximation to the decision maker's utility of 
wealth function. Once a utility value has been assigned to wealth levels w, and wz, 
where 0 = w, < w, = 20,000, we can determine an additional point by asking the 
decision maker the following question: What is the maximum amount you would 
pay for complete insurance against a situation that could leave you with wealth w, 
with specified probability p, or at reduced wealth level w, with probability 1 — p? 
We are asking the decision maker to fix a value G such that 


u(w, — G) = (1 — p)u(w,) + p u(w,). (1.2.1) 


Once the value w, — G = wy is available, the point [w,, (1 — p)u(w,) + p u(w;)] is 
determined as another point of the utility function. Such a process has been used 
to assign a fourth point (12,500, —0.25) in Figure 1.2.1. Such solicitation of prefer- 
ences leads to a set of points on the decision maker's utility function. A smooth 
function with a second derivative may be fitted to these points to provide for a 
utility function everywhere. 


After a decision maker has determined his utility of wealth function by the 
method outlined, the function can be used to compare two random economic pros- 
pects. The prospects are denoted by the random variables X and Y. We seek a 
decision rule that is consistent with the preferences already elicited in the deter- 
mination of the utility of wealth function. Thus, if the decision maker has wealth 
w, and must compare the random prospects X and Y, the decision maker selects X 
if 

E[u(w  X)] > E[u(w + Y)], 


and the decision maker is indifferent between X and Y if 
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E[u(w + X)] = E[u(w + Y)]. 


Although the method of eliciting and using a utility function may seem plausible, 
it is clear that our informal development must be augmented by a more rigorous 
chain of reasoning if utility theory is to provide a coherent and comprehensive 
framework for decision making in the face of uncertainty. If we are to understand 
the economic role of insurance, such a framework is needed. An outline of this 
more rigorous theory follows. 


The theory starts with the assumption that a rational decision maker, when faced 
with two distributions of outcomes affecting wealth, is able to express a preference 
for one of the distributions or indifference between them. Furthermore, the pref- 
erences must satisfy certain consistency requirements. The theory culminates in a 
theorem stating that if preferences satisfy the consistency requirements, there is a 
utility function u(w) such that if the distribution of X is preferred to the distribution 
of Y, E[u(X)] > E[u(Y)], and if the decision maker is indifferent between the two 
distributions, E[u(X)] = E[u(Y)]. That is, the qualitative preference or indifference 
relation may be replaced by a consistent numerical comparison. In Section 1.6, 
references are given for the detailed development of this theory. 


Before turning to applications of utility theory for insights into insurance, we 
record some observations about utility. 


Observations: 


1. Utility theory is built on the assumed existence and consistency of preferences 
for probability distributions of outcomes. A utility function should reveal no 
surprises. It is a numerical description of existing preferences. 

2. A utility function need not, in fact, cannot, be determined uniquely. For example, 
if 

u*(w) = a u({w) + b a>0, 
then 
E[u(X)] > E[u(Y)] 
is equivalent to 
E[u*(X)] > E[u*(Y)]. 


That is, preferences are preserved when the utility function is an increasing linear 
transformation of the original form. This fact was used in the Figure 12.1 illus- 
tration where two points were chosen arbitrarily. 

3. Suppose the utility function is linear with a positive slope; that is, 


u(w) =aw +b a> 0. 
Then, if E[X] = wy and E[Y] = py, we have 
E[u(X)] = apy + b> EuN] = apy + b 


if and only if px > wy. That is, for increasing linear utility functions, preferences 
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for distributions of outcomes are in the same order as the expected values of the 
distributions being compared. Therefore, the expected value principle for ra- 
tional economic behavior in the face of uncertainty is consistent with the ex- 
pected utility rule when the utility function is an increasing linear one. 
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13 Insurance and Utility 


In Section 1.2 we outlined utility theory for the purpose of gaining insights into 
the economic role of insurance. To examine this role we start with an illustration. 
Suppose a decision maker owns a property that may be damaged or destroyed in 
the next accounting period. The amount of the loss, which may be 0, is a random 
variable denoted by X. We assume that the distribution of X is known. Then E[X], 
the expected loss in the next period, may be interpreted as the long-term average 
loss if the experiment of exposing the property to damage may be observed under 
identical conditions a great many times. It is clear that this long-term set of trials 
could not be performed by an individual decision maker. 


Suppose that an insurance organization (insurer) was established to help reduce 
the financial consequences of the damage or destruction of property. The insurer 
would issue contracts (policies) that would promise to pay the owner of a property 
a defined amount equal to or less than the financial loss if the property were dam- 
aged or destroyed during the period of the policy. The contingent payment linked 
to the amount of the loss is called a claim payment. In return for the promise 
contained in the policy, the owner of the property (insured) pays a consideration 
(premium). 


The amount of the premium payment is determined after an economic decision 
principle has been adopted by each of the insurer and insured. An opportunity 
exists for a mutually advantageous insurance policy when the premium for the 
policy set by the insurer is less than the maximum amount that the property owner 
is willing to pay for insurance. 


Within the range of financial outcomes for an individual insurance policy, the 
insurer's utility function might be approximated by a straight line. In this case, the 
insurer would adopt the expected value principle in setting its premium, as indi- 
cated in Section 1.2, Observation 3; that is, the insurer would set its basic price for 
full insurance coverage as the expected loss, E[X] = p. In this context p is called 
the pure or net premium for the 1-period insurance policy. To provide for expenses, 
taxes, and profit and for some security against adverse loss experience, the insur- 
ance system would decide to set the premium for the policy by loading, adding 
to, the pure premium. For instance, the loaded premium, denoted by H, might be 
given by 


H=(1+apte a 0, c 2 Q0. 


In this expression the quantity ap can be viewed as being associated with expenses 
that vary with expected losses and with the risk that claims experience will deviate 
from expected. The constant c provides for expected expenses that do not vary with 
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losses. Later, we will illustrate other economic principles for determining premiums 
that might be adopted by the insurer. 


We now apply utility theory to the decision problems faced by the owner of the 
property subject to loss. The property owner has a utility of wealth function u(w) 
where wealth w is measured in monetary terms. The owner faces a possible loss 
due to random events that may damage the property. The distribution of the ran- 
dom loss X is assumed to be known. Much as in (1.2.1), the owner will be indif- 
ferent between paying an amount G to the insurer, who will assume the random 
financial loss, and assuming the risk himself. This situation can be stated as 


u(w — G) = E[u(w — X)]. (1.3.1) 


The right-hand side of (1.3.1) represents the expected utility of not buying insurance 
when the owner’s current wealth is w. The left-hand side of (1.3.1) represents the 
expected utility of paying G for complete financial protection. 


If the owner has an increasing linear utility function, that is, u(w) = bw + d with 
b > 0, the owner will be adopting the expected value principle. In this case the 
‘owner prefers, or is indifferent to, the insurance when 


u(w — G) = bw — G) + d = E[u(v — X)] = E[b(v — X) + d], 
bw — G) + d= b(w — yp) + d, 
G = p. 


That is, if the owner has an increasing linear utility function, the premium pay- 
ments that will make the owner prefer, or be indifferent to, complete insurance are 
less than or equal to the expected loss. In the absence of a subsidy, an insurer, over 
the long term, must charge more than its expected losses. Therefore, in this case, 
there seems to be little opportunity for a mutually advantageous insurance contract. 
If an insurance contract is to result, the insurer must charge a premium in excess 
of expected losses and expenses to avoid a bias toward insufficient income. The 
property owner then cannot use a linear utility function. 


In Section 1.2 we mention that the preferences of a decision maker must satisfy 
certain consistency requirements to ensure the existence of a utility function. Al- 
though these requirements were not listed, they do not include any specifications 
that would force a utility function to be linear, quadratic, exponential, logarithmic, 
or any other particular form. In fact, each of these named functions might serve as 
a utility function for some decision maker or they might be spliced together to 
reflect some other decision maker’s preferences. 


Nevertheless, it seems natural to assume that u(w) is an increasing function, 
“more is better.” In addition, it has been observed that for many decision makers, 
each additional equal increment of wealth results in a smaller increment of asso- 
ciated utility. This is the idea of decreasing marginal utility in economics. 


The approximate utility function of Figure 1.2.1 consists of straight line segments 
with positive slopes. It is such that A?u(w) = 0. If these ideas are extended to 
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smoother functions, the two properties suggested by observation are u'(w) > 0 and 
u"(w) < 0. The second inequality indicates that u(w) is a strictly concave downward 
function. 


In discussing insurance decisions using strictly concave downward utility func- 
tions, we will make use of one form of Jensen’s inequalities. These inequalities state 
that for a random variable X and function u(w), 


if u"(w) < 0, then E[u(X)] = wEIXI) (1.3.2) 
if u"(w) > 0, then E[u(X)] = u(ELX)). (1.3.3) 


Jensen’s inequalities require the existence of the two expected values. Proofs of the 
inequalities are required’ by Exercise 1.3. A second proof of (1.3.2) is almost im- 
mediate from consideration of Figure 1.3.1 as follows. 


Proof of Jensen's Inequalities 
for the Case u'(w) > 0 
and u"'(w) <0 | 


y 


u(p) + uu) (w- p) 
u(w) 


u(p) 


H 


If E[X] = y exists, one considers the line tangent to u(w), 


y = u(y) + up) — p), 


at the point (p, u(w)). Because of the strictly concave characteristic of u(w), the graph 
of u(w) will be below the tangent line; that is, 


u(w) = u(u) + u'(u)(w — p) (1.3.4) 


for all values of w. If w is replaced by the random variable X, and the expectation 
is taken on each side of the inequality (1.3.4), we have E[u(X)] = u(y). 


This basic inequality has several applications in actuarial mathematics. Let us 
apply Jensen's inequality (1.3.2) to the decision maker's insurance problem as for- 
mulated in (1.3.1). We will assume that the decision maker's preferences are such 
that u'(w) > 0 and w"(w) < 0. Applying Jensen's inequality to (1.3.1), we have 


u(w — G) = E[u(w — X)] x u(w — pu). (1.3.5) 
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Because u'(w) > 0, u(w) is an increasing function. Therefore, (1.3.5) implies that 
w-Gsw-yp,orG = p with G > p unless X is a constant. In economic terms, 
we have found that if u'(w) > 0 and u’(w) < 0, the decision maker will pay an 
amount greater than the expected loss for insurance. If G is at least equal to the 
premium set by the insurer, there is an opportunity for a mutually advantageous 
insurance policy. 


Formally we say a decision maker with utility function u(w) is risk averse if, and 
only if, u’(w) < 0. 


We now employ a general utility function for the insurer. We let 1,(w) denote the 
utility of wealth function of the insurer and w, denote the current wealth of the 
insurer measured in monetary terms. Then the minimum acceptable premium H 
for assuming random loss X, from the viewpoint of the insurer, may be determined 
from (1.3.6): 


uw; = E[u(w, + H — X). (1.3.6) 
The left-hand side of (1.3.6) is the utility attached to the insurer's current position. 


‘The right-hand side is the expected utility associated with collecting premium H 


and paying random loss X. In other words, the insurer is indifferent between thc 
current position and providing insurance for X at premium H. If the insurer’s utility 
function is such that u;(w) > 0, u7(w) < 0, we can use Jensen's inequality (1.3.2) 
along with (1.3.6) to obtain 


u(w) = E[u(w, + H — X)) s u(w; + H — y). 


Following the same line of reasoning displayed in connection with (1.3.5), we can 
conclude that H = p. If G, as determined by the decision maker by solving (1.3.5), 
is such that G = H = y, an insurance contract is possible. That is, the expected 
utility of neither party to the contract is decreased. 


A utility function is based on the decision maker's preferences for various dis- 
tributions of outcomes. An insurer need not be an individual. It may be a partner- 
ship, corporation, or government agency. In this situation the determination of 
uw), the insurer's utility function, may be a rather complicated matter. For ex- 
ample, if the insurer is a corporation, one of management's responsibilities is the 
formulation of a coherent set of preferences for various risky insurance ventures. 
These preferences may involve compromises between conflicting attitudes toward 
risk among the groups of stockholders. 


Several elementary functions are used to illustrate properties of utility functions. 
Here we examine exponential, fractional power, and quadratic functions. Exercises 
1.6, 1.8, 1.9, 1.10(b), and 1.13 cover the logarithmic utility function. 

An exponential utility function is of the form 

u(w) = =e for all w and for a fixed a > 0 


and has several attractive features. First, 
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u'(w) = ae *? > 0. 
Second, 
u"(w) = —ae™ < Q. 
Therefore, u(w) may serve as the utility function of a risk-averse individual. Third, 
finding 
B[-e7*] = -Be-*] = —M,(—a) 
is essentially the same as finding the moment generating function (m.g.f.) of X. In 
this expression, 
Mx(t) = Ele] 
denotes the m.g.f. of X. Fourth, insurance premiums do not depend on the wealth 


of the decision maker. This statement is verified for the insured by substituting the 
exponential utility function into (1.3.1). That is, 


—e 7 aw-G) = E[ —e *w-X] 


eS = M,(a), 
METEO 
a 


and G does not depend on w. 


The verification for the insurer is done by substituting the exponential utility 
function with parameter a; into (1.3.6): 


—g em E[- eg w+ W, 


—g-"Ru — —e- awit) My(aj), 
y = 108 Mao) 
Oy i 


| Example 1.3.1 


A decision maker's utility function is given by u(w) = —e ?". The decision maker 
has two random economic prospects (gains) available. The outcome of the first, 
denoted by X, has a normal distribution with mean 5 and variance 2. Henceforth, 
a statement about a normal distribution with mean p and variance o? will be ab- 
breviated as N(p, o?) The second prospect, denoted by Y, is distributed as 
N(6, 2.5). Which prospect will be preferred? 


Solution: 
We have 
E[u(X)] = E[-e~>*] 
= —M,(—5) = -d-56*650/2 
— —1, 


Chapter 1 The Economics of Insurance 


12 


and 


E[u(Y)] = E[-e 9] 
= —M,(—5) = -d-59*650572 
P 
Therefore, 
E[u(X)] = -1 > EuN = —e*”, 
and the distribution of X is preferred to the distribution of Y. v 


In Example 1.3.1 prospect X is preferred to Y despite the fact that uy = 5 < py = 6. 
Since the decision maker is risk averse, the fact that the distribution of Y is more 
diffuse than the distribution of X is weighted heavily against the distribution of Y 
in assessing its desirability. If Y had a N(6, 2.4) distribution, E[u(Y)] = —1 and the 
decision maker would be indifferent between the distributions of X and Y. 


The family of fractional power utility functions is given by 
uw) = wr w>00<y<1. 
A member of this family might represent the preferences of a risk-averse decision 
maker since 
u'(w) = yw” 1 >0 
and 
u"(w) = y(y — 1yw*? < 0. 
In this family, premiums depend on the wealth of the decision maker in a manner 
that may be sufficiently realistic in many situations. 


| Example 1.3.2 | 1.3.2 ` 


A decision maker's utility function is given by u(w) = Vw. The decision maker 
has wealth of w = 10 and faces a random loss X with a uniform distribution on 
(0, 10). What is the maximum amount this decision maker will pay for complete 
insurance against the random loss? 


Solution: 
Substituting into (1.3.1) we have 


V10 — G = E[VIO — X] 
10 

V10 — x 107! dx 
0 


10 


-2(10 — xp^? 
3(10) 


0 
2 
=> V10, 
3 
G = 5.5556. 
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The decision maker is risk averse and has u'(w) > 0. Following the discussion of 
(1.3.5), we would expect G > E[X], and in this example G = 5.5556 > E[X] = 5.9 


The family of quadratic utility functions is given by 
uw) = w — aw?  w«Qo)l a0. 
A member of this family might represent the preferences of a risk-averse decision 
maker since u"(w) = —2a. While a quadratic utility function is convenient because 
decisions depend only on the first two moments of the distributions of outcomes 
under consideration, there are certain consequences of its use that strike some peo- 
ple as being unreasonable. Example 1.3.3 illustrates one of these consequences. 


(Example 1.3.3 HL 


A decision maker's utility of wealth function is given by 
u(w)-w -—001w? w< 50. 


The decision maker will retain wealth of amount w with probability p and suffer a 
financial loss of amount c with probability 1 — p. For the values of w, c, and p 
exhibited in the table below, find the maximum insurance premium that the deci- 
sion maker will pay for complete insurance. Assume c = w < 50. 


Solution: 
For the facts stated, (1.3.1) becomes. 


u(w — G) = pu(w) + (1 — p)u(w — c), 
(w — G) — 0.01(w — GP = p(w — 0.012?) 
+ (1 — piw — c) — 0.01(w — cy]. 


For given values of w, p, and c this expression becomes a quadratic equation. Two 
solutions are shown. 


Wealth Loss Probability Insurance Premium 
w c p G 
10 10 0.5 5.28 
20 10 0.5 5.37 v 


In Example 1.3.3, as anticipated, G is greater than the expected loss of 5. However, 
the maximum insurance premium for exactly the same loss distribution increases 
with the wealth of the decision maker. This result seems unreasonable to some who 
anticipate that more typical behavior would be a decrease in the amount a decision 
maker would pay for insurance when an increase in wealth would permit the 
decision maker to absorb more of a random loss. Unfortunately, a maximum in- 
surance premium that increases with wealth is a property of quadratic utility func- 
tions. Consequently, these utility functions should not be selected by a decision 
maker who perceives that his ability to absorb random losses goes up with in- 
creases in wealth. 
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If we rework Example 1.3.3 using an exponential utility function, we know that 
the premium ‘G will not depend on w, the amount of wealth. In fact, if u(w) = 
—e~0lv it can be shown that G = 5.12 for both w = 10 and w = 20. 


Example 1.3.4 


The probability that a property will not be damaged in the next period is 0.75. 
The probability density function (p.d.f.) of a positive loss is given by 
fix) = 025(001€ 9») x > 0. 
The owner of the property has a utility function given by 
u(w) = —e~0 005, 


Calculate the expected loss and the maximum insurance premium the property 
owner will pay for complete insurance. 


Solution: 
The expected loss is given by 


E[X] "X 0.75(0) + 0.25 i x(0.01e7°™)dx 
0 


= 25. 


We apply (1.3.1) to determine the maximum premium that the owner will pay for 
complete insurance. This premium will be consistent with the property owner’s 
preferences as summarized in the utility function: 


u(w — G) = 0.75u(w) + [ u(w — x)f(x)dx, 


— 7 0-005(w—G) ut. —().,75e 9 0905w — 0.25 T e 0005-30. OLE) dx, 
0 


0.005G 


lI 


0.75 + (0.25)(2) 
= 1.25, 

200 log 1.25 

= 44.63. 


€ 


0 
Il 


Therefore, in accord with the property owner's preferences, he will pay up to 
44.63 — 25 — 19.63 in excess of the expected loss to purchase insurance covering 
all losses in the next period. v 


In Example 1.3.5 the notion of insurance that covers something less than the 
complete loss is introduced. A modification is made in (1.3.1) to accommodate the 
fact that losses are shared by the decision maker and the insurance system. 


The property owner in Example 1.3.4 is offered an insurance policy that will pay 
1/2 of any loss during the next period. The expected value of the partial loss 
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payment is E[X/2] = 12.50. Calculate the maximum premium that the property 
owner will pay for this insurance. 


Solution: 
Consistent with his attitude toward risk, as summarized in his utility function, 
the premium is determined from 


œ 


0.75u(w — G) + i 


0 


u (v visus j feodx 


= 0.75u(w) + [ i u(w — xy(x)dx. 


The left-hand side of this equation represents the expected utility with the partial 
insurance coverage. The right-hand side represents the expected utility with no 
insurance. For the exponential utility function and p.d.f. of losses specified in Ex- 
ample 1.3.4, it can be shown that G — 28.62. The property owner is willing to pay 
up to G — u = 28.62 — 12.50 = 16.12 more than the expected partial loss for the 
partial insurance coverage. v 


1.4 Elements of Insurance 


Individuals and organizations face the threat of financial loss due to random 
events. In Section 1.3 we saw how insurance can increase the expected utility of a 
decision maker facing such random losses. Insurance systems are unique in that 
the alleviation of financial losses in which the number, size, or time of occurrence 
is random is the primary reason for their existence. In this section we review some 
of the factors influencing the organization and management of an insurance system. 


An insurance system can be organized only after the identification of a class of 
situations where random losses may occur. The word random is taken to mean, 
along with other attributes, that the frequency, size, or time of loss is not under the 
control of the prospective insured. If such control exists, or if a claim payment 
exceeds the actual financial loss, an incentive to incur a loss will exist. In such a 
situation, the assumptions under which the insurance system was organized will 
become invalid. The actual conditions under which premiums are collected and 
claims paid will be different from those assumed in organizing the system. The 
system will not achieve its intended objective of not decreasing the expected util- 
ities of both the insured and the insurer. 


Once a class of insurable situations is identified, information on the expected 
utilities and the loss-generating process can be obtained. Market research in insur- 
ance can be viewed as an effort to learn about the utility functions, that is, the risk 
preferences of consumers. 


The processes generating size and time of loss may be sufficiently stable over 
time so that past information can be used to plan the system. When a new insurance 
system is organized, directly relevant statistics are not often available. However, 
enough ancillary information from similar risk situations may be obtained to 
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identify the risks and to provide preliminary estimates of the probability distri- 
butions needed to determine premiums. Because most insurance systems operate 
under dynamic conditions, it is important that a plan exist for collecting and ana- 
lyzing insurance operating data so that the insurance system can adapt. Adaptation 
in this case may mean changing premiums, paying an experience-based dividend 
or premium refund, or modifying future policies. 


In a competitive economy, market forces encourage insurers to price short-term 
policies so that deviations of experience from expected value behave as indepen- 
dent random variables. Deviations should exhibit no pattern that might be ex- 
ploited by the insured or insurer to produce consistent gains. Such consistent 
deviations would indicate inefficiencies in the insurance market. 


As a result, the classification of risks into homogeneous groups is an important 
function within a market-based insurance system. Experience deviations that are 
random indicate efficiency or equity in classification. In a competitive insurance 
market, the continual interaction of numerous buyers and sellers forces experimen- 
tation with classification systems as the market participants attempt to take advan- 
tage of perceived patterns of deviations. Because insurance losses may be relatively 
rare events, it is often difficult to identify nonrandom patterns. The cost of classi- 
fication information for a refined classification system also places a bound on ex- 
perimentation in this area. 


For insurance systems organized to serve groups rather than individuals, the 
issue is no longer whether deviations in insurance experience are random for each 
individual. Instead, the question is whether deviations in group experience are 
random. Consistent deviations in experience from that expected would indicate the 
need for a revision in the system. 


Group insurance decisions do not rest on individual expected utility compari- 
sons. Instead, group insurance plans are based on a collective decision on whether 
the system increases the total welfare of the group. Group health insurance pro- 
viding benefits for the employees of a firm is an example. 
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The ideas outlined in Sections 1.2, 1.3, and 1.4 have been used as the foundation 
of an elaborate theory for guiding insurance decision makers to actions consistent 
with their preferences. In this section we present one of the main results from this 
theory and review many of the ideas introduced so far. 


A decision maker has wealth of amount w and faces a loss in the next period. 
This loss is a random variable X. The decision maker can buy an insurance contract 
that will pay J(x) of the loss x. To avoid an incentive to incur the loss, we assume 
that all feasible insurance contracts are such that 0 < I(x) = x. We make the 
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simplifying assumption that all feasible insurance contracts with E[I(X)] = B can be 
purchased for the same amount P. 


The decision maker has formulated a utility function u(w) that is consistent with 
his preferences for distributions of outcomes. We assume that the decision maker 
is risk averse, u"(w) < 0. We further assume that the decision maker has decided 
on the amount, denoted by P, to be paid for insurance. The question is: which of 
the insurance contracts from the class of feasible contracts with expected claims, B, 
and premium, P, should be purchased to maximize the expected utility of the de- 
cision maker? 


One subclass of the class of feasible insurance contracts is defined as follows: 


This class of contracts is characterized by the fact that claim payments do not start 
until the loss exceeds the deductible amount d. For losses above the deductible 
amount, the excess is paid under the terms of the contract. This type of contract is 
sometimes called stop-loss or excess-of-loss insurance, the choice depending on 
the application. 


In the problem discussed in this section the expected claims are denoted by p. 
In (1.5.2) the symbol f(x) denotes the p.d.f. and the symbol F(x) denotes the distri- 
bution function (d.f.) associated with the random loss X: 


B= i (x — d)f(x)dx (1.5.2A) 


or 


p = [ i [1 — F(x)]dx. (1.5.2B) 


Equation (1.5.2B) is obtained from (1.5.2A) by integration by parts. When 8 is given, 
then (1.5.2) provides explicit equations for the corresponding deductible, denoted 
by d*. In Exercise 1.17, it is shown that d* exists and is unique. 


The main result of this section can be stated as a theorem. 
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Theorem 1.5.1 is an important result and illustrates many of the ideas developed 
in this chapter. However, it is instructive to consider certain limitations on its ap- 
plicability. First, the ratio of premium to expected claims is the same for all available 
contracts. In fact, the distributions of the random variables I(X) can be very differ- 
ent, and the provision for risk in the premium usually depends on the character- 
istics of the distribution of I(X). Second, in Theorem 1.5.1, it is assumed that the 
premium P is fixed by a budget constraint. Alternatives to amount P are not con- 
sidered. In Exercise 1.22, relaxation of the budget constraint is considered. Third, 
while the theorem indicates the form of insurance, it does not help to determine 
the amount P to spend. In the theorem, P is fixed. 
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Definitions and principles of actuarial science can be found in “Principles of 
Actuarial Science" (SOA Committee on Actuarial Principles 1992). 


The role of risk in business was developed in a pioneering thesis by Willett (1951). 
Borch (1974) has published a series of papers applying utility theory to insurance 
questions. DeGroot (1970) gives a complete development of utility theory starting 
from basic axioms for consistency among preferences for various distributions of 
outcomes. DeGroot and Borch both discuss the historically important St. Petersburg 
paradox, outlined in Exercise 1.2. A paper by Friedman and Savage (1948) provides 
many insights into utility theory and human behavior. 


Pratt (1964) has studied (1.3.1) and derived several theorems about premiums 
and utility functions. Exercise 1.10, which uses two rough approximations, is related 
to one of Pratt’s results. 


Theorem 1.5.1 on optimal insurance was proved by Arrow (1963) in the context 
of health insurance. The theorem in Exercise 1.21, in which the goal of insurance 
is to minimize the variance of retained losses, was the subject of papers by Borch 
(1960) and Kahn (1961). The use of the variance of losses as a measure of stability 
is discussed by Beard, Pentikäinen, and Pesonen (1984). Exercise 1.23 is based on 
their discussion. 


Section 7.6 Notes and References 


Appendix 


Lemma: 
If u"(w) < 0 for all w in [a, b], then for w and z in [a, b], 

u(w) — u(z) = (w — z)u'(z). (1.A.1) 
Proof: 


The lemma may be established with the aid of Figure 1.3.1. Using the point 
slope form, a line tangent to u(w) at the point (z, u(z)) has the equation y — u(z) = 
u'(z)(w — z) and is above the graph of the function u(w) except at the point (z, u(z)). 
Therefore, 


u(w) — u(z) x u'(zw — z). E 


Figure 1.3.1 shows the case u'(w) > 0. The same argument holds for u’ (w) < 0. 


In Exercise 1.20 an alternative proof is required. 


Proof of Theorem 1.5.1: 
Let I(x) be associated with an insurance policy satisfying the hypothesis of the 
theorem. Then from the lemma, 


u(w — x + I(x) — P) — uw — x + I(x) — P) 
< [x — olu (w — x + Lx) — P). (1.A.2) 
In addition, we claim 
L(x) — L«GO]u'(w — x + Lx) — P) 
zx) — L.G)u'(w — d* — P). (1.4.3) 
To establish inequality (1.4.3), we must consider three cases: 
Case I. l,(x) = I(x) 
In this case equality holds, (1.A.3) is 0 on both sides. 
Case Il. I(x) > I(x) 
In this case I(x) > 0 and from (1.5.1), x — I(x) = d*. Therefore, 
equality holds with each side of (1.A.3) equal to [I(x) — L.CO]u'(w — 
d* — P). 
Case M. L(x) < I(x) 
In this case I(x) — I(x) > 0. From (1.5.1) we obtain I(x) — x = —d* 
and l.(x) — x — P = —d* — P. Therefore, 
u'(w — x + Lx) — P) x u'(w — d* — P) 
since the second derivative of u(x) is negative and u'(x) is a decreas- 
ing function. 


Chapter 1 The Economics of Insurance 


Therefore, in each case 
Ux) — L)]u'Go — x + L(x) — P) s Hx) — Ixu (w — P — d), 
establishing inequality (1.4.3). 


Now, combining inequalities (1.A.2) and (1.A.3) and taking expectations, we have 
E[u(w — X + KX) — P)] - Elu(w — X + LOO — P)] 
= E[KX) — LQO0]u'(w ~ d* — P) = (B — u'(v — d* — P) = 0. 
Therefore, l 
| E[u(w — X + KX) - P)] s E[u(v — X + X) — P)] 
and the expected utility will be maximized by selecting I(x), the stop-loss policy. 


E 
Exercises 
Section 1.2 
1.1. Assume that a decision maker's current wealth is 10,000. Assign u(0) = —1 


and u(10,000) = 0. 

a. When facing a loss of X with probability 0.5 and remaining at current 
wealth with probability 0.5, the decision maker would be willing to pay 
up to G for complete insurance. The values for X and G in three situations 
are given below. 


X G 
10 000 6 000 
6 000 3 300 
3 300 1700 


Determine three values on the decision maker's utility of wealth function 
u. 

b. Calculate the slopes of the four line segments joining the five points de- 
termined on the graph u(w). Determine the rates of change of the slopes 
from segment to segment. 

c. Put yourself in the role of a decision maker with wealth 10,000. In addition 
to the given values of u(0) and (10,000), elicit three additional values on 
your utility of wealth function u. 

d. On the basis of the five values of your utility function, calculate the slopes 
and the rates of change of the slopes as done in part (b). 


1.2. St. Petersburg paradox: Consider a game of chance that consists of tossing a 
coin until a head appears. The probability of a head is 0.5 and the repeated 
trials are independent. Let the random variable N be the number of the trial 
on which the first head occurs. 
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a. Show that the probability function (p.f.) of N is given by 


joy = (3) Nom DP Be 


b. Find E[N] and Var(N). 

c. If a reward of X = 2 is paid, prove that the expectation of the reward 
does not exist. 

d. If this reward has utility u(w) = log w, find E[u(X)]. 
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1.3. 


1.4. 


1.5. 


1.6. 


1J. 


1.8. 


1.9. 


Jensen's inequalities: 

a. Assume u"(w) < 0, E[X] = p, and E[u(X)] exist; prove that E[u(X)] = u(y). 
[Hint: Express u(w) as a series around the point w = p and terminate the 
expansion with an error term involving the second derivative. Note that Jen- 
sen's inequalities do not require that u'(w) > 0.] 

b. If u"(w) > 0, prove that E[u(X)] = u(p). 

c. Discuss Jensen's inequalities for the special case u(w) = w”. What is 


E[u(X)] — w(E[X]? 


If a utility function is such that u'(w) > 0 and u"(w) > 0, use (1.3.1) to show 
G = p. A decision maker with preferences consistent with u”(w) > 0 is a risk 
lover. 


Construct a geometric argument, based on a graph like that displayed in 


Figure 1.3.1, that if u’(w) < 0 and u"(w) < 0, then (1.3.4) follows. 


Confirm that the utility function u(w) = log w, w > 0, is the utility function 
of a decision maker who is risk averse for w > 0. 


A utility function is given by 


g7 Un 1907 / 200 w < 100 
nus s — e~(@-100)2/200 aw = 100. 
a. Is u'(w) = 0? 
b. For what range of w is u”(w)} < 0? 


If one assumes, as did D. Bernoulli in his comments on the St. Petersburg 
paradox, that utility of wealth satisfies the differential equation 


du(w) _ k 
(OD 


w>0,k>0, 
dw 


confirm that u(w) = k log w + c. 


A decision maker has utility function u(w) = k log w. The decision maker has 
wealth w, w > 1, and faces a random loss X, which has a uniform distribution 
on the interval (0, 1). Use (1.3.1) to show that the maximum insurance pre- 
mium that the decision maker will pay for complete insurance is 
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w” 


CR ir 


1.10. a. In (1.3.1) use the approximations 
u(w — G) = uw — p) + (y — G)u'(w — y), 
1 
u(w — x) = u(w — p) + (m — xu'(w — u) + z (e - xw — p) 


and derive the following approximation for G: 


1 u"(w == u) o2 
2u'(w- u) ’ 


G=u 


b. If u(w) = k log w, use the approximation developed in part (a) to obtain 
2 


1 oc 
G=pte . 
"2 = y) 
1.11. The decision maker has a utility function u(w) = —e~*” and is faced with a 


random loss that has a chi-square distribution with n degrees of freedom. If 
0 « a — 1/2, use (1.3.1) to obtain an expression for G, the maximum insurance 
premium the decision maker will pay, and prove that G > n = y. 


1.12. Rework Example 1.3.4 for 
a. u(w) = —e-7/«0 
b. u(w) = —e "/190. 


113. a. An insurer with net worth 100 has accepted (and collected the premium 
for) a risk X with the following probability distribution: 


Pr(X = 0) = Pr(X = 51) = 3 


What is the maximum amount G it should pay another insurer to accept 
100% of this loss? Assume the first insurer's utility function of wealth is 
u(w) = log w. 

b. An insurer, with wealth 650 and the same utility function, u(w) = log 
w, is considering accepting the above risk. What is the minimum 
amount H this insurer would accept as a premium to cover 100% of the 
loss? 


1.14. If the complete insurance of Example 1.3.4 can be purchased for 40 and the 
50% coinsurance of Example 1.3.5 can be purchased for 25, the purchase of 
which insurance maximizes the property owner’s expected utility? 
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1.15. A hospital expense policy is issued to a group consisting of n individuals. 
The policy pays B doilars each time a member of the group enters a hospital. 


————————————Má— PE 
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The group is not homogeneous with respect to the expected number of hos- 
pital admissions each year. The group may be divided into r subgroups. There 
are n; individuals in subgroup i and X; n; = n. For subgroup i the number of 
annual hospital admissions for each member has a Poisson distribution with 
parameter A, i = 1, 2, ..., r. The number of annual hospital admissions for 
members of the group are mutually independent. 

a. Show that the expected claims payment in one year is 


B > na; = BnÀ 
1 


where 


Y 


2. nA; 


i= 


n 
b. Show that the number of hospital admissions in 1 year for the group has 
a Poisson distribution with parameter n À. 
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1.16. Perform the integration by parts indicated in (1.5.2). Use the fact that if E[X] 
exists, if and only if, lim x[1 — F(x)] = 0. 


1.17. a. Differentiate the right-hand side of (1.5.2B) with respect to d. 


b. Let B be a number such that 0 « B « E[X]. Show that (1.5.2) has a unique 


solution d*. 


1.18. Let the loss random variable X have a p.d.f. given by 


fs) =01e°* x0. 
a. Calculate E[X] and Var(X). 
b. If P = 5 is to be spent for insurance to be purchased by the payment of 
the pure premium, show that 


U(x) = - 


and 


Hos 0 x<d 
aa) = x—d x 2 d, where d = 10 log 2, 


both represent feasible insurance policies with pure premium P = 5. I(x) 
is called proportional insurance. 


1.19. The loss random variable X has a p.d.f. given by 


1 
-—— « x « 100. 
f(x) 100 0 « x « 100 
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a. Calculate E[X] and Var(X). 
b. Consider a proportional policy where 


xk O<k<1], 

and a stop-loss policy where 
0 x<d 
I = 
ae) us x zd. 


Determine k and d such that the pure premium in each case is P = 12.5. 
c. Show that Var[X — I(X)] > Var[X — I,(x)]. 


Appendix 


1.20. 


1.21. 


1.22. 


1.23. 


Establish the lemma by using an analytic rather than a geometric argument. 
[Hint Expand u(w) in a series as far as a second derivative remainder around 
the point z and subtract u(z).] 


Adopt the hypotheses of Theorem 1.5.1 with respect to B and insurance con- 
tracts I(x) and assume E[X] = p. Prove that 


Var[X — KX)] = EK(X — KX) — u + BYl 


is a minimum when I(x) = Ij(x). You will be proving that for a fixed pure 
premium, a stop-loss insurance contract will minimize the variance of re- 
tained claims. [Hint: we may follow the proof of Theorem 1.5.1 by post prov- 
ing that x? — z? = (x — z)(2z) and then establishing that 


[x — IG)F — [x — Te) z Uae) — IG9I[2x. — 212] 
= 2L) — I(x)]d*. 


The final inequality may be established by breaking the proof into three cases. 
Alternatively, by proper choice of wealth level and utility function, the result 
of this exercise is a special case of Theorem 1.5.1.] 


Adopt the hypotheses of Theorem 1.5.1, except remove the budget constraint; 
that is, assume that the decision maker will pay premium P, 0 « P x E[X] 
= p, that will maximize expected utility. In addition, assume that any feasible 
insurance can be purchased for its expected value. Prove that the optimal 
insurance is [,(x). This result can be summarized by stating that full coverage 
is optimal in the absence of a budget constraint if insurance can be purchased 
for its pure premium. [Hint: Use the lemma with the role of w played by w — 
x + I(x) — P and that of z played by w — x + Ix) — E[X] = w — p. Take 
expectations and establish that EJu(w — X) + K(X) — P]  u(vw — y).] 


Optimality properties of stop-loss insurance were established in Theorem 1.5.1 
and Exercise 1.21. These results depended on the decision criteria, the con- 
straints, and the insurance alternatives available. In each of these develop- 
ments, there was a budget constraint. Consider the situation where there is a 


Exercises 


risk constraint and the price of insurance depends on the insurance risk as 
measured by the variance. 

(i) The insurance premium is E[I(X)] + f(Var[I(X)]), where f(w) is an increas- 
ing function. The amount of f(Var[I(X)]) can be interpreted as a security 
loading. 

The decision maker elects to retain loss X — I(X) such that Var[X — I(X)] 
= V 2 0. This requirement imposes a risk rather than a budget constraint. 
The constant is determined by the degree of risk aversion of the decision 
maker. Fixing the accepted variance, and then optimizing expected re- 
sults, is a decision criterion in investment portfolio theory. 

(ii) The decision maker selects I(x) to minimize f(Var[I(X)]). The objective is 
to minimize the security loading, the premium paid less the expected 
insurance payments. Confirm the following steps: 


(ii) 


a. 
b. 


Var[I(X)] = V + Var(X) — 2 Cov[X, X — I(X)]. 
The I(x) that minimizes Var[I(X)] and thereby f(Var[I(X)]) is such that 
the correlation coefficient between X and X — I(x) is 1. 


. It is known that if two random variables W and Z have correlation 


coefficient 1, then Pr{(W = aZ + b, where a > 0} = 1. In words, the 
probability of their joint distribution is concentrated on a line of pos- 
itive slope. In part (b), the correlation coefficient of X and X — I(X) 
was found to be 1. Thus, X — K(X) = aX + b, which implies that 
KX) = (1 — a)X — b. To be a feasible insurance, 0 = I(x) = x or 0 
(1 — ax — b = x. These inequalities imply that b = 0 and 0 
1-2azx1landO0zxazczxi. 


. To determine a, set the correlation coefficient of X and X — I(X) equal 


to 1, or equivalently, their covariance equal to the product of their 
standard deviations. Thus, show that a = V V / Var(X} and thus that 
the insurance that minimizes f(Var[X]) is K(X) = [1 — VV/Var(X)]X. 
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INDIVIDUAL RISK MODELS 
FOR A SHORT TERM 


2.1 Introduction 


In Chapter 1 we examined how a decision maker can use insurance to reduce 
the adverse financial impact of some types of random events. That examination 
was quite general. The decision maker could have been an individual seeking pro- 
tection against the loss of property, savings, or income. The decision maker could 
have been an organization seeking protection against those same types of losses. 
In fact, the organization could have been an insurance company seeking protection 
against the loss of funds due to excess claims either by an individual or by its 
portfolio of insureds. Such protection is called reinsurance and is introduced in this 
chapter. 


The theory in Chapter 1 requires a probabilistic model for the potential losses. 
Here we examine one of two models commonly used in insurance pricing, reserv- 
ing, and reinsurance applications. 


For an insuring organization, let the random loss of a segment of its risks be 
denoted by S. Then S is the random variable for which we seek a probability 
distribution. Historically, there have been two sets of postulates for distributions 
of S. The individual risk model defines 


$-X tX X, (2.1.1) 


where X; is the loss on insured unit i and 5 is the number of risk units insured. 
Usually the X/s are postulated to be independent random variables, because the 
mathematics is easier and no historical data on the dependence relationship are 
needed. The other model is the collective risk model described in Chapter 12. 


The individual risk model in this chapter does not recognize the time value of 


money. This is for simplicity and is whys the title refers to short terms. Chapters 4- 
11 cover models for long terms. 
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In this chapter we discuss only closed models; that is, the number of insured 
units 7 in (2.1.1) is known and fixed at the beginning of the period. If we postulate 
about migration in and out of the insurance system, we have an open model. 
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First, we review basic concepts with a life insurance product. In a one-year term 
life insurance the insurer agrees to pay an amount b if the insured dies within a 
year of policy issue and to pay nothing if the insured survives the year. The prob- 
ability of a claim during the year is denoted by q. The claim random variable, X, 
has a distribution that can be described by either its probability function, p.f., or 
its distribution function, d.f. The p.f. is 


1-4 x=0 
fx(X) = Pr(X = x) = 44 x=b (2.2.1) 
0 elsewhere, 
and the d.f. is 
0 x <0 
F(x) = P(X 8 x) 241-4 O<x<b (2.2.2) 
1 x zm b. 
From the p.f. and the definition of moments, 
E[X] = bq, 
E[X?] = Ps, (2.2.3) 
and 
Var(X) = bga — 9). (2.2.4) 
These formulas can also be obtained by writing 
X = Ib (2.2.5) 


where b is the constant amount payable in the event of death and 1 is the random 
variable that is 1 for the event of death and 0 otherwise. Thus, Pr(I = 0) = 1 — q 
and Pr(I = 1) = q, the mean and variance of I are q and q(1 — q), respectively, and 
the mean and variance of X are bq and b’g(1 — q) as above. 


The random variable I with its (0, 1} range is widely applicable in actuarial mod- 
els. In probability textbooks it is called an indicator, Bernoulli random variable, or 
binomial random variable for a single trial. We refer to it as an indicator for the 
sake of brevity and because it indicates the occurrence, ] — 1, or nonoccurrence, 
I = 0, of a given event. 


We now seek more general models in which the amount of claim is also a random 
variable and several claims can occur in a period. Health, automobile, and other 
property and liability coverages provide immediate examples. Extending (2.2.5), 
we postulate that 


X= (2.2.6) 
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where X is the claim random variable for the period, B gives the total claim amount 
incurred during the period, and I is the indicator for the event that at least one 
claim has occurred. As the indicator for this event, I reports the occurrence (1 = 1) 
or nonoccurrence (I = 0) of claims in this period and not the number of claims in 
the period. Pr(I = 1) is still denoted by q. 


Let us look at several situations and determine the distributions of I and B for a 
model. First, consider a 1-year term life insurance paying an extra benefit in case 
of accidental death. To be specific, if death is accidental, the benefit amount is 
50,000. For other causes of death, the benefit amount is 25,000. Assume that for the 
age, health, and occupation of a specific individual, the probability of an accidental 
death within the year is 0.0005, while the probability of a nonaccidental death is 
0.0020. More succinctly, 


Pr(I = 1 and B = 50,000) = 0.0005 
and 

Pr(I = 1 and B = 25,000) = 0.0020. 
Summing over the possible values of B, we have 

Pr(I = 1) = 0.0025, 

and then 

Pr(I = 0) = 1 — Pr(I = 1) = 0.9975. 
The conditional distribution of B, given I = 1, is 


Pr(B = 250001] = 1) = Pr(B = 25,000 and I = 1) _ 0.0020 _ 


Pr(I = 1) ~ 0.0025 
Pr(B = 50,000 and I = 1 0.0005 
Pr(B = 50,000|1 E 1) m a — 0.0025 = 


Let us now consider an automobile insurance providing collision coverage (this 
indemnifies the owner for collision damage to his car) above a 250 deductible up 
to a maximum claim of 2,000. For illustrative purposes, assume that for a particular 
individual the probability of one claim in a period is 0.15 and the chance of more 
than one claim is 0: 


Pr(I = 0) = 0.85, 
Pr(I = 1) = 0.15. 


This unrealistic assumption of no more than one claim per period is made to sim- 
plify the distribution of B. We remove that assumption in a later section after we 
discuss the distribution of the sum of a number of claims. Since B is the claim 
incurred by the insurer, rather than the amount of damage to the car, we can infer 
two characteristics of I and B. First, the event I = 0 includes those collisions in 
which the damage is less than the 250 deductible. The other inference is that B’s 
distribution has a probability mass at the maximum claim size of 2,000. Assume 
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this probability mass is 0.1. Furthermore, assume that claim amounts between 0 
and 2,000 can be modeled by a continuous distribution with a p.d.f. proportional 
to 1 — x/2,000 for 0 < x « 2,000. (In practice the continuous curve chosen to 
represent the distribution of claims is the result of a study of claims by size over 
a recent period.) Summarizing these assumptions about the conditional distribution 
of B, given I — 1, we have a mixed distribution with positive density from 0 to 
2,000 and a mass at 2,000. This is illustrated in Figure 2.2.1. The d.f. of this con- 
ditional distribution is 


0 x=0 
2 
x 
ES =1)= 20. -— — <x< 
Pr(B x x|I = 1) 0.9 E (1 sia) | 0 « x « 2,000 
1 x = 2,000. 


Distribution Function for B, given | = 1 
Fg(x) 


0 2,000 


We see in Section 2.4 that the moments of the claim random variable, X, in 
particular the mean and variance, are extensively used. For this automobile insur- 
ance, we shall calculate the mean and the variance by two methods. First, we derive 
the distribution of X and use it to calculate E[X] and Var(X). Letting F(x) be the 
d.f. of X, we have 


F(x) = Pr(X = x) = Pr(IB = x) 
= Pr(IB = x|I = 0) Pr(I = 0) (2.2.7) 
+ Pr(IB = x|I = 1) Pr(I = 1). 
For x « 0, 
Fy(x) = 0(0.85) + 0(0.15) = 0. 
For 0 x x « 2,000, 


x 2 
Fy(x) = 1(0.85) + 09 f = ( i E | (0.15). 
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For x = 2,000, 
Fy(x) = 1(0.85) + 1(0.15) = 1. 


This is a mixed distribution. It has both probability masses and a continuous part 
as can be seen in its graph in Figure 2.2.2. 


s 


Distribution Function of X = IB 
Fy(x) 


0 2,000 


Corresponding to this d.f. is a combination p.f. and p.d.f. given by 
Pr(X = 0) = 0.85, 


Pr(X = 2,000) = 0.015 (2.2.8) 
with p.d.f. 
F4(x) = 0.000135 E x m) 0 « x « 2,000 
fo) = : 


elsewhere. 


Moments of X can then be calculated by 


2,000 
E[X*] = 0 x Pr(X = 0) + (2,000)* x Pr(X = 2,000) + Í x* f(x) dx, (2.2.9) 


specifically, 
E[X] = 120 
and 
E[X?] = 150,000. 
Thus, 


Var(X) = 135,600. 


There are some formulas relating the moments of random variables to certain 
conditional expectations. General versions of these formulas for the mean and var- 
iance are 


E[W] = E[E([W|V T] (2.2.10) 
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and 
Var(W) = Var(E[W|V]) + E[Var(W|V)]. (2.2.11) 


In these equations we think of calculating the terms of the left-hand sides by direct 
use of W’s distribution. In the terms on the right-hand sides, E[W|V] and Var(W|V) 
are calculated by use of W’s conditional distribution for a given value of V. These 
components are then functions of the random variable V, and we can calculate 
their moments by use of V’s distribution. 


In many actuarial models conditional distributions are used. This makes the for- 
mulas above directly applicable. In our model, X = IB, we can substitute X for W 
and I for V to obtain 


E[X] = E[EIX|I]] (2.2.12) 
and 
Var(X) = Var(BIX|I]) + E[Var(X|1)]. (2.2.13) 
Now let us write 
p = E[B|I = 1], (2.2.14) 
cg? = Var(B|I = 1), (2.2.15) 
and look at the conditional means 
E[X|I = 0] = O (2.2.16) 
and 
E[X|I = 1] = E[B|I = 1] = p. (2.2.17) 


Formulas (2.2.16) and (2.2.17) define E[X|I] as a function of I, which can be written 
by the formula 


E[X|I] = pl. (2.2.18) 
Hence, 
E[E[X|I] = pE[T] = pg (2.2.19) 
and 
Var(E[X|I]) = p? Var(I) = p2q(1 — q). (2.2.20) 
Since X = 0 for I = 0, we have 
Var(X|I = 0) = 0. (2.2.21) 
For I = 1, we have X = B and 
Var(X|I = 1) = Var(B|I = 1) = o?. (2.2.22) 
Formulas (2.2.21) and (2.2.22) can be combined as 
Var(X|I) = cl. (2.2.23) 
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Then 


E[Var(X|I)] = o?E[I] = 079. (2.2.24) 
Substituting (2.2.19), (2.2.20), and (2.2.24) into (2.2.12) and (2.2.13), we have 
E[X] = pq (2.2.25) 
and 
Var(X) = p’q(1 — q) + o?q. (2.2.26) 


Let us now apply these formulas to calculate E[X] and Var(X) for the automobile 
insurance in Figure 2.2.2. Since the p.d.f. for B, given I — 1, is 


x 
<x< 
2,00 ;) 0 < x < 2,000 


0.0009 (s = 
folt) = 


elsewhere, 


with Pr(B = 2,000|I = 1) = 0.1, we have 


i x 
= — —— ]} dx + (0. = 
pj, 0.0009 x ( 3 =) dx + (0.1)(2,000) = 800, 


2,000 
E[B^] = 1] = li 0.0009 x? (1 = zs dx + (0.1)(2,000)2 = 1,000,000, 


and. 
c? = 1,000,000 — (800 = 360,000. 
Finally, with q = 0.15 we obtain the following from (2.2.25) and (2.2.26): 
E[X] = 800(0.15) = 120 
and 
Var(X) = (800)(0.15)(0.85) + (360,000)(0.15) 
= 135,600. 


There are other possible models for B in different insurance situations. As an 
example, let us consider a model for the number of deaths due to crashes during 
an airline’s year of operation. We can start with a random variable for the number 
of deaths, X, on a single flight and then add up a set of such random variables 
over the set of flights for the year. For a single flight, the event I = 1 will be the 
event of an accident during the flight. The number of deaths in the accident, B, 
will be modeled as the product of two random variables, L and Q, where L is the 
load factor, the number of persons on board at the time of the crash, and Q is the 
fraction of deaths among persons on board. The number of deaths B is modeled in 
this way since separate statistical data for the distributions of L and Q may be more 
readily available than are total data for B. We have X = ILQ. While the fraction of 
passengers killed in a crash and the fraction of seats occupied are probably related, 
L and Q might be assumed to be independent as a first approximation. 


Chapter 2 Individual Risk Models for a Short Term 


33 


2.3 Sums of Independent Random Variables 


In the individual risk model, claims of an insuring organization are modeled as 
the sum of the claims of many insured individuals. 


The claims for the individuals are assumed to be independent in most applica- 
tions. In this section we review two methods for determining the distribution of 
the sum of independent random variables. First, let us consider the sum of two 
random variables, S = X + Y, with the sample space shown in Figure 2.3.1. 


Event (X + Y 


- [X + Y ss} 


The line X + Y = s and the region below the line represent the event 
[S=X+Yss]. 
Hence the d.f. of S is 
F(s) = Pr(S = s) = Pr(X + Y Ss), (2.3.1) 


For two discrete, non-negative random variables, we can use the law of total 
probability to write (2.3.1) as 


F,(s)= >) Pr(X +Y SslY = y) Pr(Y = y) 


all y=s 


= $€ P(X <s- ylY = y) Pr(Y = y). (2.3.2) 


all y=s 
When X and Y are independent, this last sum can be written 


F(s) = P Fy«(s — y) s). (2.3.3) 


The p.f. corresponding to this d.f. can be calculated by 
fis) = X fels — fr). (2.3.4) 
a yss 


For continuous, non-negative random variables the formulas corresponding to 
(2.3.2), (2.3.3), and (2.3.4) are 
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F.(s) = li Pr(X s s — ylY = y) ty) dv, (2.3.5) 


F.(s) = Í Es — y) fay dy, (2.3.6) 


0 


LO = [ fle — An ay 237) 


When either one, or both, of X and Y have a mixed-type distribution (typical in 
individual risk model applications), the formulas are analogous but more complex. 
For random variables that may also take on negative values, the sums and integrals 
in the formulas above are over all y values from — to +. 


In probability, the operation in (2.3.3) and (2.3.6) is called the convolution of the 
pair of distribution functions F,(x) and Fy(y) and is denoted by Fy * Fy. Convolu- 
tions can also be defined for a pair of probability functions or probability density 
functions as in (2.3.4) and (2.3.7). 


To determine the distribution of the sum of more than two random variables, 
we can use the convolution process iteratively. For S = X, + X, + +++ + X, where 
the X/s are independent random variables, F, is the d.f. of X; and F is the d.f. of 
X, + X, +++: XV we proceed thus: 


FƏ = p,« FU = F, * F, 


FO = F, + pO 
FH = F, * po 
po = E,» poco, 


Example 2.3.1 illustrates the procedure using probability functions for three discrete 
random variables. 


Example 2.3.1 


The random variables X,, X,, and X, are independent with distributions defined 
by columns (1), (2), and (3) of the table below. Derive the p.f. and d.f. of 


S =X, +X, +X. 


Solution: 

The notation of the previous paragraph is used in the table: 

* Columns (1)-(3) are given information. 

* Column (4) is derived from columns (1) and (2) by use of (2.3.4). 

* Column (5) is derived from columns (3) and (4) by use of (2.3.4). 
The determination of column (5) completes the determination of the distribution of 
S. Its d.f. in column (8) is the set of partial sums of column (5) from the top. 


ee LM c————mA————Á—————— À 
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í) (2) (3) (4) (5) (6) (7) (8) 
x fi) fx) FAC) f?) fd) EQ F(x) F?(Q) 


0 0.4 0.5 0.6 0.20 0.120 0.4 0.20 0.120 
1 0.3 0.2 0.0 0.23 0.138 0.7 0.43 0.258 
2 0.2 0.1 0.1 0.20 0.140 0.9 0.63 0.398 
3 0.1 0.1 0.1 0.16 0.139 1.0 0.79 0.537 
4 0.1 0.1 0.11 0.129 1.0 0.90 0.666 
5 0.1 0.06 0.115 1.0 0.96 0.781 
6 0.03 0.088 1.0 0.99 0.869 
7 0.01 0.059 1.0 1.00 0.928 
8 0.036 1.0 1.00 0.964 
9 0.021 1.0 1.00 0.985 
10 0.010 1.0 1.00 0.995 
11 0.004 1.0 1.00 0.999 
12 0.001 1.0 1.00 1.000 


For illustrative purposes we include column (6), the d.f. for column (1), column (7) 
which can be derived directly from columns (2) and (6) by use of (2.3.3), and col- 
umn (8), derived similarly from columns (3) and (7). Column (5) can then be ob- 
tained by differencing column (8). v 


We follow with two examples involving continuous random variables. 


Example 2.3.2 


Let X have a uniform distribution on (0, 2) and let Y be independent of X with 
a uniform distribution over (0, 3). Determine the d.f. of S = X + Y. 


Solution: 
Since X and Y are continuous, we use (2.3.6): 
0 x«0 
x 
Fy(x) = 2 0zxc«2 
1 x22 
and 
7 O<y<3 
Fy) = 43 y 
0 elsewhere. 
Then 


Fs) = f Fy(s — y) fx(y) dy. 


The X, Y sample space is illustrated in Figure 2.3.2. The rectangular region contains 
all of the probability for X and Y. The event of interest, X + Y = s, has been 
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f Two Uniform Distributions 


illustrated in the figure for five values of s. For each value, the line intersects the 
y-axis at s and the line x = 2 at s — 2. The values of F; for these five cases are 


0 s«0 line A 
pes Der ae 
i 2 3 Y = 15 O=s<2 lineB 
De f geri s-1 
= = + m = <= 1 
Fs(s) Í 13 dy E 3 dy 3 2z-s«3 lineC 
C6? 1 I. s—-yl (5 — sy ; 
= dy + 2dy21-— 36 
f 13 dy EC 3 A 1 1 3=s<5 lineD 
1 s25 line E. 
v 


Consider three independent random variables X,, X, X4. For i = 1, 2, 3, X; has 
an exponential distribution and E[X;] = 1/i. Derive the p.d.f. of S = X, + X; + X, 
by the convolution process. 

Solution: 
fi) = e* x 0, 
fix 2p x0, 
R(x)-3e* x0. 
Using (2.3.7) twice, we have 
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fa) = | fie - ngon dy = | em zew dy 


= Cu -=Y d 
2e fe y 


22e*—2e * x 0, 


£t) = fe = [| f - wh) dy 


x 


= Jj (2e-&-» — 2e 26-9»y3e dy 


0 


= & | e?! dy — 6e ?** Í e dy 
0 0 

= (8e * — 3e *) — (6e™ — 6e?) 
= 3e^* — 6e 7* + 3e x0. v 
Another method to determine the distribution of the sum of random variables is 
based on the uniqueness of the moment generating function (m.g.f.), which, for the 
random variable X, is defined by M,(t) = E[e'*]. If this expectation is finite for all 
t in an open interval about the origin, then M,(t) is the only m.g.f. of the distri- 


bution of X, and it is not the m.g.f. of any other distribution. This uniqueness can 
be used as follows. For the sum S = X, + X; t::: + X, 


M(t) = E[e$] = E[e/?0*Xe*7*X»9] 
Een E[e e eae e. (2.3.8) 


If X,, X>,...,X, are independent, then the expectation of the product in (2.3.8) is 
equal to 


E[e^*] Efe] - - - Efe] 
so that 
M(t) = Ms) Maj) * * * M (D. (2.3.9) 


Recognition of the unique distribution corresponding to (2.3.9) would complete the 
determination of S's distribution. If inversion by recognition is not possible, then 
inversion by numerical methods may be used. (See Section 2.6.) 


| Example2.34 — | 2.3.4 


Consider the random variables of Example 2.3.3. Derive the p.d.f. of 5 = X, + 
X, + X, by recognition of the m.g.f. of S. 


Solution: 
1 2 3 . : 
By (2.3.9), M&(t) = (4) (4) (23). which we write, by the method of 
partial fractions, as 
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A 2B 3C 
-—— + -= + —. 
MO 1-t 2-t 3-t 
The solution for this is A = 3, B = —3, C = 1. But 8/(B — t) is the moment 
generating function of an exponential distribution with parameter B, so the p.d.f. 
for S is 


fax) = 3(e?) — 39e) + (Be). v 


The inverse Gaussian distribution was developed in the study of stochastic pro- 
cesses. Here it is used as the distribution of B, the claim amount. It will have a 
similar role in risk theory in Chapters 12-14. The p.d.f. and m.g.f. associated with 
the inverse Gaussian distribution are given by 


so-e[-(i- 78) 


Find the distribution of S = X, + X; + X, + +++ + X, where the random variables 
Xy, X, ..., X, are independent and have identical inverse Gaussian distributions. 


Solution: 
Using (2.3.9), the m.g.f. of S is given by 


Mg(t) = [My(O]* = exp| na (: = [1 B a 


The m.g.f. M,(£) can be recognized and shows that S has an inverse Gaussian dis- 
tribution with parameters na and p. v 


2.4 Approximations for the Distribution of the Sum 


The central limit theorem suggests a method to obtain numerical values for the 
distribution of the sum of independent random variables. The usual statement of 
the theorem is for a sequence of independent and identically distributed random 
variables, X,, X, . . . , with E[X]] = p and Var(X) = o°. For each n, the distribution 
of Vn (X, — p)/o, where X, = (X, + X, + +++ + X,)/n, has mean 0 and vari- 
ance 1. The sequence of distributions (n = 1, 2, . . . ) is known to approach the 
standard normal distribution. When 7 is large the theorem is applied to approxi- 
mate the distribution of X, by a normal distribution with mean p and variance 
c? / n. Equivalently, the distribution of the sum of the n random variables is ap- 
proximated by a normal distribution with mean np and variance no’. The effect- 
iveness of these approximations depends not only on the number of variables 
but also on the departure of the distribution of the summands from normality. 
Many elementary statistics textbooks recommend that n be at least 30 for the 
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approximations to be reasonable. One routine used to generate normally distrib- 
uted random variables for simulation is based on the average of only 12 inde- 
pendent random variables uniformly distributed over (0, 1). 


In many individual risk models the random variables in the sum are not iden- 
tically distributed. This is illustrated by examples in the next section. The central 
limit theorem extends to sequences of nonidentically distributed random variables. 


To illustrate some applications of the individual risk model, we use a normal 
approximation to the distribution of the sum of independent random variables to 
obtain numerical answers. If 


S=X%,+ X,+-++:++ X, 
then 


E[S] = 2, E[Xd, 
and, further, under the assumption of independence, 
Var(S) = Y, Var(X,). 
k=1 


For an application we need only 
* Evaluate the means and variances of the individual loss random variables 
* Sum them to obtain the mean and variance for the loss of the insuring orga- 
nization as a whole 
* Apply the normal approximation. 
Illustrations of this process follow. 


2.5 Applications to Insurance 


In this section four examples illustrate the results of Section 2.2 and use of the 
normal approximation. : 


example 2.5.1 


A life insurance company issues 1-year term life contracts for benefit amounts of 
1 and 2 units to individuals with probabilities of death of 0.02 or 0.10. The following 
table gives the number of individuals n, in each of the four classes created by a 
benefit amount b, and a probability of claim q, 


k dk b, ny 

1 0.02 1 500 
2 0.02 2 500 
3 0.10 1 300 
4 0.10 2 500 


ee ee 
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The company wants to collect, from this population of 1,800 individuals, an amount 
equal to the 95th percentile of the distribution of total claims. Moreover, it wants 
each individual’s share of this amount to be proportional to that individual’s ex- 
pected claim. The share for individual j with mean E[X]] would be (1 + 9)E[X ]. 
The 95th percentile requirement suggests that @ > 0. This extra amount, 6E[X;], is 
the security loading and 0 is the relative security loading. Calculate 0. 


Solution: 
The criterion for 6 is Pr(S = (1 + 9)E[S]) = 0.95 where S = X, + X, ++: + 
Xiao. This probability statement is equivalent to 


S — ES] _ 8eB[S] | _ 
E A. is 


Following the discussion of the central limit theorem in Section 2.4, we approximate 
the distribution of (S — E[S]) / V Var(S) by the standard normal distribution and 
use its 95th percentile to obtain 
e E[S] 
V Var(S) 


It remains to calculate the mean and variance of S and to calculate 0 by this 
equation. 


= 1.645. 


For the four classes of insured individuals, we have the results given below. 


Mean Variance 
k Ik b, bg; big, - 4) Hy 
1 0.02 1 0.02 0.0196 500 
2 0.02 2 0.04 0.0784 500 
3 0.10 1 0.10 0.0900 300 
4 0.10 2 0.20 0.3600 500 
Then 
1,800 4 
E[S] - z E[X] = » n,D,q, = 160 
= = 
and 
1,800 4 
Var(S) = Y, Var(X) = >) nbgd — q) = 256. 
j=1 k=1 
Thus, the relative security loading is 
8 = 1.645 VERE) = 1.645 mo 0.1645 
ES EISI 209277 4300. ee v 


Chapter 2. Individual Risk Models for a Short Term 


41 


42 


| Example 2.5.2 | 2.5.2 


The policyholders of an automobile insurance company fall into two classes. 


Distribution 
of Claim 

Amount, B,, 

Parameters 
Number Claim of kaea 
Class in Class Probability Exponential 
k My 4k A L 
1 500 0.10 1 2.5 
OO o% _ _ 2 


A truncated exponential distribution is defined by the d.f. 


0 x«o0 
F(x) =31-e™ O=x<L 
1 x=L. 


This is a mixed distribution with p.d.f. f(x) = Me™, 0 < x < L, and a probability 
mass e™ at L. A graph of the d.f. appears in Figure 2.5.1. 


* 


Truncated Exponential Distribution 
F(x) 


Again, the probability that total claims exceed the amount collected from policy- 
holders is 0.05. We assume that the relative security loading, 0, is the same for the 
two classes. Calculate 9. 


Solution: 

This example is much like the previous one. It differs in that the claim amounts 
are random variables. First, we obtain formulas for the moments of the truncated 
exponential distribution in preparation for applying (2.2.25) and (2.2.26): 
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L = 
wœ = E[B|I = 1] = Í xe ™ dx + Le™ = : 


X , 
L 
E[B^|] = 1] = Í x?^ke^* dx + De ^ = E -e - = e™, 


at ~AL _ 5-2AL 
o? = E[B4I = 1] - (E[B|I = 1])? = LIEMES fM. 


Using the parameter values given and applying (2.2.25) and (2.2.26), we obtain the 
following results. 


Mean Variance 
k dk By ok qx uud - 49 + eig. ny, 
1 0.10 0.9179 0.5828 0.09179 0.13411 500 
2 0.05 0.5000 0.2498 0.02500 0.02436 2 000 


Then S, the sum of the claims, has moments 
E[S] = 500 (0.09179) + 2,000 (0.02500) = 95.89, 
Var(S) = 500 (0.13411) + 2,000 (0.02436) = 115.78. 
The criterion for 6 is the same as in Example 2.5.1, 
Pr(S = (1 +@)E[S]) = 0.95. 


Again by the normal approximation, 


ed = 1.645 
and 
_ 1.645V/115.78 onions 
95.89 v 


example 2.5.30 


A life insurance company covers 16,000 lives for 1-year term life insurance in 
amounts shown below. 


Benefit Amount Number Covered 
10 000 8 000 
20 000 3 500 
30 000 2 500 
50 000 1500 
100 000 500 


The probability of a claim q for each of the 16,000 lives, assumed to be mutually 
independent, is 0.02. The company wants to set a retention limit. For each life, the 
retention limit is the amount below which this (the ceding) company will retain 
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the insurance and above which it will purchase reinsurance coverage from another 
(the reinsuring) company. For example, assume the retention limit is 20,000. The 
company will retain up to 20,000 on each life and purchase reinsurance for the 
difference between the benefit amount and 20,000 for each of the 4,500 individuals 
with benefit amounts in excess of 20,000. As a decision criterion, the company 
wants to minimize the probability that retained claims plus the amount that it pays 
for reinsurance will exceed 8,250,000. Reinsurance is available at a cost of 0.025 per 
unit of coverage (i.e., at 125% of the expected claim amount per unit, 0.02). We will 
consider the block of business as closed. New policies sold during the year are not 
to enter this decision process. Calculate the retention limit that minimizes the prob- 
ability that the company's retained claims plus cost of reinsurance exceeds 
8,250,000. 


Partial Solution: 

First, do all calculations in benefit units of 10,000. As an illustrative step, let S 
be the amount of retained claims paid when the retention limit is 2 (20,000). Our 
portfolio of retained business is given by 


Retained Amount Number Covered 

k b, "y 

1 1 8 000 

2 2 8 000 

and 

2 
E[S] = ` n,b,q, = 8,000 (1)(0.02) + 8,000 (2)(0.02) = 480 
k=1 
and 


Var(S) = 2 nbg — q) 
= 8,000 (1)(0.02)(0.98) + 8,000 (4)(0.02)(0.98) = 784. 


In addition to the retained claims, S, there is the cost of reinsurance premiums. The 
total coverage in the plan is 


8,000 (1) + 3,500 (2) + 2,500 (3) + 1,500 (5) + 500 (10) = 35,000. 
The retained coverage for the plan is 
8,000 (1) + 8,000 (2) = 24,000. 


Therefore, the total amount reinsured is 35,000 — 24,000 = 11,000 and the reinsur- 
ance cost is 11,000(0.025) = 275. Thus, at retention limit 2, the retained claims plus 
reinsurance cost is 5 + 275. The decision criterion is based on the probability that 
this total cost will exceed: 825, 
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Pr(S + 275 > 825) = Pr(S > 550) 


- [SAS > EE] 
V Var(S) V Var(S) 


S — E[S] | 
= Pr | 295] 
l V Var(S) 
Using the normal distribution, this is approximately 0.0062. The solution is com- 
pleted in Exercises 2.13 and 2.14. v 


In Section 1.5 stop-loss insurance, which is available as a reinsurance coverage, 
was discussed. The expected value of the claims paid under the stop-loss reinsur- 
ance coverage can be approximated by using the normal distribution as the distri- 
bution of total claims. 


Let total claims, X, have a normal distribution with mean p and variance c? and 
let d be the deductible of the stop-loss insurance. Then, by (1.5.2A), the expected 
reinsurance claims equal 


20? 


a — x 2 
ELOI = a= |e -d ep E dx. (2.5.1) 


Changing the variable of integration to z = (x — »)/o and defining B by d = p + 
Bo, we obtain the following general expression for the expected value of stop-loss 
claims under a normal distribution assumption: 


exp(—B?/2) _ 


aoe PS oi} (2.5.2) 


BI(X)] = o { 


where ®(x) is the distribution function for the standard normal distribution. 
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Consider the portfolio of insurance contracts in Example 2.5.3. Calculate the ex- 
pected value of the claims provided by a stop-loss reinsurance coverage where 
a. There is no individual reinsurance and the deductible amount is 7,500,000 
b. There is a retention amount of 20,000 on individual policies and the deductible 
amount on the business retained is 5,300,000. 


Solution: 
a. With no individual reinsurance and the use of 10,000 as the unit, 
E[S] = 0.02[8,000(1) + 3,500(2) + 2,500(3) + 1,500(5) + 500(10)] = 700 
and 
Var(S) = (0.02)(0.98)[8,000(1) + 3,500(4) + 2,500(9) + 1,500(25) + 500(100)] 
= 2,587.2 
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SO 
o(S) = 50.86. 
Then, with 


. (d — 1) ., (750 — 700) 
c 50.86 


the application of (2.5.2) gives us 
P = 50.86[0.24608 — (0.983)(0.16280)] = 4.377. 


p = 0.983 


This is equivalent to 43,770 in the example as posed. 

b. In Example 2.5.3 we determined the mean and the variance of the aggregate 
claims, after imposing a 20,000 retention limit per individual, to be 480 and 784, 
respectively, in units of 10,000. Thus o(S) = 28. 

Then, with 


.d p _ 530 — 480 
g 28 


the application of (2.5.2) gives us 
P = 28[0.08100 — (1.786)(0.03707)] = 0.414. 


This is equivalent to 4,140 in the example as posed. v 


B = 1.786 


2.6 Notes and References 


The basis of the material in Sections 2.2, 2.3, and 2.4 can be found in a number 
of post-calculus probability and statistics texts. Mood et al. (1974) prove the theo- 
rems given in (2.2.10) and (2.2.11). They also provide an extensive discussion of 
properties of the moment generating function. For a discussion of the advanced 
mathematical methods for deriving the distribution function that corresponds to a 
given moment generating function, see Bellman et al. (1966). Methods are also 
available to obtain the p.f. of a discrete distribution from its probability generating 
function; see Kornya (1983). 


DeGroot (1986) provides a discussion of several conditions under which the cen- 
tral limit theorem holds. Kendall and Stuart (1977) give material on normal power 
expansions that may be viewed as modifications of the normal approximation to 
improve numerical results. Bowers (1967) also describes the use of normal power 
expansions and gives an application to approximate the distribution of present 
values for an annuity portfolio. 
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Exercises 
Section 2.2 


2.1. 


22. 


2.3. 


24. 


2.5. 


2.6. 


Use (2.2.3) and (2.2.4) to obtain the mean and variance of the claim random 
variable X where q = 0.05 and the claim amount is fixed at 10. 


Obtain the mean and variance of the claim random variable X where q = 0.05 
and the claim amount random variable B is uniformly distributed between 0 
and 20. 


Let X be the number of heads observed in five tosses of a true coin. Then, X 
true dice are thrown. Let Y be the sum of the numbers showing on the dice. 
Determine the mean and variance of Y. [Hint: Apply (2.2.10) and (2.2.11).] 


Let X be the number showing when one true die is thrown. Let Y be the 
number of heads obtained when X true coins are then tossed. Calculate 
E[Y] and Var(Y). 


Let X be the number obtained when one true die is tossed. Let Y be the sum 
of the numbers obtained when X true dice are then thrown. Calculate E[Y] 
and Var(Y). 


The probability of a fire in a certain structure in a given time period is 0.02. 
If a fire occurs, the damage to the structure is uniformly distributed over the 
interval (0, a) where a is its total value. Calculate the mean and variance of 
fire damage to the structure within the time period. 


Section 2.3 


27. 


2.8. 


Independent random variables X, for four lives have the discrete probability 
functions given below. 


x Pr(X, = x) Pr(X, = x) Pr(X, = x) Pr(X, = x) 
0 0.6 0.7 0.6 0.9 
1 0.0 0.2 0.0 0.0 
2 0.3 0.1 0.0 0.0 
3 0.0 0.0 0.4 0.0 
4 0.1 0.0 0.0 0.1 


Use a convolution process on the non-negative integer values of x to obtain 
F(x) for x = 0, 1, 2, . . ., 13 where S = X, + X, + X, + X} 


Let X, for i = 1, 2, 3 be independent and identically distributed with the d.f. 


0 x«0 
F(x) = 4x Osx<1 
1 x21. 
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Let S = X, + X, + X, 
a. Show that F,(x) is given by 


0 x«0 
3 
2 0zx«1 
3 — 1%} 
F(x) = ze D ) 1sx<2 
3 c RN 3 = 3 
x 3(x — 1° + 3(x - 2) ere 
6 
1 x za. 


b. Show that E[S] = 1.5 and Var(S) = 0.25. 
c. Evaluate the following probabilities using the d.f. of part (a): 


(i) Pr(S = 0.5) 
(ii) Pr(S = 1.0) 
(iii) Pr(S = 1.5). 


2.9. Find the mean and variance of the inverse Gaussian distribution by using its 
m.g.f. as given in Example 2.3.5. 


Section 2.4 


2.10. Calculate the mean and variance of X and Y in Example 2.3.2. Use a normal 
distribution to approximate Pr(X + Y > 4). Compare this with the exact 
answer. 


2.11. a. Use the central limit theorem to calculate b, c, and d, for given a, in the 
statement 


Pr (3 x, = nu + avo) = c + von 
1 


where the X/s are independent and identically distributed with mean p 
and variance g? and ®(z) is the d.f. of the standard normal distribution. 
b. Evaluate the probabilities in Exercise 2.8(c) by use of the normal 
approximation developed in part (a). 


2.12. A random variable U has m g.f. 


1 
Mt) = (1 — 2t)? FS. 
a. Use the m g.f. to calculate the mean and variance of U. 
b. Use a normal approximation to calculate points yoo; and Yo, such 
that Pr(U > y.) = €. 


Eee ST 


Exercises 


Note the random variable U has a gamma distribution with parameters a = 9 
and B = 1/2. Gamma distributions with a = 1/2 and B = 1/2 are chi-square 
distributions with n degrees of freedom. Thus U has a chi-square distribution 
with 18 degrees of freedom. From tables of d.f.’s of chi-square 
distributions, we obtain yoo, = 28.869 and Yoo, = 34.805. 
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2.13. 


2.14. 


2.15. 


2.16. 


Calculate the probability that the total cost in Example 2.5.3 will exceed 
8,250,000 if the retention limit is 
a. 30,000 b. 50,000. 


Calculate the retention limit that minimizes the probability of the total cost 
in Example 2.5.3 exceeding 8,250,000. Assume that the limit is between 30,000 
and 50,000. 


A fire insurance company covers 160 structures against fire damage up to an 
amount stated in the contract. The numbers of contracts at the different con- 
tract amounts are given below. 


Contract Amount Number of Contracts 
10 000 80 
20 000 35 
30 000 25 
50 000 15 
100 000 5 


Assume that for each of the structures, the probability of one claim within a 
year is 0.04, and the probability of more than one claim is 0. Assume that 
fires in the structures are mutually independent events. Furthermore, assume 
that the conditional distribution of the claim size, given that a claim has oc- 
curred, is uniformly distributed over the interval from 0 to the contract 
amount. Let N be the number of claims and let S be the amount of claims in 
a 1-year period. 
a. Calculate the mean and variance of N. 
b. Calculate the mean and variance of S. 
c. What relative security loading, 0, should be used so the company can 
collect an amount equal to the 99th percentile of the distribution of 
total claims? (Use a normal approximation.) 


Consider a portfolio of 32 policies. For each policy, the probability q of a claim 
is 1/6 and B, the benefit amount given that there is a claim, has p.d.f. 


| j]20-y 0<y<1 
fy) ls elsewhere. 


Let S be the total claims for the portfolio. Using a normal approximation, 
estimate Pr(S > 4). 
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SURVIVAL DISTRIBUTIONS 
AND LIFE TABLES 


3.1 Introduction 


Chapter 1 was dedicated to showing how insurance can increase the expected 
utility of individuals facing random losses. In Chapter 2 simple models for sin- 
gle-period insurance policies were developed. The foundations of these models 
were Bernoulli random variables associated with the occurrence or nonoccurrence 
of a loss. The occurrence of a loss, in some examples, resulted in a second random 
process generating the amount of the loss. Chapters 4 through 8 deal primarily 
with models for insurance systems designed to manage random losses where the 
randomness is related to how long an individual will survive. In these chapters 
the time-until-death random variable, T(x), is the basic building block. This chapter 
develops a set of ideas for describing and using the distribution of time-until-death 
and the distribution of the corresponding age-at-death, X. 


We show how a distribution of the age-at-death random variable can be sum- 
marized by a life table. Such tables are useful in many fields of science. Conse- 
quently a profusion of notation and nomenclature has developed among the vari- 
ous professions using life tables. For example, engineers use life tables to study the 
. reliability of complex mechanical and electronic systems. Biostatisticians use life 
tables to compare the effectiveness of alternative treatments of serious diseases. 
Demographers use life tables as tools in population projections. In this text, life 
tables are used to build models for insurance systems designed to assist individuals 
facing uncertainty about the times of their deaths. This application determines the 
viewpoint adopted. However, when it provides a bridge to other disciplines, notes 
relating the discussion to alternative applications of life tables are added. 


A life table is an indispensable component of many models in actuarial science. 
In fact, some scholars fix the date of the beginning of actuarial science as 1693. In 
that year, Edmund Halley published “An Estimate of the Degrees of the Mortality 
of Mankind, Drawn from Various Tables of Births and Funerals at the City of 
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Breslau.” The life table, called the Breslau Table, contained in Halley’s paper re- 
mains of interest because of its surprisingly modern notation and ideas. 


3.2 Probability for the Age-at-Death 


In this section we formulate the uncertainty of age-at-death in probability 
concepts. 


3.2.1 The Survival Function 


Let us consider a newborn child. This newborn’s age-at-death, X, is a continuous- 
type random variable. Let F,(x) denote the distribution function (d.f.) of X, 


Fy(x) = Pr(X = x) x20, (3.2.1) 
and set 
s(x) = 1 — Fy(x) = Pr(X > x) x20. (3.2.2) 


We always assume that F,(0) = 0, which implies s(0) = 1. The function s(x) is 
called the survival function (s.f.). For any positive x, s(x) is the probability a new- 
born will attain age x. The distribution of X can be defined by specifying either the 
function F,(x) or the function s(x). Within actuarial science and demography, the 
survival function has traditionally been used as a starting point for further devel- 
opments. Within probability and statistics, the d.f. usually plays this role. However, 
from the properties of the d.f., we can deduce corresponding properties of the 
survival function. 


Using the laws of probability, we can make probability statements about the age- 
at-death in terms of either the survival function or the distribution function. For 
example, the probability that a newborn dies between ages x and z (x < z) is 


Pr(x < X x z) = Fy(2) - Fy(x) 


= s(x) — s(z). 


3.2.2 Time-until-Death for a Person Age x 


The conditional probability that a newborn will die between the ages x and z, 
given survival to age x, is 


FxG) — Fx) 


P(x«Xzxz|X»x)- YE 
TER 


x s(x) — s(z) 

s) 

The symbol (x) is used to denote a life-age-x. The future lifetime of (x), 
X — x, is denoted by T(x). 


(8.2.3) 


52 Section 3.2 Probability for the Age-at-Death 


Within actuarial science, it is frequently necessary to make probability statements 
about T(x). For this purpose, and to promote research and communication, a set of 
symbols, part of the International Actuarial Notation, was originally adopted by 
the 1898 International Actuarial Congress. Symbols for common actuarial functions 
and principles to guide the adoption of new symbols were established. This system 
has been subject to constant review and is revised or extended as necessary by the 
International Actuarial Association’s Permanent Committee on Notation. These no- 
tational conventions are followed in this book whenever possible. 


These symbols differ from those used for probability notation, and the reader 
may be unfamiliar with them. For example, a single-variate function that would be 
written q(x) in probability notation is written q, in this system. Likewise, a multi- 
variate function is written in actuarial notation using combinations of subscripts, 
superscripts, and other symbols. The general rules for defining a function in ac- 
tuarial notation are given in Appendix 4. The reader may want to study these forms 
before continuing the discussion of the future-lifetime random variable. 


To make probability statements about T(x), we use the notations 
4, = Pr[T(x) = t] tm, (3.2.4) 
P= 1- g, = PAT) >t] t20. (3.2.5) 


The symbol ,4, can be interpreted as the probability that (x) will die within t years; 
that is, ,4, is the d.f. of T(x). On the other hand, jy, can be interpreted as the prob- 
ability that (x) will attain age x + t; that is, jp, is the s.f. for (x). In the special case 
of a life-age-0, we have T(0) — X and 


Po = SX) x20. (3.2.6) 


If t = 1, convention permits us to omit the prefix in the symbols defined in (3.2.4) 
and (3.2.5), and we have 


q, = Pr[(x) will die within 1 year], 
p, = Pr[(x) will attain age x + 1]. 


There is a special symbol for the more general event that (x) will survive f years 
and die within the following u years; that is, (x) will die between ages x + t and 
x t + u. This special symbol is given by 


tie = Pr[t < T(x) s t + u] 
= itur T Ax 


= Pr onde (3.2.7) 
As before, if u = 1, the prefix is deleted in 4,9,, and we have „gy. 


At this point it appears there are two expressions for the probability that (x) will 
die between ages x and x + u. Formula (3.2.7) with t = 0 is one such expression; 
(3.2.3) with z = x + u is a second expression. Are these two probabilities different? 
Formula (3.2.3) can be interpreted as the conditional probability that a newborn 
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will die between ages x and z = x + u, given survival to age x. The only information 
on the newborn, now at age x, is its survival to that age. Hence, the probability 
statement is based on a conditional distribution of survival for newborns. 


On the other hand, (3.2.7) with t = 0 defines a probability that a life observed at 
age x will die between ages x and x + u. The observation on the life at age x might 
include information other than simply survival. Such information might be that the 
life has just passed a physical examination for insurance, or it might be that the 
life has commenced treatment for a serious illness. Life tables for situations where 
the observation of a life at age x implies more than simply survival of a newborn 
to age x are discussed in Section 3.8, where additional notation for those life tables 
is introduced. We will continue development of the theory without further refer- 
ence to the distinction between (3.2.3) and (3.2.7), and we assume that until that 
section, observation of survival at age x will yield the same conditional distribution 
of survival as the hypothesis that a newborn has survived to age x; that is, 


zuo _ S(x + #) 


3.2.8 
Po s ee 


Px = 


Q4 xt t) 
gode ar (3.2.9) 


Under this approach, (3.2.7), and its many special cases, can be expressed as 


s(x + t) — s(x +t + u) 


tux = s(x) 
|[sx*-,]|[sx +t) -s@tt ty) 
7 s(x) s(x + t) 
= Px ufx+t: (3.2.10) 
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A discrete random variable associated with the future lifetime is the number of 
future years completed by (x) prior to death. It is called the curtate-future-lifetime 
of (x) and is denoted by K(x). Because K(x) is the greatest integer in T(x), its p.f. is 

Pr[K(x) = k] = Prik = Tx) <k + 1] 
= Prk < T(x) s k 9 1] 
= dx T oeaPx 
= De Jerk = aff k=0,1,2,.... (3.2.11) 


The switching of inequalities is possible since, under our assumption that T(x) is a 
continuous-type random variable, Pr[T(x) = k] = Pr[T(x) = k + 1] = 0. Expression 
(3.2.11) is a special case of (3.2.7) where u = 1 and k is a non-negative integer. 
From (3.2.11) we can see that the d.f. of K(x) is the step function 
k 
Frey (y) = Y hix = ade y = 0 and k is the greatest integer in y. 
h=0 
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It often follows from the context that T(x) is the future lifetime of (x), in which 
case we may write T instead of T(x). Likewise, we may write K instead of K(x). 
SSS SS SSS ai 


3.2.4 Force of Mortality 


Formula (3.2.3) expresses, in terms of the d.f. and in terms of the survival func- 
tion, the conditional probability that (0) will die between ages x and z, given sur- 
vival to x. With z — x held constant, say, at c, then considered as a function of x, 
this conditional probability describes the distribution of the probability of death in 
the near future (between time 0 and c) for a life of attained age x. An analogue of 
this function for instantaneous death can be obtained by using the density of prob- 
ability of death at attained age x, that is, using (3.2.3) with z = x + Ax, 


Fy(x + Ax) = Fy(x) 


Prix < X =x + Ax|X > x) = 


1- Fx) 
wm fxeo92Ax 
=F EG). (3.2.12) 


In this expression F(x) = f,(x) is the p.d.f. of the continuous age-at-death ran- 
dom variable. The function 


fe) 
1 — Fx(x) 


in (3.2.12) has a conditional probability density interpretation. For each age x, it 
gives the value of the conditional p.d.f. of X at exact age x, given survival to that 
age, and is denoted by p(x). 


We have 


Ro 
1- Fy(x) 


u(x) 


_ s(x) 
so (3.2.13) 


The properties of f,(x) and 1 — F&(x) imply that p(x) = 0. 
In actuarial science and demography p(x) is called the force of mortality. In 
reliability theory, the study of the survival probabilities of manufactured parts and 


systems, p(x) is called the failure rate or hazard rate or, more fully, the hazard 
rate function. 


As is true for the s.f., the force of mortality can be used to specify the distribution 
of X. To obtain this result, we start with (3.2.13), change x to y, and rearrange to 
obtain 


—p(y) dy = d log s(y). 


ee —————— MÀ ÀÓ— EE 
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Integrating this expression from x to x + n, we have 


- Í u(y) dy = log Ed 


s(x) 
= log ,p., 
and on taking exponentials obtain 
„Px = expl- 7" uy) dy]. (3.2.14) 
Sometimes it is convenient to rewrite (3.2.14), with s — y — x, as 
„Px = expl- Sg w(x + s) ds]. (3.2.15) 


In particular, we will change the notation to conform with that used in (3.2.6) by 
setting the age already lived to 0 and denoting the time of survival by x. We then 
have 


Po = s(x) = exp[—/5 p(s) ds]. (3.2.16) 
In addition, 
Fy(x) = 1 — s(x) = 1 — exp[- S% p(s) ds] (3.2.17) 


and 


li 


Fx(x) = fx) = expl -f3 p(s) ds] w(x) 


= Po (x). (3.2.18) 


Let Frw(t) and fro(t) denote, respectively, the d.f. and p.d.f. of T(x), the future 
lifetime of (x). From (3.2.4) we note that F,,.(t) = ,4,; therefore, 


d 
frott) = Ji Ax 


d 1 s(x + t) 
~ dt s(x) 
s(x + t) s'(x + t) 
i s(x) s(x + t) 
= pex +t) £20. (3.2.19) 
Thus jp, p(x + t) dt is the probability that (x) dies between t and t + dt, and 


l p.uG + t)dt=1 


0 


where the upper limit on the integral is written as positive infinity (an abbreviation 
for integrating over all positive probability density). 


It follows from (3.2.19) that 


d d 
dt (1 z Pa) = dt Px = Px w(x + t). (3.2.20) 


This equivalent form is useful in several developments in actuarial mathematics. 
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Since 


im „P, = 0, 


we have 
lim (—log ,p,) = ©; 


that is, 


x+n 
lim | u(y) dy = œ. 
The developments of this section are summarized in Table 3.2.1. 


The lower half of Table 3.2.1 summarizes some of the relationships among func- 
tions of general probability theory and those specific to age-at-death applications. 
There are many other examples where age-at-death questions can be formed in the 
more general probability setting. The following will illustrate this point. 


Probability Theory Functions for Age-at-Death, X 


Survival Force of 

d.f. Function p-d.f. Mortality 

F(x) s(x) ffx) po) 
For Requirements For Requirements 
x«0 Fy(x) = 0 s(x) = 1 x«0 fx) = 0 w(x) = 0 
x=0 Fy(0) = 0 s(0) = 1 x=0 undefined undefined 
x20 nondecreasing nonincreasing x0 fx(x) 20 p(x) = 0 
lim Fy() = 1 s(o) = 0 lim Sifs dt — 1 Jo p GQOdx = % 
Functions 
in Terms of Relationships 
Fy(x) Fy(x) 1 — F0) Px (x) F(x) / 0 — Fx] 
s(x) 1 — s(x) s(x) —s'(x) —s'(x) / s(x) 
fx) fo fx Godu S? fxaodu feo FC) / f? fx andu 
"T 1 — expl-/i w(t) dt] expl-fi pit) dt] wo3dexpL- fi w(t) di]. i) 


If A refers to the complement of the event A within the sample space and 
Pr(A) # 0, the following expresses an identity in probability theory: 


Pr(A U B) = Pr(A) + Pr(A) Pr(BIA). 


Rewrite this identity in actuarial notation for the events A = [T(x) = t] and B = 
[lf < T(x) < 1]),0<t<1. 


en 
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Solution: 
Pr(A U B) becomes Pr[T(x) = 1] = qy Pr(A) is 4,, and Pr(B|A) is ,_,9,.,; hence 


LE x x F Px 1-xtt- v 


3.3 Life Tables 


A published life table usually contains tabulations, by individual ages, of the 
basic functions q,, lẹ d, and, possibly, additional derived functions. Before pre- 
senting such a table, we consider an interpretation of these functions that is directly 
related to the probability functions discussed in the preceding section. 


3.3.1 Relation of Life Table Functions to the Survival Function 


In (3.2.9) we expressed the conditional probability that (x) will die within t years 


by 
c SEY) 
x zm s(x) d 
and, in particular, we have 
_4 . x+] 
DRE X 


We now consider a group of l, newborns, |, = 100,000, for instance. Each new- 
born's age-at-death has a distribution specified by s.f. s(x). In addition, we let (x) 
denote the group's number of survivors to age x. We index these lives by j — 1, 
2,..., la and observe that 


Rx) = DF 


where I ; is an indicator for the survival of life j; that is, 


p=]1 if life j survives to age x 
j 0 otherwise. 


Since EH; = s(x), 
lo 
EILW] = 2; ELI = h sCO. 
E 
We denote E[£(x)] by l; that is, /, represents the expected number of survivors 
to age x from the /; newborns, and we have 


L = ly s(x). (3.3.1) 


Moreover, under the assumption that the indicators I, are mutually independent, 
L(x) has a binomial distribution with parameters n = I; and p = s(x). Note, however, 
that (3.3.1) does not require the independence assumption. 
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In a similar fashion, „D, denotes the number of deaths between ages x and x + n 
from among the initial /; lives. We denote E[,9,] by ,d,. Since a newborn has prob- 
ability s(x) — s(x + n) of death between ages x and x + n we can, by an argument 
similar to that for l, express 


ats Iz ELD] = lo[s(x) Ta s(x + n)] 
= 1, — lyp (3.3.2) 


When n = 1, we omit the prefixes on ,9, and „d,. 


From (3.3.1), we see that 


E: mo ae us a = p(x) (3.3.3) 
and 
~dl, = 1, w(x) dx. (3.3.4) 
Since 


Ll, BCX) = lg Po WAX) = lo fx), 


the factor 1, u(x) in (3.3.4) can be interpreted as the expected density of deaths in 
the age interval (x, x + dx). We note further that 


L, = h expl - f$ u(y) dyl, (3.3.5) 
Lean = l, expl - 7" wy) dy], (3.3.6) 
L ibi Las = je l, p(y) dy. (3.3.7) 


For convenience of reference, we call this concept of l newborns, each with 
survival function s(x), a random survivorship group. 


3.3.2 Life Table Example 


In "Life Table for the Total Population: United States, 1979-81” (Table 3.3.1), the 
functions gw l, and ,d, are presented with l, = 100,000. Except for the first year of 
life, the value of t in the tabulated functions ,g, and ,d, is 1. The other functions 
appearing in the table are discussed in Section 3.5. 


The 1979-81 U.S. Life Table was not constructed by observing 100,000 newborns 
until the last survivor died. Instead, it was based on estimates of probabilities of 
death, given survival to various ages, derived from the experience of the entire 
U.S. population in the years around the 1980 census. In using the random survi- 
vorship group concept with this table, we must make the assumption that the 
probabilities derived from the table will be appropriate for the lifetimes of those 
who belong to the survivorship group. 
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Life Table for the Total Population: United States, 1979-81 


(1) (2) 


Proportion 
Dying 
Proportion of 
Persons Alive 
at Beginning 


(3) 


(4) 


Of 100,000 Born Alive 


(5) 


Stationary Population* 


(6) 


(7) 
Average 
Remaining 
Lifetime 
Average 
Number of 


Years Lived Years of Life 


Age Interval of Age Number in This Remaining 
Period of Interval Living at Number Years Lived and All at Beginning 
Life between Dying during Beginning of Dying during in the Age Subsequent of Age 
Two Ages Interval Age Interval Age Interval Interval Age Intervals Interval 
xtox+t d. i a, E: T, e 
Days 
0-1 0.00463 100 000 463 273 7 387 758 73.88 
1-7 0.00246 99 537 245 1635 7 387 485 74.22 
7-28 0.00139 99 292 138 5 708 7 385 850 74.38 
28-365 0.00418 99 154 414 91 357 7 380 142 74,43 
Years 
0-1 0.01260 100 000 1260 98 973 7 387 758 73.88 
1-2 0.00093 98 740 92 98 694 7 288 785 73.82 
2-3 0.00065 98 648 64 98 617 7 190 091 72.89 
3-4 0.00050 98 584 49 98 560 7 091 474 71.93 
4-5 0.00040 98 535 40 98 515 6 992 914 70.97 
5-6 0.00037 98 495 36 98 477 6 894 399 70.00 
6-7 0.00033 98 459 33 98 442 6 795 922 69.02 
7-8 0.00030 98 426 30 98 412 6 697 480 68.05 
8-9 0.00027 98 396 26 98 383 6 599 068 67.07 
9-10 0.00023 98 370 23 98 358 6 500 685 66.08 
10-11 0.00020 98 347 19 98 338 6 402 327 65.10 
11-12 0.00019 98 328 19 98 319 6 303 989 64.11 
12-13 0.00025 98 309 24 98 297 6 205 670 63.12 
13-14 0.00037 98 285 37 98 266 6 107 373 62.14 
14-15 0.00053 98 248 52 98 222 6 009 107 61.16 
15-16 0.00069 98 196 67 98 163 5910 885 60.19 
16-17 0.00083 98 129 82 98 087 5 812 722 59.24 
17-18 0.00095 98 047 94 98 000 5 714 635 58.28 
18-19 0.00105 97 953 102 97 902 5 616 635 57.34 
19—20 0.00112 97 851 110 97 796 5518 733 56.40 
20-21 0.00120 97 741 118 97 682 5 420 937 55.46 
21-22 0.00127 97 623 124 97 561 5323255 54.53 
22-23 0.00132 97 499 129 97 435 5225 694 53.60 
23-24 0.00134 97 370 130 97 306 5 128 259 52.67 
24-25 0.00133 97 240 130 97 175 5 030 953 51.74 
25-26 0.00132 97 110 128 97 046 4 933 778 50.81 
26-27 0.00131 96 982 126 96 919 4 836 732 49.87 
27-28 0.00130 96 856 126 96 793 4 739 813 48.94 
28-29 0.00130 96 730 126 96 667 4 643 020 48.00 
29-30 0.00131 96 604 127 96 54] 4 546 353 47.06 


"Stationary population is a demographic concept treated in Chapter 19. 
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Life Table for the Total Population: United States, 1979-81 
(1) (2) (3) (4) (5) (6) (7) 


Proportion Average 
Dying Remaining 
RUNE Lifetime 
Proportion of SS 
Persons ; : Average 
Alive Stationary Population* Number of 
at Beginning Of 100,000 Born Alive Years Lived Years of Life 
Age Interval of Age Number in This Remaining 
Period of Interval Living at Number Years Lived and All at Beginning 
Life between Dying during Beginning of Dying during inthe Age Subsequent of Age 
Two Ages Interval Age Interval Age Interval Interval Age Intervals Interval 
xtox+t EP L A, LL, T, e, 
Years 
30-31 0.00133 96 477 127 96 414 4 449 812 46.12 
31-32 0.00134 96 350 130 96 284 4 353 398 45.18 
32-33 0.00137 96 220 132 96 155 4 257 114 44.24 
33-34 0.00142 96 088 137 96 019 4 160 959 43.30 
34-35 0.00150 95 951 143 95 880 4 064 940 42.36 
35-36 0.00159 95 808 153 95 731 3 969 060 41.43 
36-37 0.00170 95 655 163 95 574 3 873 329 40.49 
37-38 0.00183 95 492 175 95 404 3777 755 39.56 
38-39 0.00197 95 317 188 95 224 3 682 351 38.63 
39—40 0.00213 95 129 203 95 027 3 587 127 37.71 
40-41 0.00232 94 926 220 94 817 3 492 100 36.79 
41-42 0.00254 94 706 241 94 585 3 397 283 35.87 
42—43 0.00279 94 465 264 94 334 3 302 698 34.96 
43—44 0.00306 94 201 288 94 057 3 208 364 34.06 
44—45 0.00335 93 913 314 93 756 3 114 307 33.16 
45-46 0.00366 93 599 343 93 427 3 020 551 3227 
46-47 . 0.00401 93 256 374 93 069 2 927 124 31.39 
47-48 0.00442 92 882 410 92 677 2 834 055 30.51 
48—49 0.00488 92 472 451 92 246 2 741 378 29.65 
49-50 0.00538 92 021 495 91 773 2 649 132 28.79 
50-51 0.00589 91 526 540 91 256 2 557 359 27.94 
51-52 0.00642 90 986 584 90 695 2 466 103 27.10 
52-53 0.00699 90 402 631 90 086 2 375 408 26.28 
53-54 0.00761 89 771 684 89 430 2 285 322 25.46 
54-55 0.00830 89 087 739 88 717 2 195 892 24.65 
55-56 0.00902 88 348 797 87 950 2 107 175 23.85 
56-57 0.00978 87 551 856 87 122 2 019 225 23.06 
57-58 0.01059 86 695 919 86 236 1 932 103 22.29 
58-59 0.01151 85 776 987 85 283 1 845 867 21.52 
59-60 0.01254 84 789 1 063 84 258 1 760 584 20.76 
60-61 0.01368 83 726 1145 83 153 1676 326 20.02 
61-62 0.01493 82 581 1233 81 965 1593 173 19.29 
62—63 0.01628 81 348 1324 80 686 1511 208 18.58 
63-64 0.01767 80 024 1415 79 316 1 430 522 17.88 
64-65 0.01911 78 609 1502 77 859 1351 206 17.19 


*Stationary population is a demographic concept treated in Chapter 19. 
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Life Table for the Total Population: United States, 1979-81 


(1) (2) (3) (4) (5) (6) (7) 
Proportion Average 
Dying Remaining 
AN RUM EE Lifetime 
Proportion of ————— 
Persons : . Average 
Alive Stationary Population* Number of 
at Beginning Of 100,000 Born Alive Years Lived Years of Life 
Age Interval of Age Number in This Remaining 
Period of Interval Living at Number Years Lived and All at Beginning 
Life between Dying during Beginning of Dying during in the Age Subsequent of Age 
Two Ages Interval Age Interval Age Interval Interval Age Intervals Interval 
xtox+t Yn x idy iL, T. e, 
Years 
65-66 0.02059 77 107 1587 76 314 1273347 16.51 
66—67 0.02216 75 520 1674 74 683 1197 033 15.85 
67—68 0.02389 73 846 1764 72 964 1122350 15.20 
68-69 0.02585 72082 1864 71 150 1049 386 14.56 
69-70 0.02806 70 218 1970 69 233 978 236 13.93 
70-71 0.03052 68 248 2 083 67 206 909 003 13.32 
71-72 0.03315 66 165 2193 65 069 841 797 12.72 
72-73 0.03593 63 972 2 299 62 823 776 728 12.14 
73-74 0.03882 61 673 2 394 60 476 713 905 11.58 
74-75 0.04184 59 279 2 480 58 039 653 429 11.02 
75-76 0.04507 56 799 2 560 55 520 595 390 10.48 
76-77 0.04867 54 239 2 640 52 919 539 870 9.95 
77-78 0.05274 51 599 2721 50 238 486 951 9.44 
78-79 0.05742 48 878 2 807 47 475 436 713 8.93 
79-80 0.06277 46 071 2 891 44 626 389 238 8.45 
80-81 0.06882 43 180 2 972 41 694 344 612 7.98 
81-82 0.07552 40 208 3 036 38 689 302 918 7.53 
82-83 0.08278 37172 3077 35 634 264 229 7.11 
83-84 0.09041 34 095 3 083 32 553 228 595 6.70 
84-85 0.09842 31 012 3 052 29 486 196 042 6.32 
85-86 0.10725 27 960 2 999 26 461 166 556 5.96 
86-87 0.11712 24 96] 2923 23 500 140 095 5.61 
87-88 0.12717 22 038 2 803 20 636 116 595 5.29 
88-89 0.13708 19 235 2 637 17 917 95 959 4.99 
89—90 0.14728 16 598 2 444 15 376 78 042 4.70 
90-91 0.15868 14154 2 246 13 031 62 666 443 
91-92 0.17169 11 908 2045 10 886 49 635 4.17 
92—93 0.18570 9 863 1831 8 948 38 749 3.93 
93-94 0.20023 8032 1608 7 228 29 801 3.71 
94 95 0.21495 6 424 1381 5 733 22573 3.51 
95-96 0.22976 5043 1159 4 463 16 840 3.34 
96—97 0.24338 3884 945 3412 12377 3.19 
97—98 0.25637 2 939 754 2562 8 965 3.05 
98-99 0.26868 2 185 587 1892 6 403 2.93 
99-100 0.28030 1598 448 1374 4511 2.82 


"Stationary population is a demographic concept treated in Chapter 19. 
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i soon 
Life Table for the Total Population: United States, 1979-81 


(1) (2) (3) (4) (5) (6) (7) 
Proportion Average 
Dying Remaining 
COGNI a ee Lifetime 
Proportion of 
Persons ] . Average 
Alive Stationary Population* Number of 
at Beginning Of 100,000 Born Alive Years Lived Years of Life 
Age Interval of Age Number in This Remaining 
Period of Interval Living at Number Years Lived and All at Beginning 
Life between Dying during Beginning of Dying during in the Age Subsequent of Age 
Two Ages Interval Age Interval Age Interval Interval Age Intervals Interval 
xtoxt+t x L A, Ly, T, e, 
Years 
100-101 0.29120 1150 335 983 3137 2.73 
101-102 0.30139 815 245 692 2154 2.64 
102-103 0.31089 570 177 481 1462 2.57 
103-104 0.31970 393 126 330 981 2.50 
104-105 0.32786 267 88 223 651 2.44 
105-106 0.33539 179 60 150 428 2.38 
106-107 0.34233 119 41 99 278 2.33 
107-108 0.34870 78 27 64 179 2.29 
108-109 0.35453 51 18 42 115 2.24 
109-110 0.35988 33 12 27 73 2.20 
*Stationary population is a demographic concept treated in Chapter 19. 
Several observations about the 1979-81 U.S. Life Table are instructive. 
Observations: 
. Approximately 1% of a survivorship group of newborns would be expected to 
die in the first year of life. 
. It would be expected that about 77% of a group of newborns would survive to 
age 65. 
. The maximum number of deaths within a group would be expected to occur 
between ages 83 and 84. 
. For human lives, there have been few observations of age-at-death beyond 110. 
Consequently, it is often assumed that there is an age w such that s(x) > 0 for 
x € w, and s(x) = 0 for x = w. The age o, if assumed, is called the limiting age. 
The limiting age for this table is not defined. It is clear that there is a positive 
probability of survival to age 110, but the table does not indicate the age w. 
. Local minimums in the expected number of deaths occur around ages 11 and 
27 and a local maximum around age 24. 
. Although the values of /, have been rounded to integers, there is no compelling 
reason, according to (3.3.1), to do so. 
A display such as Table 3.3.1 is the conventional method for describing the dis- 
tribution of age-at-death. Alternatively, an s.f. can be described in analytic form 
such as s(x) = e **, c > 0, x = 0. However, most studies of human mortality for 
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insurance purposes use the representation s(x) = 1, / l, as illustrated in Table 3.3.1. 
Since 100,000 s(x) is displayed for only integer values of x, there is a need to inter- 
polate in evaluating s(x) for noninteger values. This is the subject of Section 3.6. 


On the basis of Table 3.3.1, evaluate the probability that (20) will 
a. Live to 100 
b. Die before 70 
c. Die in the tenth decade of life. 


Solution: 


s(100) log _ 1,150 


BU GU. Hm par VAs 
[s(20) — s(70] _ = 68,248 — 
. 100) =1 ps 1 9774; ^ 039017 
[s(90) — s(100] — (lo — lhoo) _ (14,154 — 1,150) 
s(20) bo ~ 97,741 ea Y 


Insight into life table functions can be obtained by studying Figures 3.3.1, 3.3.2, 
and 3.3.3. These are drawn to be representative of current human mortality and 
are not taken directly from Table 3.3.1. 


Graph of u(x) 
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In Figure 3.3.1 note two features: 
* The force of mortality is positive and the requirement 


[ eode = « 


0 


appears satisfied. (See Table 3.2.1.) 
* The force of mortality starts out rather large and then drops to a minimum 
around age 10. 


Graph of /, w(x) 
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In Figures 3.3.2 and 3.3.3 note the following: 

* The function l, p(x) is proportional to the p.d.f. of the age-at-death of a new- 
born. Since I, u(x) is the expected density of deaths at age x, under the random 
survivorship group idea, the graph of l, (x) is called the curve of deaths. 

* There is a local minimum of 1, (x) at about age 10. The mode of the distribution 
of deaths—the age at which the maximum of the curve of deaths occurs—is 
around age 80. 

* The function /, is proportional to the survival function s(x). It can also be in- 
terpreted as the expected number living at age x out of an initial group of 
size lo 

* Local extreme points of l, u(x) correspond to points of inflection of L since 


d d d d? 
km Z(- £i) =- gak 


3.4 The Deterministic Survivorship Group 


We proceed now to a second, and nonprobabilistic, interpretation of the life table. 
This is rooted mathematically in the concept of decrement (negative growth) rates. 
As such, it is related to growth-rate applications in biology and economics. It is 
deterministic in nature and leads to the concept of a deterministic survivorship 
group or cohort. 


A deterministic survivorship group, as represented by a life table, has the fol- 

lowing characteristics: 

* The group initially consists of l lives age 0. 

* The members of the group are subject, at each age of their lives, to effective 
annual rates of mortality (decrement) specified by the values of g, in the life 
table. 

* The group is closed. No further entrants are allowed beyond the initial [,. The 
only decreases come as a result of the effective annual rates of mortality 
(decrement). 


From these characteristics it follows that the progress of the group is determined 
by 
l = 0 = qo) = h — do 
h=h- q)=h -d =h- (d + dj, 


L = Lo z 9x1) = La = d.i = ly x > d, 


x-1 


zd, 


=[,\1- E = (1 — 9) (3.4.1) 
0 


66 Section 3.4 The Deterministic Survivorship Group 


where 1, is the number of lives attaining age x in the survivorship group. This chain 
of equalities, generated by a value h called the radix and a set of q, values, can be 
rewritten as 


L = ly pv 
L = hL pr = (h Po) Py 


x71 
L = La Px 7 lo (Ti a) = lo Po- (3.4.2) 
y= 


There is an analogy between the deterministic survivorship group and the model 
for compound interest. Table 3.4.1 is designed to summarize some of this 
parallelism. 


elated Concepts of the Mathematics of Compound Interest 
and of Deterministic Survivorship Groups 


Compound Interest Survivorship Group 
A(t) = Size of fund at time t, time l, = Size of group at age x, age 
measured in years measured in years 
Effective annual rate of interest Effective annual rate of mortality 
(increment) (decrement) 


hm A(t + 1) — A(t) 


l AQ) Ix E is 
Effective n-year rate of interest, Effective n-year rate of mortality, 
starting at time f starting at age x 

i AQ 2 n) En) A(t) E L a ln 

nlt A(t) ul] LE 
Force of interest at time t Force of mortality at age x 

. [AG + A) - a] , ( - an) 
à, = lim x) = lim | 7———* 
db | A(t) At ne) Ax—0 l, Ax 
A e HA) Saas 
A(t) dt lL, dx 


*There is no universally accepted symbol for an effective n-year rate of interest. 


The headings of the ,4,, l» and d, columns in Table 3.3.1 refer to the deterministic 
survivorship group interpretation. Although the mathematical foundations of the 
random survivorship group and the deterministic survivorship group are different, 
the resulting functions g, l, and d, have the same mathematical properties and 
subsequent analysis. The random survivorship group concept has the advantage of 
allowing for the full use of probability theory. The deterministic survivorship group 
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is conceptually simple and easy to apply but does not take account of random 
variation in the number of survivors. 


3.5 Other Life Table Characteristics 


In this section we derive expressions for some commonly used characteristics of 
the distributions of T(x) and K(x) and introduce a general method for computing 
several of these characteristics. 


3.5.1 Characteristics 


The expected value of T(x), denoted by è, is called the complete-expectation- 
of-life. By definition and an integration by parts, we have 


o 


a= ETO = | tp, wor nat 


f tapa 


(=p) + i Px dt. (3.5.1) 


The existence of E[T(x)] implies the lim £(—,p,) = 0. Thus 
foo 


e = Í pdt. (3.5.2) 


The complete-expectation-of-life at various ages is often used to compare levels of 
public health among different populations. 


A similar integration by parts yields equivalent expressions for E[T(x)?]: 


Bro = [epu nat 


=2 Í t p, dt. (3.5.3) 


This result is useful in the calculation of Var [T(x)] by 
Var[T(x)] = E[TGO?] — E[TGOF 
=2 f t p, dt — &. (3.5.4) 


In these developments, we assume that E[T(x)] and E[T(x)?] exist. One can construct 
s.f.’s such as s(x) = (1 + x) ! where this would not be true. 


Other characteristics of the distribution of T(x) can be determined. The median 
future lifetime of (x), to be denoted by m(x), can be found by solving 
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Pr[T(x) > m] = ; 


Or 


s[x + mo] 1 
TUN 5 (3.5.5) 


for m(x). In particular, m(0) is given by solving s[m(0)] = 1/2. We can also find 
the mode of the distribution of T(x) by locating the value of t that yields a maximum 
value of p, p(x + t). 


The expected value of K(x) is denoted by e, and is called the curtate-expectation- 


of-life. By definition and use of summation by parts as described in Appendix 5, 
we have 


ey J E[K] za » k Py ek 
A(—ip,) 


= K- ple + 2 ies (8.5.6) 


Again, the existence of E[K(x)] implies the lm k(—,p,) = 0. Thus, with a change 
of the summation variable, 


e; = >) P (3.5.7) 


Following the outline used for the continuous model and using summation by 
parts, we have 


E[K(xy] = 2 K Pa Axar 


= > K Ap) 


= P(-pJip + 2 (AK, sp). (3.5.8) 


The existence of E[K(x)’] implies nn k?(—,p,) = 0. With a change of the summation 
variable, 


oo 


E[K(x)"] = » (2k + 1) ap, = 2 Qk —1),p, (2.59) 


Now, 


Var(K) = E[K?] — E[K?? 


= Y 2k -1) yp, - È. (3.5.10) 
k=1 
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To complete the discussion of some of the entries in Table 3.3.1, we must define 
additional functions. The symbol L, denotes the total expected number of years 
lived between ages x and x + 1 by survivors of the initial group of J, lives. We 
have 


1 
L, = Í t La (x t dt Lua (3.5.11) 


0 


where the integral counts the years lived of those who die between ages x and 
x + 1, and the term /,,, counts the years lived between ages x and x + 1 by those 
who survive to age x + 1. Integration by parts yields 


L 


1 
x -| t dl... + Lead 


0 


il 


1 
-t Lalo + f la, dt + La, 


1 
- i Ly, dt. (3.5.12) 


The function L, is also used in defining the central-death-rate over the interval 
from x to x + 1, denoted by m, where 


1 
| la u(x + +) dt Pod 
m, = — =a tm, (3.5.13) 


x 1 L 
f iat : 
0 


An application of this function is found in Chapter 10. 


The definitions for m, and L, can be extended to age intervals of length other 
than one: 


dum [heu D dt + n, 
0 


=| Ludt (3.5.14) 
0 
| L4 w(x + t) dt I = 1 
qnc - = en (3.5.15) 
[tea at ds 


For the random survivorship group, „L, is the total expected number of years lived 
between ages x and x + n by the survivors of the initial group of I, lives and am, 
is the average death rate experienced by this group over the interval (x, x + n). 


The symbol T, denotes the total number of years lived beyond age x by the 
survivorship group with /, initial members. We have 
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= 
I 


» i ELM + t) dt 


-[ td; Less 


l L; dt. (3.5.16) 


The final expression can be interpreted as the integral of the total time lived be- 
tween ages x + f and x + t + dt by the l, lives who survive to that age interval. 
We also recognize T, as the limit of „L, as n goes to infinity. 


The average number of years of future lifetime of the l, survivors of the group 
at age x is given by 


ll 
eo Ug 
& 
R 
a 
C 


as determined in (3.5.1) and (3.5.2). 


We can express the average number of years lived between x and x + n by the 
l, survivors at age x as 


L j tat 
an 


= | pp, dt. (3.5.17) 


This function is the n-year temporary complete life expectancy of (x) and is denoted 
by LAN (See Exercise 3.16.) 


A final function, related to the interpretation of the life table developed in this 
section, is the average number of years lived between ages x and x + 1 by those 
of the survivorship group who die between those ages. This function is denoted 
by a(x) and is defined by 
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1 
| t La, w(x + t) dt 


a(x) = (3.5.18) 


i ; 
Í L4 w(x + t) dt 


For the probabilistic view of the life table, we would have 


1 
[ot pe wie + 9 at 


a(x) = —4 = E[T|T < 1]. 
I TED 
If we assume that 

Ly, p(x + t) dt = d, dt 0-t-1, 


that is, if deaths are uniformly distributed in the year of age, we have 
1 
1 
a(x) = f td = 3. 


This is the usual approximation for a(x), except for young and old years of age 
where Figure 3.3.2 shows that the assumption may be inappropriate. 


Example 3.5.1 


Show that 
L, = a(x) 1, + [1 — 269] la; 
and 
nm 
$ 2 
Solution: 


From (3.5.11), (3.5.12), and (3.5.18), we have 


= L, at La 
m l; Is la 
or 
L, = a(x) l, + [1 — 409] L4. 


The formula 


can be justified by using the trapezoidal rule for approximate integration on 
(8.5.12). v 


Key life table terminology, defined in Sections 3.3-3.5, is summarized as part of 
Table 3.9.1 in Section 3.9. 
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3.5.2 Recursion Formulas 


Example 3.5.1 illustrates the use of a numerical analysis technique to evaluate a 
life table characteristic. The trapezoidal rule for approximate integration is used. 
The calculation of complete and curtate expectations-of-life can be used to illustrate 
another computational tool called recursion formulas. The application of recursion 
formulas in this book typically involves one of two forms: 


Backward Recursion Formula 
u(x) = c(x) + d(x) u(x + 1) (3.5.19) 


or 


Forward Recursion Formula 


-0,4 
u(x + 1) = d) + dc) u(x). (3.5.20) 


The variable x is usually a non-negative integer. 


To evaluate a function u(x), for a domain of non-negative integer values of x, we 
need to have available values of c(x) and d(x) and a starting value of u(x). This 
procedure is used in subsequent chapters and is illustrated in Table 3.5.1 where 


H o 
backward recursion formulas are developed to compute e, and e,. 


o 
Backward Recursion Formulas for e, and e, 


Step e, e, 
1. Basic equation us i 
e, = >) up, =l sPx ds 
ki 0 
2. Separate the Z o i " 
operation e = Px + > kPx ey = Í sPx ds + i sPx ds 
3. Factor p, and Es 5 1 g 
change variable in ex = Px t Px 2 kPa e = i oP, ds + py [ iP dt 
the operation I RAN 1 > 
HOPES = f sPx d$ + Py eyi 
4. Recursion u(x) = e, C(x) = p, 6 1 
formula* d(x) = p, U(x) = Cy c(x) = i <Pxds 
d(x) = p, 
5. Starting value" &, = ulw) = 0 e = u(x) = 0 


*The integral c(x) = fj ,p,ds can be evaluated using the trapezoidal rule as c(x) = (1 + p,)/2. 
^From Section 3.3.1 we have s(x) = 0, x = w, and s(x) > 0, x < œ. In this development we will assume that o is 
an integer. 
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In this chapter we have discussed the continuous random variable remaining 
lifetime, T, and the discrete random variable curtate-future-lifetime, K. The life table 
developed in Section 3.3 specifies the probability distribution of K completely. To 
specify the distribution of T, we must postulate an analytic form or adopt a life 
table and an assumption about the distribution between integers. 


We will examine three assumptions that are widely used in actuarial science. 
These will be stated in terms of the s.f. and in a form to show the nature of inter- 
polation over the interval (x, x + 1) implied by each assumption. In each statement, 
x is an integer and 0 = t = 1. The assumptions are the following: 

* Linear interpolation: s(x + t) = (1 — t) s(x) + t s(x + 1). This is known as the 
uniform distribution or, perhaps more properly, a uniform distribution of 
deaths assumption within each year of age. Under this assumption ‚p, is a linear 
function. 

* Exponential interpolation, or linear interpolation on log s(x + t): log s(x + f) = 
(1 — f) log s(x) + t log s(x + 1). This is consistent with the assumption of a 
constant force of mortality within each year of age. Under this assumption jp, 
is exponential. 

* Harmonic interpolation: 1/s(x + t) = (1 — t)/s(x) + t/s(x + 1). This is what 
is known as the hyperbolic (historically Balducci*) assumption, for under it p, 
is a hyperbolic curve. 


With these basic definitions, formulas can be derived for other standard proba- 
bility functions in terms of life table probabilities. These results are presented in 
Table 3.6.1. Note that we just as well could have elected to propose equivalent 
definitions in terms of the p.d.f., the d.f., or the force of mortality. 


The derivations of the entries in Table 3.6.1 are exercises in substituting the stated 
assumption about s(x + t) into the appropriate formulas of Sections 3.2 and 3.3. 
We will illustrate the process for the uniform distribution of deaths, an assumption 
that is used extensively throughout this text. 


To derive the first entry in the uniform distribution column, we start with 
_ (X) — s(x + f) 
Fx s(x) 
then substitute for s(x + t), 
_ s(x) -IA = t) s(x) + ts(x +1) _ tla) — sec + 1] _ ; 
Fx s(x) s(x) fx- 


For the second entry, we use (3.2.13) and 


0=<t<1, 


$ +t 
Bem mE 2 


*This assumption is named after G. Balducci, an Italian actuary, who pointed out its role 
in the traditional actuarial method of constructing life tables. 


Section 3.6 Assumptions for Fractional Ages 


Probability Theory Functions for Fractional Ages 


Assumption 
Uniform Constant 
Function Distribution Force Hyperbolic 
Ix tq. 1-95 Sie 
wor + D mp -log p. ee 
iden : e 1 pet (1 = fg, 
ett roe 1-5 =a on 
Px 1— t, Px m gero 
qux + t) Is Px log p. de Ps 


[1 -—-9B5sF 
Note that, in this table, x is an integer, O <t<1,0=y=1,y +t = 1. For rows one, three, four, and five, the 
relationships also hold for t = 0 and t = 1. 


then, substituting for s(x + t), we have 


[s(x) — sx * 1)] 
[d — £ s(x) + ts(x + 1)]- 


w(x +t) = 


Dividing both numerator and denominator of the right-hand side by s(x) yields 


do 
(1 — tq) 


The third entry is the special case of the fourth entry with y = 1 — t. 


w(x + t) = 


For the fourth entry we start with 


s(x + t) — s(x + t + y) 
vere 7 s(x + t) ý 


then substitute for s(x + t) and s(x + t + y) to obtain 
_ [1 — t)s@) + t£s(x +1] - [I0 — t£ — y) seo + (t - y) six t 1] 
Hee C- f) s(x) + ts(x t+ 1) 
... Ib) — sx + D/s) 
{s(x) — t[s(x) — s(x + D]}/s(x) 


ELA 
1-14, 


The fifth entry is the complement of the first, and the final entry for the uniform 
distribution column is the product of the second and fifth entries. 
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If, as before, x is an integer, insight can be obtained by defining a random vari- 
able S = S(x) by 


T=K+S (3.6.1) 


where T is time-until-death, K is the curtate-future-lifetime, and S is the random 
variable representing the fractional part of a year lived in the year of death. Since 
K is a non-negative integer random variable and S is a continuous-type random 
variable with all of its probability mass on the interval (0, 1), we can examine their 
joint distribution by writing 


Pri(K-Ení(Szss]-Pr(k«T-xk-s) 


m Px tk: 


Now, using the expression for ,g,,, under the uniform distribution assumption 
as shown in Table 3.6.1, we have 


Pr (K = K AN (5 = 8) = WPS rr 
= Wf 8 


Pr(K = k) Pr(S Ss). (3.6.2) 


Therefore, the joint probability involving K and S can be factored into separate 
probabilities of K and S. It follows that, under the uniform distribution of deaths 
assumption, the random variables K and S are independent. Since Pr (S < s) = s 
is the d.f. of a uniform distribution on (0, 1), S has such a uniform distribution. 


Example 3.6.1 


Under the constant force of mortality assumption, are the random variables K 
and S independent? 


Solution: 
Using entries from Table 3.6.1 for the constant force assumption, we obtain 


Pr [(K T k) N (S s s)] = Px Ax+k 


= Ps [L — Gul 


To discuss this result, we distinguish two cases: 
* If p, is not independent of k, we cannot factor the joint probability of K and 
S into separate probabilities. We conclude that K and S are not independent. 
* In the special case where p,., = Py a constant, 


(1 — PIRA — p%) 
ü = Pa) 


= Pr (K =k) Pr (S s s). 


Pr [(K = k) N (S = 8)] = pel — py) = 


For this special case we conclude that K and S are independent under the 
constant force assumption. v 
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Under the assumption of uniform distribution of deaths, show that 


E mee 


1 
oM - dcs 
b. Var(T) = Var(K) 12 


Solution: 


a. e, = E[T] = E[K + S] 
E[K] + E[S] 
=e +1 
x 2 H 
b. Var(T) = Var(K + 5). 
From the independence of K and S, under the uniform distribution assumption, 
it follows that 


Var(T) = Var(K) + Var(S). 


Further, since S is uniformly distributed over (0, 1), 


1 
Var(T) = Var(K) + Ir v 


3.7 Some Analytical Laws of Mortality 


There are three principal justifications for postulating an analytic form for mor- 
tality or survival functions. The first is philosophical. Many phenomena studied in 
physics can be explained efficiently by simple formulas. Therefore, using biological 
arguments, some authors have suggested that human survival is governed by an 
equally simple law. The second justification is practical. It is easier to communicate 
a function with a few parameters than it is to communicate a life table with perhaps 
100 parameters or mortality probabilities. In addition, some of the analytic forms 
have elegant properties that are convenient in evaluating probability statements 
that involve more than one life. The third justification for a simple analytic survival 
function is the ease of estimating a few parameters of the function from mortality 
data. 


The support for simple analytic survival functions has declined in recent years. 
Many feel that the belief in universal laws of mortality is naive. With the increasing 
speed and storage capacity of computers, the advantages of some analytic forms 
in computations involving more than one life are no longer of great importance. 
Nevertheless, some interesting research has recently reiterated the biological ar- 
guments for analytic laws of mortality. 


In Table 3.7.1, several families of simple analytic mortality and survival functions, 
corresponding to various postulated laws, are displayed. The names of the origi- 
nators of the laws and the dates of publication are included for identification 


purposes. 
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Mortality and Survival Functions under Various Laws 


Originator p(x) s(x) Restrictions 
De Moivre (m — x) x O=x<w 
(1729) Ls 
Gompertz Bc* exp[—m(c* — 1)] B>Oc>1,x20 
(1825) 
Makeham A + Bc exp[-Ax — m(c* — 1)] B>0,A2=-B,c>1,x=0 
(1860) 
Weibull kx" exp(—ux"*!) k>On>0x=0 
(1939) 
Note: 
* The special symbols are defined as 
B k 
m 


~ loge E Cen bh 


* Gompertz’s law is a special case of Makeham’s law with A = 0. 

* If c = 1 in Gompertz's and Makeham's laws, the exponential (constant force) 
distribution results. 

* [n connection with Makeham's law, the constant A has been interpreted as 
capturing the accident hazard, and the term Bc* as capturing the hazard of 


aging. 
The entries in the s(x) column of Table 3.7.1 were obtained by substituting into 
(3.2.16). For example, for Makeham's law, we have 
s(x) = exp[-/XA + Bc*)ds] 


z en pe) 
- exp | -x B - 


exp[-Ax — m (œ — 1)] 


where m — B/log c. 


Two objectives governed the development of a mortality table for computational 
purposes in the examples and exercises of this book. One objective was to have 
mortality rates in the middle of the range of variation for groups, such variation 
caused by factors such as residence, gender, insured status, annuity status, marital 
status, and occupation. The second objective was to have a Makeham law at most 
ages to illustrate how calculations for multiple lives can be performed. 


The Illustrative Life Table in Appendix 2A is based on the Makeham law for 
ages 13 and greater, 
1,000 p(x) = 0.7 + 0.05 (10925. (3.7.1) 


The calculations of the basic functions q,, l, and d, from (3.7.1) were all done 
directly from (3.7.1) instead of calculating l, and d, from the truncated values of g,- 


Section 3.7 Some Analytical Laws of Mortality 


It was found that the latter choice would make little difference in the applications. 
It should be kept in mind that the Illustrative Life Table, as its name implies, is for 
illustrative purposes only. 


ERA a a EE d 


3.8 Select and Ultimate Tables 


In Section 3.2 we discussed how p, [the probability that (x) will survive to age 
x + t] might be interpreted in two ways. The first interpretation was that the 
probability can be evaluated by a survival function appropriate for newborns, un- 
der the single hypothesis that the newborn has survived to age x. This interpreta- 
tion has been the basis of the notation and development of the formulas. The second 
interpretation was that additional knowledge available about the life at age x might 
make the original survival function inappropriate for evaluating probability state- 
ments about the future lifetime of (x). For example, the life might have been un- 
derwritten and accepted for life insurance at age x. This information would lead 
us to believe that (x)’s future-lifetime distribution is different from what we might 
otherwise assume for lives age x. As a second example, the life might have become 
disabled at age x. This information would lead us to believe that the future-lifetime 
distribution for (x) is different from that of those not disabled at age x. In these 
two illustrations, a special force of mortality that incorporates the particular infor- 
mation available at age x would be preferred. Without this particular information 
for (x), the form of mortality at duration t would be a function of only the attained 
age x + t, denoted in the previous sections by u(x + f). Given the additional 
information at x, the force of mortality at x + t is a function of this information at 
x and duration f. Its notation will be w(t), showing separately the age, x, at which 
the additional information was available, and the duration, t. The additional infor- 
mation is usually not explicit in the notation but is conveyed by the context. In 
other words, the complete model for such lives is a set of survival functions in- 
cluding one for each age at which information is available on issue of insurance, 
disability, and so on. This set of survival functions can be thought of as a function 
of two variables. One variable is the age at selection (e.g., at policy issue or the 
onset of disability), [x], and the second variable is the duration since policy issue 
or duration since selection, t. Then each of the usual life table functions associated 
with this bivariate survival function is a two-dimensional array on [x] and t. Note 
the bracket notation to indicate which variable identifies the age of selection. When 
the select status can be inferred from the force of mortality, the bracket notation 
will be suppressed to reduce the clutter of the symbols. 


The schematic diagram in Figure 3.8.1 illustrates these ideas. For instance, sup- 
pose some special information is available about a group of lives age 30. Perhaps 
they have been accepted for life insurance or perhaps they have become disabled. 
A special life table can be built for these lives. The conditional probability of death 
in each year of duration would be denoted by ggo i = 0, 1, 2, ..., and would 
be entered on the first row of Figure 3.8.1. The subscript reflects the bivariate nature 
of this function with the bracketed thirty, [30], denoting that the survival function 
in the first row is conditional on special information available at age 30. The second 
row of Figure 3.8.1 would contain the probabilities of death for lives on which the 
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Select, Ultimate, and Aggregate Mortality, 15-Year Select Period 


Year Following Selection 


15th 16th 17th 


4130]+14 4 [30}+15 (J130] 4-16 


Qi31]«14 431) +15 


eS Seas 
* 


Or dae 


Selection 


[32] 


032] -14 4 [32] +15 9132] «16 


ee E 


Or Qa; 
* 


0133]«14 


Q134] 14 


Time in 
Years since 
Selection 
(Duration) 

Bape > > Path followed by a survivorship group selected at [x]. 

SSS Links (age at selection and duration) cells after a 15-year 
select period into attained age groups. 

X3X3Gcx Alternative path followed by survivorship groups after a 
15-year select period. These probabilities constitute an 
ultimate mortality table. 

Notes: 


1. In biostatistics the select table index [x] may not be age. For example, in cancer research, [x] could be a 
classification index that depends on the size and location of the tumor, and time following selection would be 
measured from the time of diagnosis. 

2. Ultimate mortality, following a 15-year select period, tor age |x] + 15, would be estimated by using observations 
from all cells identified by [x— /] + 15 + j, forj = 0, 1, 2, .. . . Therefore, qis = 9x15 ÎS estimated by a 
weighted average of mortality estimates from several different selection groups. If the effect of selection is not 
small, the resulting estimate will be influenced by the amount of data from the various cells. 
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special information became available at age 31. In actuarial science such a two- 
dimensional life table is called a select life table. 


The impact of selection on the distribution of time-until-death, T, may diminish 
following selection. Beyond this time period the q’s at equal attained ages would 
be essentially equal regardless of the ages at selection. More precisely, if there is a 
smallest integer r such that liae = Qo jnersl is less than some small positive con- 
stant for all ages of selection [x] and for all j > 0, it would be economical to 
construct a set of select-and-ultimate tables by truncation of the two-dimensional 
array after the (r + 1) column. For durations beyond r we would use 


f-t = Weyer — j >O. 


The first r years of duration comprise the select period. 


The resulting array remains a set of life tables, one for each age at selection. For 
a single age at selection, the life table entries are horizontal during the select period 
and then vertical during the ultimate period. This is shown in Figure 3.8.1 by the 
arrows. 


The Society of Actuaries mortality studies of lives who were issued individual 
life insurance on a standard basis use a 15-year select period as illustrated in Figure 
3.8.1; that is, it is accepted that 


di-j]-152j = pacis j 7 0. 


Beyond the select period, the probabilities of death are subscripted by attained age 
only; that is, qi. 4,4; is written as q,,,. For instance, with r = 15, qp 15 and 25) +20 
would both be written as q,;. 


A life table in which the functions are given only for attained ages is called an 
aggregate table, Table 3.3.1, for instance. The last column in a select-and-ultimate 
table is a special aggregate table that is usually referred to as an ultimate table, to 
reflect the select table setting. 


Table 3.8.1 contains mortality probabilities and corresponding values of the lj, 
function, as given in the Permanent Assurances, Females, 1979-82, Table, published 
by the Institute of Actuaries and the Faculty of Actuaries; it is denoted as the 


Excerpt from the AF80 Select-and-Ultimate Table 
(1) Q) (3) (4) 6) (6) (7) 


[x] 1,000 qj) 1000944 10006. lj iud MP x42 
30 — 0222 0.330 0.422 9 906.7380 99045387 9901270 32 
31 — 0224 0.352 0.459 9902.8941 9 900.5760 9 897.0019 33 
32 0250 0.377 0.500 9898.7547 9 8962800 098925491 34 
33 0269 0.407 0.545 9894.2903 9 891.6287 9 887.6028 35 
34 — 0291 0.441 0.596 9 889.4519 98865741 98822141 36 
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AF80 Table. This table has a 2-year select period and is easier to use for illustrative 
purposes than tables with a 15-year select period such as the Basic Tables, pub- 
lished by the Society of Actuaries. 


In Table 3.8.1 we observe three mortality probabilities for age 32, namely, 
qp» = 0.000250 < qu4,, = 0.000352 < q4, = 0.000422. 


The order among these probabilities is plausible since mortality should be lower 
for lives immediately after acceptance for life insurance. Column (3) can be viewed 
as providing ultimate mortality probabilities. 


Given the 1-year mortality rates of a select-and-ultimate table, the construction 
of the corresponding select-and-ultimate life table (survival functions) is started 
with the ultimate portion. Formulas such as (3.4.1) can be used, which would yield 
a set of values of l,,, = 1,34, where r is the length of the select period. We would 
then complete the select segments by using the relation 


- dae k=0,12,...,r-1, 


I 
[x]+r-k-1 
Pix]j+r-k-1 


working from duration r — 1 down to 0. 


Example 3.8.1 


Use Table 3.8.1 to evaluate 
a. Pio] b. 5P [30] 
C. ifta] d. afin 


Solution: 
Formulas developed earlier in this chapter can be adapted to select-and-ultimate 
tables yielding 
d m uus _ = E sae 
pu deo  9,906.7380 
l5  9,887.6028 
b. Pgo = mes = 9,906.7380 ^ 0.99807 
— Joya = l _ 9,900.5769 — 9,897.0919 


= 0.99945 


SCAM s 9,902.8941 dna 
lai. — ls _ 9,900.5769 — 9,887.6028 
d. = pua. 7 = 0.00131. v 
edt iens 9,900.5769 
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Symbol Name or Description of the Concept 

(x) Notation for a life age x 

[x] Age, or other status, at selection 

X Age at death, a random variable 

T(x) Future lifetime of (x), equals X — x 

K(x) Curtate-future-lifetime of (x), equals the integer part of T(x) 

S(x) Future lifetime of (x) within the year of death, equals T(x) — K(x) 

s(x) Survival function, equal to the probability that a newborn will live to 
at least x 

u(x) Force of mortality at age x in an aggregate life table 

m, (E) Force of mortality at attained age x + t given selection at age x 

Ax Probability that (x) dies within t years 

Pr Probability that (x) survives at least t years 

til] Probability that (x) dies between t and t + u years 

e, Complete expectation of life for (x), equals E[T(x)] 

e, Curtate expectation of life for (x), equals E[K(x)] 

L(x) Cohort’s number of survivors to age x, a random variable 

si Cohort’s number of deaths between ages x and x + n 

L Expected number of survivors at age x, equals E[£(x)] 

„dy Expected number of deaths between ages x and 
x + n, equals E[,®,] 

T Expected number of years lived between ages x and x + n by survi- 
vors to age x of the initial group of lọ lives 

T, Expected number of years lived beyond age x by the survivors to age 
x of the initial group of J, lives 

m, Central death rate over the interval (x, x + 1) 

e Omega, the limiting age of a life table 


3.9 Notes and References 


Table 3.9.1 summarizes this chapter’s new concepts with their names, symbols, 
and descriptions. Life tables are a cornerstone of actuarial science. Consequently 
they are extensively discussed in several English-language textbooks on life 
contingencies: 

- King (1902) 

* Spurgeon (1932) 

* Jordan (1967) 

* Hooker and Longley-Cook (1953) 

- Neill (1977). 

These have been used in actuarial education. In addition, life tables are used by 
biostatisticians. An exposition of this latter approach is given by Chiang (1968) and 
Elandt-Johnson and Johnson (1980). The deterministic rate function interpretation 
is discussed by Allen (1907). London (1988) summarizes several methods for esti- 
mating life tables from data. 
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The historically important analytic forms for survival functions are referred to in 
Table 3.6. Brillinger (1961) provides an argument for certain analytic forms from 
the viewpoint of statistical life testing. Tenenbein and Vanderhoof (1980) restate 
the case for analytic laws of mortality and develop formulas for select mortality. 
Balducci’s (1921) contribution was preceded by a remarkable set of papers by Witt- 
stein (1873). Wittstein’s papers were published first in German and translated into 
English by T. B. Sprague. Some of the methods for evaluating probabilities for 
fractional ages are reviewed by Mereu (1961) and in Batten’s textbook on mortality 
estimation (1978) (see also Seal’s 1977 historical review). Discussions of the length 
of the select period for various types of insurance selection procedures have a long 
history, for example, Williamson (1942), Thompson (1934), and Jenkins (1943). The 
Society of Actuaries 1975-80 Basic Tables use a 15-year select period and are pub- 
lished in TSA Reports 1982. International Actuarial Notation is outlined in TASA 48 
(1947). 


We planned to use the 1989-91 U.S. Life Table for illustrative purposes in Table 
3.2.1, but this plan was not realized because the life tables based on the 1990 U.S. 
Census were not completed when this chapter was revised. 


Exercises 
Section 3.2 


3.1. Using the ideas summarized in Table 3.2.1, complete the entries below. 


s(x) Fy(x) fx») p) 
tan x 0zxzi 
dno 
e, xz 
1- 1 ,x 20 
1+x 


32. Confirm that each of the following functions can serve as a force of mortality. 
Show the corresponding survival function. In each case x = 0. 


a. Bc B0 c7 1 (Gompertz) 
b. kx" n0 k 70 (Weibull) 
c.a(btx! a0 b 0 (Pareto) 


3.3. Confirm that the following can serve as a survival function. Show the corre- 
sponding p(x), f(x), and Fy(x). 
sx)=er/2 x =O, 
3.4. State why each of the following functions cannot serve in the role indicated 
by the symbol: 
a. w(x) = (1 + x)? xao 
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3.5. 


3.6. 


3.7. 


3.8. 


3.9. 


22x 11x? 7% 
a = = —— + = i 
DiS MU NES ECT 


e fg) = xl e? xz0,nzl 


0x3 


If s(x) = 1 — x/100, 0 x x x 100, calculate 
a. w(x) b. Fy(x) 
c. f(x) d. Pr (10 « X « 40). 


Given the survival function of Exercise 3.5, determine the survival function, 
force of mortality, and p.d.f. of the future lifetime of (40). 


If s(x) = [1 — (x/100)P72, 0 = x = 100, evaluate 
a. 17Pi9 b. 15436 C. 15113936 
d. 41(36) e. E[T(36)]. 


Confirm that 4g; = —As(k), and that D rlo = 1. 
k=0 


If p(x) = 0.001 for 20 = x x 25, evaluate z420- 


Sections 3.3, 3.4 


3.10. 


3.11. 


3.12. 


3.13. 


3.14. 


If the survival times of 10 lives in a survivorship group are independent with 
survival defined in Table 3.3.1, exhibit the p.f. of $(65) and the mean and 
variance of $(65). 


If s(x) = 1 — x/12, 0 x = 12, |, = 9, and the survival times are independent, 
then (49, 393, 39, 399) is known to have a multinomial distribution. Calculate 
a. The expected value of each random. variable 

b. The variance of each random variable 

c. The coefficient of correlation between each pair of random variables. 


On the basis of Table 3.3.1, 
a. Compare the values of 44, and «qs 
b. Evaluate the probability that (25) will die between ages 80 and 85. 


Given that l; is strictly decreasing in the interval 0 = t = 1, show that 
a. If l; is concave down, then 4, > w(x) 
b. If L+; is concave up, then 4, < p(x). 


Show that 


d d 5 
a. T L w(x) < 0 when dx u(x) < ux) 


d x d co 
b. EN lL p(x) = 0 when T w(x) = wx) 


d d 
C y l p(x} > 0 when d w(x) > w(x). 
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3.15. Consider a random survivorship group consisting of two subgroups: (1) the 


survivors of 1,600 persons joining at birth; (2) the survivors of 540 persons 
joining at age 10. An excerpt from the appropriate mortality table for both 
subgroups follows: 


x L 

0 40 
10 39 
70 26 


If Y, and Y, are the numbers of survivors to age 70 out of subgroups (1) and 
(2), respectively, estimate a number c such that Pr(Y, + Y, > c) = 0.05. As- 
sume the lives are independent and ignore half-unit corrections. 


Section 3.5 


3.16. 


3.17. 


Let the random variable 


T*(x) 


T(x) 0cT()zn 
=n n< T(x) 


and denote E[T*(x)] by &,;. This expectation is called a temporary complete 
life expectancy. It is used in public health planning; the same expectation, 
under the name limited expected value function, is used in the analysis of 
loss amount distributions. Show that 


n 


a. hac [tenendo 


* To= Ts 
=|" pat = I = 


b. Var[T*(x)] = Í P pep + D) dt + R up, — (Gay 


x 


E 2 | E Pr dt — ae 
0 | 


Let the random variable 
K*(x) = K(x) K(x) 0,12,...,n—1 
—n K@~) =n,n+1,... 


and denote E[K*(x)] by e,3. This expectation is called a temporary curtate life 
expectancy. Show that 


n-—1 


a. T = > k dd +a nPx 


= 2 Ps 


Exercises 


3.19. 


3.20. 


3.21. 


3.22. 


3.23. 


1-1 


b. "Var[K*()] = È E ig; + n pe — Gal 
0 


- 5 (2k + 1) up, — (63. 


. If the random variable T has p.d.f. given by fit) = ce" for t = 0, c > 0, 


calculate 
a. è, = E[T] b. Var(T) c. median (T) 


d. The mode of the distribution of T. 


If w(x + £ = t, t = 0, calculate 
a. P, w(x + t) b. e. 
[Hint: Recall, from the study of probability, that (1/ V2«) e^"? is the p.d.f. 


for the standard normal distribution.] 


If the random variable T(x) has d.f. given by 
t 


ETUR 0zt«100- x 
Frw) = (100 — x) 

1 t = 100 — x, 
calculate 


a. ey b. Var[T(x)] c. median [T(x)]. 


Show that 


à 

a. ox Px = Px (w(x) — wx + 0] 
d o =>. o =, 

nos „=e p(x) — 1 


c. Ae, = Ix €x41 az Px 


Confirm the following statements: 

a. a(x) d, = L,— La 

b. The approximation developed in Example 3.5.1 was not used to calculate 
Lo in Table 3.3.1, but was used to calculate L, 


c. T, = X La. 
k=0 


The survival function is given by 


x 
sx) = 1-75 0<x=10 
= 0 elsewhere. 
Calculate values of e, and e„ x =0,1,2,...,9 
a. Using formulas (3.5.2) and (3.5.7) 
b. Using the formulas developed in Table 3.5.1. 
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3.24. Find u(0), —c(x) / d(x), and d(x) if u(x) = Pr[X = x] where (3.5.20) is to be used 
to produce a table of the p.f. of the random variable X when it has a 
a. A Poisson distribution with parameter X 
b. A binomial distribution with parameters n and p. 
3.25. Formula (3.5.20) is to be used to produce tables of compound interest func- 
tions. Find u(1), —c(x) / d(x), and 1/d(x) when 
a. u(x) = ay 
b. u(x) = 8g. 
Section 3.6 
3.26. Verify the entries for the constant force of mortality and the hyperbolic as- 
sumption in Table 3.6.1. Note that the entry for p, in the hyperbolic column 
provides justification for the hyperbolic name. 
3.27. Graph p(x + t), 0 < t < 1, for each of the three assumptions in Table 3.6.1. 
Also graph the survival function for each assumption. 
3.28. Using the /, column of Table 3.3.1, compute ,,.p¢; for each of the three as- 
sumptions in Table 3.6.1. 
3.29. Use Table 3.3.1 and an assumption of uniform distribution of deaths in each 
year of age to find the median of the future lifetime of a person 
a. Age 0 b. Age 50. 
3.30. If qx = 0.04 and q; = 0.05, calculate the probability that (70) will die between 
ages 70/^ and 71'4 under 
a. The assumption that deaths are uniformly distributed within each year of 
age 
b. The hyperbolic assumption for each year of age. 
3.31. Using the /, column in Table 3.3.1 and each of the assumptions in Table 3.6.1, 
compute 
a. lim «(60 + h) 
h—0- 
b. lim p(60 + h) 
hoot 
c. (60 + 4). 
3.32. If the constant force assumption is adopted, show that 
[0 eM F eli=se -l q 
a. a(x) = | 9 b. a(x) = 2 12 
3.33. If the hyperbolic assumption is adopted, show 


1 
a. a(x) — i (g, + log p,) b. a(x) = 2 
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Exercises 


Section 3.7 


3.34. 


3.35. 


Verify the entries in Table 3.7.1 for De Moivre's law and Weibull's law. 
Consider a modification of De Moivre's law given by 
sa) = (1-2) 0=x< oa, a > 0. 


Calculate 
a. p(x) b. &. 


Section 3.8 


3.36. 


3.37. 


3.38. 


Using Table 3.8.1, calculate 
a. »ff[a2]41 b. Peyer 


The quantity 


1 — Jus = 1, k) 
xk 
has been called the index of selection. When it is close to 0, the indication is 


that selection has worn off. From Table 3.8.1, calculate the index for x — 32, 
k=0,1. 


The force of mortality for a life selected at age (x) is given by x(t) = V(x) ne), 
t > 0. In this formula u(t) is the standard force of mortality. The symbol x 
denotes a vector of numerical information about the life at the time of selec- 
tion. This information would include the age and other classification infor- 
mation. It is required that V(x) > 0 and V(x,) = 1, where x, denotes standard 
information. Show that the select survival function is 


Ppa = Gp a d" 


and the p.d.f. of T(x), the random variable time-until-death given the infor- 
mation x, is —V(x) Pho(Ppo™ ^, where Pia is the derivative with respect 
to t of py. This is called a proportional hazard model. 


Miscellaneous 


3.39. 


3.40. 


3.41. 


A life at age 50 is subject to an extra hazard during the year of age 50 to 51. 
If the standard probability of death from age 50 to 51 is 0.006, and if the extra 
risk may be expressed by an addition to the standard force of mortality that 
decreases uniformly from 0.03 at the beginning of year to 0 at the end of the 
year, calculate the probability that the life will survive to age 51. 


If the force of mortality p(t), 0 = t = 1, changes to p(t) — c where c is a 
positive constant, find the value of c for which the probability that (x) will 
die within a year will be halved. Express the answer in terms of qj. 


From a standard mortality table, a second table is prepared by doubling the 
force of mortality of the standard table. Is the rate of mortality, g;, at any 
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given age under the new table, more than double, exactly double, or less than 
double the mortality rate, q,, of the standard table? 


3.42. If w(x) = B œ, c > 1, show that the function |, w(x) has its maximum at age 
xy where &(x;) = log c. [Hint: This exercise makes use of Exercise 3.14.] 


3.43. Assume p(x) = - for x > 0. 


Ac 
l-Bc 
a. Calculate the survival function, s(x). 

b. Verify that the mode of the distribution of X, the age-at-death, is given by 
T log(log c) — log A 


0 


log c 


1 
344. If wx) = c 3 : 


< <1 
0-x 250-x for 40 < x 00, calculate 


a. 40fso 
b. The mode of the distribution of X, the age-at-death. 


3.45. a. Show that, under the uniform distribution of deaths assumption, 


m 


n 14 0/2m, 


vq d Us 


b. Calculate m, in terms of q, under the constant force assumption. 
c. Calculate m, in terms of g, under the hyperbolic assumption. 
d. If}, = 100 — x for 0 = x = 100, calculate ,yr4, where 


f Leas w(x + t) dt 


pos 
0 


3.46. Show that K and S are independent if and only if the expression 


ny = 


s x]|tk 
Up ek 


does not depend on k for 0 =s = 1. 
Computing Exercises: 


These are the first in a series of exercises that involve sufficient computation to 
make it worthwhile to use a computer. The series will continue in the following 
chapters, and in each exercise it is assumed that the results of previous exercises 
are available. For example, in Exercise 3.47, you are asked to set up a life table that 
will then be used in risk analysis in Chapters 4 and 5. 


3.47. Using spreadsheet or other mathematical software, set up an object that will 
accept input values for the Makeham law parameters and then calculate 


90 Exercises 


3.48. 


3.49, 


3.50. 


3.51. 


3.52. 


3.53. 


3.54. 


3.55. 


and display the values of p, and q, for ages 0 to 140. As a check on your 
output, input the parameter values given in (3.7.1) and compare your 
q, values with those for x = 13, 14, . . . in the Illustrative Life Table in Ap- 
pendix 2A. We will refer to this computing object as your Illustrative Life 
Table. When the Makeham parameter values are not stated, those of (3.7.1) 
are implied. [Remark: With a Makeham Table, s(x) > 0 for all x > 0, so o 
does not exist as defined in Section 3.3.1. For the parameter values of the 
Illustrative Life Table, 4,4, is zero to eight decimal places; thus we choose 
w = 140 for our Illustrative Life Table, that is, Table 2A.] 


In your Illustrative Life Table use the forward recursion formula L+; = (p,)() 
and initial value 1,4 = 96,807.88 to calculate the 1, values of Table 2A. [Remark: 
The Makeham law was not realistic for ages less than 13, so the Illustrative 
Life Table is a blend of some ad hoc values from 0 through 12 and the 
Makeham law table from age 13 up.] 


Illustrate the result of Exercise 3.41 by doubling the A and B parameter values 
in your Illustrative Life Table. 


Use the backward recursion formula of Table 3.5.1 to calculate values of e, in 
your Illustrative Life Table for ages 13 to 140. 


Compare the values of e, at x = 20, 40, 60, 80, and 100 in your Illustrative 
Life Table with those found when the force of mortality is doubled. 


Use the backward recursion formula of Table 3.5.1 and the trapezoidal rule 
to calculate values of &, in your Illustrative Life Table for ages 13 to 110. 


Verify the following backward recursion formula for the temporary curtate 
life expectancy to age y: 


eryd fh t Pr eega for x = 0,1,...,y 71. 
Determine an appropriate starting value for use with this formula. For your 
Illustrative Life Table calculate the curtate temporary life expectancy up to 
age 45 for ages 13 to 44. 


Verify the following backward recursion formula for the n-year temporary 
curtate life expectancy: 


€x] = Py (1 US Par + Px €x Aa] for x = 0, 1, 6,9 7 1. 
Determine an appropriate starting value for use with this formula. For your 


Illustrative Life Table calculate the 10-year temporary curtate life expectancy 
for ages 13 to 139. 


"Look up” e533 in your Illustrative Life Table. [Hint: Since the c(x) term in 
the relation in Exercise 3.53 does not depend on n, it may be more efficient 
to view é,533 as a curtate temporary life expectancy to age 40 for (15).] 
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LIFE INSURANCE 


41 Introduction 


We have stated that insurance systems are established to reduce the adverse 
financial impact of some types of random events. Within these systems individuals 
and organizations adopt utility models to represent preferences, stochastic models 
to represent uncertain financial impact, and economic principles to guide pricing. 
Agreements are reached after analyses of these models. 


In Chapter 2 we developed an elementary model for the financial impact of 
random events in which the occurrence and the size of impact are both uncertain. 
In that model, the policy term is assumed to be sufficiently short so the uncertainty 
of investment income from a random payment time could be ignored. 


In this chapter we develop models for life insurances designed to reduce the 
financial impact of the random event of untimely death. Due to the long-term 
nature of these insurances, the amount of investment earnings, up to the time of 
payment, provides a significant element of uncertainty. This uncertainty has two 
causes: the unknown rate of earnings over, and the unknown length of, the in- 
vestment period. A probability distribution is used to model the uncertainty in 
regards to the investment period throughout this book. In this chapter a determin- 
istic model is used for the unknown investment earnings, and in Chapter 21 sto- 
chastic models for this uncertainty are discussed. In other words, our model will 
be built in terms of functions of T, the insured’s future-lifetime random variable. 


While everything in this chapter will be stated as insurances on human lives, the 
ideas would be the same for other objects such as equipment, machines, loans, and 
business ventures. In fact, the general model is useful in any situation where the 
size and time of a financial impact can be expressed solely in terms of the time of 
the random event. 
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4.2 Insurances Payable at the Moment of Death 


In this chapter, the amount and the time of payment of a life insurance benefit 
depend only on the length of the interval from the issue of the insurance to the 
death of the insured. Our model will be developed with a benefit function, b,, and 
a discount function, v,. In our model, v, is the interest discount factor from the time 
of payment back to the time of policy issue, and t is the length of the interval from 
issue to death. In the case of endowments, covered in this section, t can be greater 
than or equal to the length of the interval from issue to payment. 


For the discount function we assume that the underlying force of interest is 
deterministic; that is, the model does not include a probability distribution for the 
force of interest. Moreover, we usually show the simple formulas resulting from 
the assumption of a constant, as well as a deterministic, force of interest. 


We define the present-value function, z, by 
Zz = bp, (4.2.1) 


Thus, z, is the present value, at policy issue, of the benefit payment. The elapsed 
time from policy issue to the death of the insured is the insured’s future-lifetime 
random variable, T = T(x), defined in Section 3.2.2. Thus, the present value, at 
policy issue, of the benefit payment is the random variable z;. Unless the context 
requires a more elaborate symbol, we denote this random variable by Z and base 
the model for the insurance on the equation 


Z = bwy. (4.2.2) 


The random variable Z is an example of a claim random variable and, as such, of 
an X; term in the sum of the individual risk model, as defined by (2.1.1). This model 
is used in later sections when we consider applications involving portfolios. We 
now turn to the development of the probability model for Z. 


The first step in our analysis of a life insurance will be to define b, and v, The 
next step is to determine some characteristics of the probability distribution of Z 
that are consequences of an assumed distribution for T, and we work through these 
steps for several conventional insurances. A summary is provided in Table 4.2.1 
on page 109. 


ii ee eee] 
4.2.1 Level Benefit Insurance 


An n-year term life insurance provides for a payment only if the insured dies 


within the n-year term of an insurance commencing at issue. If a unit is payable 
at the moment of death of (x), then 


M 
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. ]1 tsn 
pal t>n, 
v, =v! t=0, 
4 jv Tsn 
ze Tm. 


These definitions use three conventions. First, since the future lifetime is a non- 
negative variable, we define b, v, and Z only on non-negative values. Second, for 
a t value where b, is 0, the value of v, is irrelevant. At these values of t, we adopt 
definitions of v, by convenience. Third, unless stated otherwise, the force of interest 
is assumed to be constant. 


The expectation of the present-value random variable, Z, is called the actuarial 
present value of the insurance. The reader will find that the expectation of the 
present value of a set of payments contingent on the occurrence of a set of events 
is referred to by different terms in different actuarial contexts. In Chapter 1, the 
expected loss was called the pure premium. This vocabulary is commonly used in 
property-liability insurance. A more exact term, but more cumbersome, would be 
expectation of the present value of the payments. We denote actuarial present val- 
ues by their symbols according to the International Actuarial Notation (see Appen- 
dix 4). 


The principal symbol for the actuarial present value of an insurance paying a 
unit benefit is A. The subscript includes the age of the insured life at the time of 
the calculation. How this age is displayed depends upon the form of the mortality 
assumption. For the actuarial present value of an insurance on (40), the age might 
be displayed as [40], 40, or [20] + 20, for example. As in Section 3.8, the bracket 
indicates selection at that age and hence the use of a select table commencing at 
that age. The unbracketed age indicates the use of an aggregate or ultimate table. 
Thus [20] + 20 indicates the calculation for a 40-year-old on the basis of a select 
table commencing at age 20. 


The actuarial present value for the n-year term insurance with a unit payable at 
the moment of death of (x), E[Z], is denoted by Ai. This can be calculated by 
recognizing Z as a function of T so that E[Z] = E[z;]. Then we use the p.d.f. of T 
to obtain 


Aix = BIZ] = Ezy] i Z, frt) di - | v' ip, Walt) dl. (4.2.3) 


0 


The j-th moment of the distribution of Z can be found by 


BIZ = [^ (0Y pa mal d 


= fe py uio dt 
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The second integral shows that the j-th moment of Z is equal to the actuarial present 
value for an n-year term insurance for a unit amount payable at the moment of 
death of (x), calculated at a force of interest equal to j times the given force of 
interest, or f 8. 


This property, which we call the rule of moments, holds generally for insurances 
paying only a unit amount when the force of interest is deterministic, constant or 
not. More precisely, 


R[Z/] @ 8, = E[Z] @ j8,. (4.2.4) 
In addition to the existence of the moments, the sufficient condition for the rule of 
moments is bý = b, for all t = 0, that is, for each t the benefit amount is 0 or 1. 
Demonstration that this is sufficient is left to Exercise 4.30. 
It follows from the rule of moments that 
Var(Z) = 2At N (Alay (4.2.5) 
where 7A}, is the actuarial present value for an n-year term insurance for a unit 


amount calculated at force of interest 28. 


Whole life insurance provides for a payment following the death of the insured 
at any time in the future. If the payment is to be a unit amount at the moment of 
death of (x), then 


b,=1 E, 
v, = v tm, 
Z=v TzQ. 


The actuarial present value is 


A, = E[Z] = [ v' p, w(t) dt. (4.2.6) 


For a life selected at x and now age x + h, the expression would be 


Asn = | v Pigen Welt + f) dt. 


0 


Whole life insurance is the limiting case of n-year term insurance as n — ©, 


Example 4.2.1 


The p.d.f. of the future lifetime, T, for (x) is assumed to be 


. ]1/80 0=t = 80 
mw tt elsewhere. 


Section 4.2 Insurances Payable at the Moment of Death 


At a force of interest, 6, calculate for Z, the present-value random variable for a 
whole life insurance of unit amount issued to (x): 

a. The actuarial present value 

b. The variance 

c. The 90th percentile, £2?. 


Solution: 

a i ] d r $ 1 d 1 — g-808 

_ A, = HZ] = =| e = # 0. 
a. A, [Z] ‘ v! f(t) dt o e 30 t 808 9720 


b. By the rule of moments, 


1 — g7160 1—e& 99V 
Z) = f 
vene) = Tega ( 805 ) ian: 


c. For the continuous random variable, Z, we have Pr(Z = &°) = 0.9. 


Since we have the p.d.f. for T and not for Z, we proceed by finding the event 
for T which corresponds to Z = &”. From Figure 42.1, which shows the general 
relationship between the sample space of T (on the horizontal axis) and the sample 
space of Z (on the vertical axis), we see that E? = v. Because Z is a strictly 
decreasing function of T for whole life insurance, the percentile from T's distribu- 
tion that is related to 90th percentile of Z's distribution is at the complementary 
probability level, 0.1. In this example T is uniformly distributed over the interval 
(0, 80), so & = 8.0 and thus &? = v89. v 


The graph in Figure 4.2.1 can be used to establish relationships between the 
d.f. and p.d.f. of Z and those of T: 


Relationship of Z to T for Whole Life Insurance 
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For z = 0, {Z = z} is the null event 
For 0 < z < 1, {Z x z} = (T = log z/log v], and 


For z = 1, {Z = z} is the certain event. 


Therefore, 
0 z=0 
Fz(z) = 41 — Fr(log z/log v) 0<z<1 (4.2.7) 
1 1 Sz. 


By differentiation of (4.2.7), 


_ J frldog z)/(log v)][1/62] O<z<1 
us t elsewhere. (4.2.8) 


Example 4.2.2 


For the assumptions in Example 4.2.1, determine 


a. Z's d.f. 
b. Z's p.d.f. 
Solution: 
a: t/80 O=<t<=80 
From F;(f) = i: aa 
we see that Pr{T > 80} = 0.0, so Pr(0 < Z < v™} = 0.0. Therefore, from (4.2.7) 
0 z< y" 
Fz(z) = 41 — [Mog z)/(log v)]/80 ve<z<1 
1 z21. 


b. By differentiation of the d.f. in part (a), 


| | (1/80)(1/8z) v) cz] 
fe = 0 elsewhere. v 


We now turn our attention to a common application involving portfolios of 
risk: determining an initial investment fund for a segment of insurances in the total 
portfolio. The individual risk model and the normal approximation (as discussed 
in Section 2.4) are used. 


Example 4.2.3 


Assume that each of 100 independent lives 
* Is age x 
e Is subject to a constant force of mortality, j. = 0.04, and 
* Is insured for a death benefit amount of 10 units, payable at the moment of 
death. 
The benefit payments are to be withdrawn from an investment fund earning ò = 
0.06. Calculate the minimum amount at £ = 0 so that the probability is 
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approximately 0.95 that sufficient funds will be on hand to withdraw the benefit 
payment at the death of each individual. 


Solution: 
For each life, 


b, = 10 t=0, 
v, = vf t20, 
Zee T20. 
If we think of the lives as numbered, perhaps by the order of issuing policies, then 


at f = 0 the present value of all payments to be made is 


100 


where Z, is the present value at t = 0 for the payment to be made at the death of 
the life numbered j. 


We can use the fact that Z is 10 times the present-value random variable for the 
unit amount whole life insurance to calculate the mean and variance. For constant 
forces of interest, 6, and mortality, i, the actuarial present value for the unit amount 
whole life insurance is 


m p 
A= | ese dt = ; 
^ 0 x u +ô 


Then, for this example, 


0.04 _ 
0.1 


E[Z] = 10A, = 10 4, 


0.04 


004 + 20006 ^ 


E[Z?] = 10? 2A, = 100 
and Var(Z) = 9. 
Using these values for the mean and the variance of each term in the sum for S, 
we have 
E[S] = 100(4) = 400, 
Var(S) = 100(9) = 900. 
Analytically, the required minimum amount is a number, h, such that 
Pr(S = h) = 0.95, 


or equivalently 


S- E[S] h-400]. 
[EZB m | 0.95. 
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By use of a normal approximation, we obtain 


h — 400 
= 1.645 
30 : 
h = 449.35. v 
Observations: 
1. The 49.35 difference between this initial fund of 449.35 and the expectation of 


the present value of all payments, 400, is the risk loading of Chapter 1. The 
loading is 0.4935 per life, or 4.935% per unit payment, or 12.34% of the actuarial 
present value. 


. This example, like Examples 2.5.2 and 2.5.3, used the individual risk model and 


a normal approximation to the probability distribution of S. In the short-period 
examples, the collected income, equal to expected claims plus a risk loading, 
was determined to have a high probability of being in excess of claims. In this 
long-period life insurance example, the collected income plus interest income on 
it at the assumed interest rate is determined to be sufficient to cover the benefit 
payments. The initial fund of 449.35 will cover less than 45% of the eventual 
certain payout of 1,000. 


. A graph of the amount in the fund during the first 2 years for a payout pattern 


when one death occurs at each of times 1/8, 7/8, 9/8, 13/8, and 15/8, and two 
deaths occur at time 10/8 is shown in Figure 4.2.2. Between the benefit pay- 
ments, represented by the discontinuities, are exponential arcs representing the 
growth of the fund at 8 — 0.06. 


Graph of an Outcome for the Fund 


Fund 


Amount 


7/8 | 9/810/8 13/8 15/8 
1 Time 
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4. There are infinitely many payout patterns, each with its own graph. Both the 
number of claims and the times of those claims affect the fund. For example, 
had the seven claims all occurred within the first instant, instead of the payout 
pattern of Figure 4.2.2, the fund would have dropped immediately to 379.35 and 
then grown to 427.72 by the end of the second year. 


These examples illustrate the different roles of the three random elements in risk 
model building, that is, whether or not a claim will occur, the size, and the time 
of payment if one occurs. In Example 2.5.2 there was uncertainty about only the 
occurrence of the claim. In Example 4.2.2 there was uncertainty about only the time 
of claim payment. Other uncertainties have been ignored in these models. In Ex- 
amples 4.2.1, 4.2.2, and 4.2.3 we have ignored the possibility of the fund earning 
interest at rates different from the deterministic rates assumed. 


4.2.2 Endowment Insurance 


An n-year pure endowment provides for a payment at the end of the n years if 
and only if the insured survives at least n years from the time of policy issue. If 
the amount payable is a unit, then 


pim 0 t=n 
t 1 t>n, 


V, = v" tz, 
. Jo T=n 
gen Tm. 


The only element of uncertainty in the pure endowment is whether or not a claim 
will occur. The size and time of payment, if a claim occurs, are predetermined. In 
the expression Z = v"Y, Y is the indicator of the event of survival to age x + n. 
This Y has the value 1 if the insured survives to age x + n and has the value 0 
otherwise. The n-year pure endowment's actuarial present value has two symbols. 
In an insurance context it is A,Z. We see in the next chapter that it is denoted by 


„E, in an annuity context. This distinction is not strict; the reader will have to be 


ready for either: 


Aj = E[Z] = v" E[Y] = v" „pu 
and 


Var(Z) = v?" Var(Y) = v? ,p, nde 


A = Aaa) (4.2.9) 


An n-year endowment insurance provides for an amount to be payable either 
following the death of the insured or upon the survival of the insured to the end 
of the n-year term, whichever occurs first. If the insurance is for a unit amount and 
the death benefit is payable at the moment of death, then 
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S 
I 
py 


tm, 
_ ju tsn 
U, v” tn, 
_ jot Ten 
z= fo T>n. 


The actuarial present value is denoted by A,z. Since b, = 1 for the endowment 
insurance, we have by the rule of moments 


E[Z/] e 8 = E[Z] 9 jò. 
Moreover, 
Var(Z) = "Aa eet (A (4.2.10) 


This insurance can be viewed as the combination of an n-year term insurance and 
an n-year pure endowment—each for a unit amount. Let Z}, Z, and Z, denote the 
present-value random variables of the term, the pure endowment, and the endow- 
ment insurances, respectively, with death benefits payable at the moment of death 
of (x). From the preceding definitions we have 


T 
z-[: Tzn 


0 Tn, 
< 
TE 
T 
ante rx 
It follows that 
go (4.2.11) 
and by taking expectations of both sides 
Á.a = Ala + AJ. (4.2.12) 
We can also find the Var(Z;) by using (4.2.11), 
Var(Z3;) = Var(Z,) + Var(Z,) + 2 Cov(Z,, Z,). (4.2.13) 
By use of the formula 
Cov(Z,, Z,) = E[Z,Z,] — E[Z,] E[Z,] (4.2.14) 
and the observation that 
Z,Z_ = 0 
for all T, we have 
Cov(Z,, Z,) = -E[Z,]E[Z,] = -A13A,4. (4.2.15) 


Substituting (4.2.5), (4.2.9), and (4.2.15) into (4.2.13) produces a formula for Var(Z,) 
in terms of actuarial present values for an n-year term insurance and a pure 
endowment. i 
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Since the actuarial present values are positive, the Cov(Z,, Z,) is negative. This 
is to be anticipated since, of the pair Z, and Z,, one is always zero and the other 
positive. On the other hand, the correlation coefficient of Z, and Z, is not —1 since 
they are not linear functions of each other; recall Exercise 1.23(c). 


4.2.3 Deferred Insurance 


An m-year deferred insurance provides for a benefit following the death of the 
insured only if the insured dies at least m years following policy issue. The benefit 
payable and the term of the insurance may be any of those discussed above. For 
example, an m-year deferred whole life insurance with a unit amount payable at 
the moment of death has 


b. = 1 i^m 
f 0 t=m, 
v, — v! t0, 
| jv’ Tom 
ze T -m. 


The actuarial present value is denoted by „A, and is equal to 


[ v p, w(t) dt. (4.2.16) 


| Example 4.2.4 | ple 4.2.4 


Consider a 5-year deferred whole life insurance payable at the moment of the 
death of (x). The individual is subject to a constant force of mortality p = 0.04. For 
the distribution of the present value of the benefit payment, at à — 0.10: 

a. Calculate the expectation 

b. Calculate the variance 

c. Display the distribution function 
d. Calculate the median &°. 


Solution: 
a. For arbitrary forces y. and ð, 


n 


så, = E g 9 eH y dt = me g 5*9. 
thus for u = 0.04 and 6 = 0.10, 
ges 2 e 97 = 0.1419 
i eae 7 E 
b. By the rule of moments, 
Var(Z) = INPS g 001.020, — TRE = 0.0301. 
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c. As for the case of whole life insurance, a graph of the relation between Z and T 
provides an outline for the solution. For the general m-year deferred whole life 
insurance, the graph is given in Figure 4.2.3. 


Relationship of Z to T for Deferred Whole Life Insurance 
Z 


log z 
log v 


Although T is a continuous random variable, Z is mixed with a probability mass 
at 0 because Z = 0 corresponds to T = m. 


For general mortality assumptions and a constant force of interest, we have 
for Z = 0, 
F0) = Pr(T = m) = Fm); (4.2.17) 
for 0 < z < v", 


FA2) = Pr(Z € z) = Pr(Z = 0) + Pr(0 < Z = 2) 


ll 


Pr(T - m) + Pr(0 < v? = z) 


il 


Pr(T = m) + Pr (r gles z) 


log v 
ES = log z |. 
= F,(m) + 1- Fr (ts z), (4.2.18) 
for z > v", 
F(z) = 1. (4.2.19) 


In this example of 5-year deferred whole life insurance where u = 0.04 and ò = 
0.10, we have 


from (4.2.17), 
F,(0) = F(5 = 1 — e? = 0.1813; 


from (4.2.18) for 0 < z < v%, 
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log z 


Fz) = F,(5) + 1 -F 


T —0.1 
= 1 — e? 470901 — 9.1813 + 204. (4.2.20) 
from (4.2.19) for z > v, 
Faz) = 1. 


The graph of this d.f. is shown in Figure 4.2.4. 


0.4 


0.2 


0 0.5 1 


d. From Figure 4.2.4 or (4.2.20), we see that the median is the solution of 
0.5 = 0.1813 + z?4, 
Thus, £^ = 0.0573. v 


Observations: 


1. The largest value of Z with nonzero probability density in this example is 
e 919) = 0.6065, corresponding to T = 5. 

2. The distribution of Z in this example is highly skewed to the right. While its 
total mass is in the interval [0, 0.6065] and its mean is 0.1419, its median is only 
0.0573. This skewness in the direction of large positive values is characteristic of 
many claim distributions in all fields of insurance. 


Se aa X ———'ÁÀ—AÀAi à e A pe AAT LIEU SB rar erre 
4.2.4 Varying Benefit Insurance 


The general model given by (4.2.1) can be used for analysis in most applications. 
We have used it with level benefit life insurances. It can also be applied to insur- 
ances where the level of the death benefit either increases or decreases in arithmetic 
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progression over all or a part of the term of the insurance. Such insurances are 
often sold as an additional benefit when a basic insurance provides for the return 
of periodic premiums at death or when an annuity contract contains a guarantee 
of sufficient payments to match its initial premium. 


An annually increasing whole life insurance providing 1 at the moment of death 
during the first year, 2 at the moment of death in the second year, and so on, is 
characterized by the following functions: 


b, =lt+ 1] tz, 
v, = v! t20, 
ZT eile’ Tm, 


where the | | denote the greatest integer function. 
The actuarial present value for such an insurance is 
(A), = BIZ] = [les der p wld at. 
0 


The higher order moments are not equal to the actuarial present value at an ad- 
justed force of interest as was the case for insurances with benefit payments equal 
to 0 or 1. These moments can be calculated directly from their definitions. 


The increases in the benefit of the insurance can occur more, or less, frequently 
than once per year. For an m-thly increasing whole life insurance the benefit would 
be 1/m at the moment of death during the first m-th of a year of the term of the 
insurance, 2/m at the moment of death during the second m-th of a year during 
the term of the insurance, and so on, increasing by 1/m at m-thly intervals through- 
out the term of the insurance. For such a whole life insurance the functions are 


p = m+ L tmb, 
m 
v, — v! tx, 
"Tm + 
7 LT 1] T=0 
m 


The actuarial present value is 
(€? A), = E[Z]. 


The limiting case, as m — œ in the m-thly increasing whole life insurance, is an 
insurance paying t at the time of death, t. Its functions are 


b, =t t=0, 
v, =v! t=0, 
Z= Tv! T= 0. 


Its actuarial present-value symbol is (IA),. 
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This continuously increasing whole life insurance is equivalent to a set of de- 
ferred level whole life insurances. This equivalence is shown graphically in Figure 
4.2.5 where the region between the line b, = t and the t-axis represents the insurance 
over the future lifetime. If the infinitesimal regions are joined in the vertical direc- 
tion for a fixed t, the total benefit payable at t is obtained. If they are joined in the 
horizontal direction for a fixed s, an s-year deferred whole life insurance for the 
level amount ds is obtained. 


Continuously Increasing Insurance 


5 


This equivalence implies that the actuarial present values for the coverages are 
equal. The equality can be established as follows. 


By definition, 
(IA), zi i tv! iPx pt) dt, 


and interpreting t in the integrand as the integral from zero to f in Figure 42.5 we 


have 
a, = f (fs) ca 


If we interchange the order of integration and, for each s value, integrate on ¢ from 
s to x, we have 


a3. - [Dv pe nto at ds 


= f Jå ds 
0 


by (4.2.16). 
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If, for any of these m-thly increasing life insurances, the benefit is payable only 
if death occurs within a term of n years, the insurance is an m-thly increasing n- 
year term life insurance. 


Complementary to the anually increasing n-year term life insurance is the an- 
nually decreasing n-year term life insurance providing n at the moment of death 
during the first year, n — 1 at the moment of death during the second year, and 
so on, with coverage terminating at the end of the n-th year. Such an insurance has 
the following functions: 


pes tsn 


0 t>n, 
U, = v! t0, 
z= v(n-lT) Tsn 
0 T> n. 


The actuarial present value for this insurance is 


(DA). = T v! (n Lt) Px ust) dt. 


This insurance is complementary to the anually increasing n-year term insurance 
in the sense that the sum of their benefit functions is the constant n + 1 for the 
n-year term. 


Table 4.2.1 is a summary of the models in this section. The insurance plan name 
appears in the first column followed by the benefit and discount functions that 
define it in terms of the future lifetime of the insured at policy issue. The pres- 
ent-value function, which is always derived as the product of the previous two 
functions, is shown next. In the fifth column the International Actuarial Notation 
for the actuarial present value is shown. In the last column, a reference is given to 
a footnote stating whether or not the rule of moments can be used in the calculation 
of higher order moments. 


Insurances Payable at the End of the Year of Death 


In the previous section we developed models for life insurances with death ben- 
efits payable at the moment of death. In practice, most benefits are considered 
payable at the moment of death and then earn interest until the payment is actually 
made. The models were built in terms of T, the future lifetime of the insured at 
policy issue. In most life insurance applications, the best information available on 
the probability distribution of T is in the form of a discrete life table. This is the 
probability distribution of K, the curtate-future-lifetime of the insured at policy 
issue, a function of T. In this and the following section we bridge this gap by 
building models for life insurances in which the size and time of payment of the 
death benefits depend only on the number of complete years lived by the insured 
from policy issue up to the time of death. We refer to these insurances simply as 
payable at the end of the year of death. 
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Our model is in terms of functions of the curtate-future-lifetime of the insured. 
The benefit function, b,,,, and the discount function, v,,,, are, respectively, the 
benefit amount payable and the discount factor required for the period from the 
time of payment back to the time of policy issue when the insured's curtate-future- 
lifetime is k, that is, when the insured dies in year k + 1 of insurance. The present 
value, at policy issue, of this benefit payment, denoted by z,,, is 


Zel = bate (4.3.1) 


Measured from the time of policy issue, the insurance year of death is 1 plus the 
curtate-future-lifetime random variable, K, defined in Section 3.2.3. As in the pre- 
vious section, we denote the present-value random variable Zk}, by Z. 


For an n-year term insurance providing a unit amount at the end of the year of 
death, we have 


prsa 1 k=0,1,..., n- 1 
kri 0 elsewhere, 


Uk 5V o, 


W RET hoes 3 
0 elsewhere. 
The actuarial present value for this insurance is given by 


n-i 


Ala = E[Z] = >) v*" ip, Jar (4.3.2) 


k=0 


Note that the International Actuarial Notation symbol for the actuarial present 
value of an insurance payable at the end of the year of death is the symbol for the 
corresponding insurance payable at the moment of death with the bar removed. 


The rule of moments, with the appropriate changes in notation, also holds for 
insurances payable at the end of the year of death. For example, for the n-year 
term insurance above, 


Var(Z) = ?Ala — (Atay 


where 


n-1 
241 = —28(k+1 
Ayal E > € S ) Ps Yx+k: 
k=0 
In Section 3.5 recursion relations for life expectancies are derived and used to 


determine their values. Recursion relations for the term insurance actuarial present 
values can be derived algebraically from (4.3.2): 


Section 4.3 Insurances Payable at the End of the Year of Death 


n-1 
c k*1 a -— k+1 
Aia m 2 U i kPx x+k EB Ug, * > U i kPx Üxek 


n-1 


= Ud, + Up, > v* k-1P x41 Qx+k 


n—2 


Ud, * Up, > p jPea dij E Ud. * Up, Ads (4.3.3) 
j= 


For (4.3.3) to be true at n = 1, we define Alg = 0.0 for all x. 


Note: On a select table basis, all x’s in the subscripts in (4.3.3) would be enclosed 
in brackets. 


On the basis of the Illustrative Life Table and i = 0.04, determine the mean and 
variance of the present-value random variable for a 10-year term insurance with a 
unit benefit payabie at the end of the year of death issued on (30). 


Solution: 
Starting with the initial value A,jg = 0.0 and using (4.3.3) adapted to this 
insurance, 


Aso k0 H = Vork + UPsosk Assisi) k= 0,1,...,8,9, 
we have by working from age 40 to age 30, 
Aag = 0.01577285 
and 
Var(Z) = 0.01271978 — (0.01577285)? = 0.1247099. 


These values were determined by the spreadsheet constructed in the Computing 
Exercises. v 


For a whole life insurance issued to (x), the model may be obtained by letting 
n — « in the n-year term insurance model. For the actuarial present value we have 


oo 


= D pU gon (4.3.4) 


Multiplication of both sides of (4.3.4) by 1, yields 


E S UR (4.3.5) 


Formula (4.3.5) shows the balance, at the time of policy issue, between the aggre- 
gate fund of actuarial present values for 1, lives insured at age x and the outflow 
of funds in accordance with the expected deaths of the 7, lives. It is a compound 
interest equation of value that is stated on an expected value basis. 
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The expression 


Sore (4.3.6) 
k=r 


is that part of the fund at issue that, together with interest at the assumed rate, will 
provide the payments for the expected deaths after the r-th insurance year. 


Accumulation of (4.3.6) at the assumed interest rate for r years yields 


Ms 


Eau, (4.3.7) 


td 


the expected amount in the fund after r insurance years. A comparison of expres- 
sion (4.3.7) with (4.3.5) shows it to be /,,, A,,,. The difference between this amount 
and an actual fund is due to deviations of the actual deaths from the expected 
deaths (according to the life table adopted), and deviations of the actual interest 
income from the interest income at the assumed rate. 


Example 4.3.2 


A group of 100 lives age 30 set up a fund to pay 1,000 at the end of the year of 
death of each member to a designated survivor. Their mutual agreement is to pay 
into the fund an amount equal to the whole life insurance actuarial present value 
calculated on the basis of the Illustrative Life Table at 6% interest. The members, 
not selected by an insurance company, decided to use this population table as the 
basis of their plan. The actual experience of the fund is one death in each of the 
second and fifth years; interest income is at 6% in the first year, 6-1/2% in the 
second and third years, 7% in the fourth and fifth years. What is the difference, at 
the end of the first 5 years, between the expected size of the fund as determined 
at the inception of the plan and the actual fund? 


Solution: 
On the agreed bases, 1,000 A4, — 102.4835, so, for the 100 lives, the fund starts 
at 10,248.35. Also, A}; = 0.1287194 and L,/l4, = 0.9915040. 


For 100 lives age 30, the expected size of the fund after 5 years will be 


LE 


(1,000)(100) 9 A, = 12,762.58. 


ly 


The development of the actual fund would be as follows, where F, denotes its size 
at the end of insurance year k: 
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F, = 10,248.35 

F, = (10,248.35)(1.06) = 10,863.25 

F, = (10,863.25)(1.065) — 1,000 = 10,569.36 
F, = (10,569.36)(1.065) = 11,256.37 

F, = (11,256.37)(1.07) = 12,044.32 

F, = (12,044.32)(1.07) — 1,000 = 11,887.42. 


Thus the required difference is 12,762.58 — 11,887.42 = 875.16. This result combines 
the investment experience and the mortality experience for the 5-year period. There 
were gains from the investment earnings in excess of the assumed rate of 6%. On 
the other hand, there were losses on the mortality experience of two deaths as 
compared to the expected number of 0.8496. The interpretation of such results in 
terms of the various sources such as investment earnings and mortality is an ac- 
tuarial responsibility. v 


We derived the recursion relations for n-year term insurance actuarial present 
values (4.3.3) algebraically. Whereas the relationship will hold for whole life in- 
surance actuarial present values as the limiting case of n-year term insurance, as n 
goes to %, we will establish the whole life insurance relationship independently to 
illustrate a probabilistic derivation. 


Consider A, from its definition E[Z] = E[vK?*!]. For emphasis we now write this 
as 
A, = E[Z] = E[vF?*!|K(x) = 0], 
which is redundant since all of K(x)’s probability is on the non-negative integers. 
E[Z] can be calculated by considering the event that (x) dies in the first year, that 


is, K(x) = 0, and its complement, that (x) survives the first year, that is, K(x) = 1. 
We can write 


E[Z] = E[vK?|K(x) = 0] Pr[K(x) = 0] 
+ E[vKO*!|]K(x) = 1] Pr[K(x) = 1]. (4.3.8) 
In this expression we can readily substitute 
EROK = 0] = v, 
Pr[K@) = 0] = q., 
and 
Pr[K(x) = 1] = p,- 
To find an expression for the remaining factor, we rewrite it as 


E[vK?*!|K(x) = 1] = vE[v® IHK) — 1 = QJ. 
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Since K(x) is the curtate-future-lifetime of (x), given K(x = 1, 
K(x) — 1 must be the curtate-future-lifetime of (x + 1). 


If we are willing to use the same probabilities for the conditional distribution of 
K(x) — 1 given K(x) = 1, as we would for a newly considered life age x + 1, then 
we may write 


E[pK9-DH|K() — 1 2 0] = Ay, (4.3.9) 
and substitute it into (4.3.8) to obtain 
A, = 0g, + VA, Lp, (4.3.10) 


The assumed equality, 


(the distribution of the future lifetime 
of a newly insured life aged x + 1) 


= (the distribution of the future lifetime of a life 
now age x + 1 who was insured 1 year ago), 


was discussed in Section 3.8. In terms of select tables, the right-hand side of (4.3.9) 
would be Aj, ,. In (43.10) every x would be [x]. 


Note that (4.3.10) is the same backward recursion formula as (4.3.3). That is, 
u(x) = vq, + up, u(x +1). 


It is the starting value that makes the solution the actuarial present value of whole 
life insurance or of n-year term insurance. We see this same recursion formula for 
the actuarial present values of n-year endowment insurance where the starting 
values are the endowment maturity value. 


Analysis of relationship (4.3.10) can give more insight into the nature of A,. After 
replacement of p, by 1 — q, and multiplication of both sides by (1 + i)l, (4.3.10) 
can be rearranged as 


L (1+ 2A, = LA + d,(1 — AL). (4.3.11) 


For the random survivorship group, this equation has the following interpretation. 
Together with 1 year’s interest, A, will provide A,,, for all /, lives and an ad- 
ditional 1 — A,,, for those expected to die within the year. This latter amount for 
each expected death, that is, q,(1 — A,,,), is considered the annual cost of insurance. 
The A,,, is set aside for survivors and deaths, the 1 — A,,, is required only for a 
death. 


Dividing by l, and then subtracting A,  q,(1 — A,,,) from both sides of (4.3.11), 
we have 


Acai 7 Ay = iA, 7 4 — Au) (43.12) 


In words, the difference between the actuarial present values at age x and one later 
at age x + 1 is equal to the interest on the actuarial present value at x less the 
annual cost of insurance for the year. 
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Another expression for A, can be obtained from (4.3.10) by replacing p, by 
1 — 4,, multiplying both sides by v", and rearranging the terms to get 


prs i, WA, = =o gl = Aa) 
or 
Av*A, = —v"*"g. (1 z Art) 


Summing from x = y to % (see Appendix 5), we obtain 


“VA, m m gt "act = Ax) 


y 


[I 
x= 


and thus 


A, = > v8.0 Aa) 
xe 


This expression shows that the actuarial present value at y is the present value at 
y of the annual costs of insurance over the remaining lifetime of the insured. 


The n-year endowment insurance with a unit amount payable at the end of the 
year of death is a combination of the n-year term insurance of this section and the 
n-year pure endowment for a unit amount that was discussed in the previous 
section. Thus the functions for it are 


ba = 1 


k 
oil RAO see! 
i v" k=n,n+1,..., 
K 
K 


The actuarial present value is 


n-1 
Aya = 2, V ape de + 0" De (4.3.13) 


The annually increasing whole life insurance, paying k + 1 units at the end of 
insurance year k + 1 provided the insured dies in that insurance year, has the 
benefit and discount functions and present-value random variable as follows: 


ba =k +1 k=0,1,2,..., 
üp m PE 2012... 
Z-(K-Dw" K-20142... 


The actuarial present value is denoted by (IA),. 


The annually decreasing n-year term insurance, during the n-year period, pro- 
vides a benefit at the end of the year of death in an amount equal to n — k where 
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k is the number of complete years lived by the insured since issue. Its functions 


are 
ER n-k k=0,1,...,n-1 
n 0 k=n,n+1, y 
Vee, = vet ROS men, 
z= (n — Ky"! K=0,1,...,n-1 
0 K=n,n+1, 


The actuarial present-value symbol for this insurance is (DA)L3. 


As illustrated by Figure 4.2.5 for insurances payable at the moment of death, 
annually increasing insurances payable at the end of the year of death are equiv- 
alent to a combination of deferred level insurances each for a unit amount. Simi- 
larly, annually decreasing term insurances are equivalent to a combination of level 
term insurances of various term lengths. Figure 4.3.1 illustrates this for an annually 
decreasing 8-year term insurance. 


Figure 4.3.1 shows the graph of the benefit function b,,,. Each unit square region 
between the horizontal steps and the k-axis represents a deferred 1-year term in- 
surance. When these are summed vertically, the deferred 1-year term insurances 


Annually Decreasing 8-Year Term Insurance 


baa 


1-year deferred, 1-year term 


PE d insurance for 7 units 


7 
6 2-year deferred, 1-year 

term insurance for a unit amount 
5 


6-year term insurance 
for a unit amount 
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for the decreasing amounts are obtained. When the squares are summed horizon- 
tally, the level amount term insurances of varying duration are obtained. These 
vertical and horizontal sums are also indicated in Figure 4.3.1. 


The equality of the actuarial present values for the combination of level term 
insurances and the combination of deferred term insurances can be demonstrated 
analytically. Thus, by definition 


n-1i 


(DA) a = E 2. (n E k) utt! kPx Jx+k 


2 > (n — E) (v p) (09...) 


= à (n — k) Ay, (4.3.14) 
the total of the column sums. 
In (4.3.14) we can substitute 
n—k-1 
n-ke > (1) 

j=0 

to obtain 
n-1 n—k-1 


(DAXa = 2, > (Dus eng us 


By interchanging the order of summation we obtain 


-1 n-j- 
5 > (1) pr kPx Yxtks 


and then by comparing the inner summation to (4.3.2), we can write 


n—i 
(DA); = > Al 


Table 4.3.1 provides a summary of functions and symbols for the elementary 
insurances payable at the end of the year of death. 


We close this section with a summary of the recursion relations for the actuarial 
present values of the insurances payable at the end of the year of death. Consider 
the list on page 119 arranged in the order of the entries of Table 4.3.1. Each entry 
is arranged across its line as the recursion relation, the domain for the relation, and 
the initial condition. Values for the actuarial present value would be generated from 
the lowest age of the mortality table to age y or w. 
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(a) A, = Ug, + Up, A, x20,L...,9- 1, 
and A, = 0. 


(b) Alc = Vg, + VP, Arny OX = GL... y¥- 
and Ajq = 0. 


(c) Azra = UG, + Up, Arry ori x=0,1,..., y= 1, 
and A,q = 1. 
(d) Healers =0+ Up, vtero x= 0, 1, SUE y d 1, 


and ,|,A, = Aja. 


y == 
(e) (IA). = [vq, T Up, AJ gsm zb UP, UA), uon 


x -0,1...,y — L and (IAjja = 0. 
( (DA); = (y — xq. + vp, (DA) ag 
x-0,1...,y — L and (DAJlg = 0. 
(g) (IA), = [vgs + op, Ay] + op, HA... x - 6 b... 
and (IA), = 0. 


Observations: 


1. Only (a) and (b) have been justified in this section. Arguments for (c) through 
(g) are similar to those for (a) and (b). 
2. All seven equations are of the form 


u(x) = c(x) + vp, u(x + 1), 
where c(x) is a given function defined for the domain of the relation. In the 
language of difference equations, all seven equations have the same correspond- 
ing homogeneous equation, u(x) = up, u(x + 1). It is linear but does not have 
constant coefficients. 
3. Since c(x) = vq, for (a), (b), and (c), those actuarial present values are all solutions 


of the same recursion formula and are distinguished only by their starting 
values. 


4.4 Relationships between Insurances Payable 
at the Moment of Death and the End of the 
Year of Death 


We begin the study of these relationships with an analysis of the actuarial present 
value for whole life insurance paying a unit benefit at the moment of death. From 
(4.2.6) we have 
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o0 


i 1 
A, = Í v' p, w(t) dt = Í v p, H(t) dt + Í v' P, w(t) dt. 


0 0 1 


The change of variables s = t — 1 in the second integral gives 


1 o6 
A, = [ot past dt +0 [oap + 1) ds (4.4.1) 
0 
On an aggregate mortality basis 
st Px Io + 1) = py ua px + 8 + 1) 


so the second term of (4.4.1) would be up,A,,,. On a select mortality basis the 
second term would be UP Ary +1 Returning to (4.4.1) and using aggregate notation, 
we have 


1 
A, = Í v' pp, ptt) dt + up, A, = Aly + up, Agar (4.4.2) 


0 


The integral in (4.4.2) can be expressed in discrete life table functions by adopting 
one of the assumptions about the form of the mortality function between integers 
as discussed in Section 3.6. 


Under the assumption of a uniform distribution of deaths over each year of age, 
Py w(t) = gy O=t=t1landy=0,1,... 
which can be placed in (4.4.2) to obtain 


at 
A, = a | v dt + vp, Aya, 


0 


= 3 Ug, "b Up, Aon (44.3) 
The domain for this relationship is x = 0, 1,..., — 1, and the starting value is 


A, = 0. 


If we multiply both sides of recursion formula (a) by i/8, we have 
i i i 

s^ — 3 vgy + Up, (: A) 
Since (a) and (4.4.3) embody the same recursion formula and have the same domain 
and the same initial value of 0 at o, (i/5)A, is the solution for (4.4.3), and 

A, = xd (44.4) 
Formula (4.4.4) might have been anticipated under the assumption of a uniform 
distribution of deaths between integral ages. The effect of the assumption is to make 
the unit payable at the moment of death equivalent to a unit payable continuously 
throughout the year of death. With respect to interest, a unit payable continuously 
over the year is equivalent to i/8 at the end of the year. 


Section 4.4 Relationships between Insurances Payable 


The identity in (4.4.4) can be reached using the properties of the future-lifetime 
random variable under the assumption of a uniform distribution of deaths in each 
year of age as developed in Section 3.6. From (3.6.1) we write T = K + S. We 
observed there that, under the assumption of a uniform distribution of deaths in 
each year of age, K and S are independent and 5 has a uniform distribution over 
the unit interval. As corollaries to these observations, K + 1 and 1 — S are also 
independent, and 1 — S has a uniform distribution over the unit interval. In the 
identity 


A, = E[v?] = E[oF" 1 iS], 


we can use the independence of K + 1 and 1 — $ to calculate the expectation of 
the product as the product of the expectations, 


EE + ^ 5] = Ep JEI + 25]. Ce 


The first factor on the right-hand side is A,. Since 1 — S has the uniform distribution 
over the unit interval, the second factor is 


1 i 
E[( + 18] = | (ddr. 


Hence, again we have A, = (i/8)A, under the assumption of uniform distribution 
of deaths in each year of age. 


A similar argument, again based on the assumption of a uniform distribution of 
deaths in each year of age, can be used to show that the actuarial present value of 
a whole life insurance which pays a unit at the end of the m-th of a year of death 
is equal to 

PRA 


(m) — 
AP Sag ae (4.4.6) 


This argument is outlined in Exercise 4.19. 


In Section 3.6 we also discussed the assumption that the force of mortality is 
constant between integral ages. The relationship between the actuarial present val- 
ues for whole life insurances payable at the moment of death and at the end of the 
year of death under this assumption is developed in Exercise 4.19. Since the hy- 
perbolic assumption implies that the force of mortality decreases over the year of 
age (see Exercise 3.27), it is seldom realistic for human lives. Moreover, it leads to 
more complicated relationships that we will not develop here. 


Next we turn to an analysis of the annually increasing n-year term insurance 
payable at the moment of death. For this insurance, the present-value random vari- 
able is 


JE IT- 1b" T<n 
0 Tzn. 


Since LT + 1] = K + 1, we can use the relation T = K + S to obtain 
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E s + 1t å T<a 
0 T2n. 


If we let W be the present-value random variable for the annually increasing 
n-year term insurance payable at the end of the year of death, 


(K*197 K=0,1,...,n-1 
a K=nn+1,.... 
Then 
Z= Wa + is 
and 
E[Z] = EIW( + i) *]. 
Since W is a function of K + 1 alone and K + 1 and 1 — S are independent, 


E[Z] = E[W] EIQ + i)’ *] 


i 
= (IA), -. 
GA) 5 


These results for the whole life and the increasing term insurances payable at 


the moment of death, under the assumption of a uniform distribution of deaths 
over each year of age, are very similar, 


and 
= i 
(AY = z QA). 


Let us look at the general model to find the basis of the similarities. From (4.2.2), 
Z = bywy. (4.4.7) 


For the two continuous insurances above, the conditions used were 

* U, = v^, and 

* b, was a function of only the integral part of T, the curtate-future-lifetime, K. 
Writing this latter property as b, = b£,, we can write (4.4.7) for these insurances 
as 


Z = bv 
= be we + DS 
and 
E[Z] = Elok“ (1 + 275]. (4.4.8) 


Under the assumption of a uniform distribution of deaths over each year of age, 
we can infer the independence of K and S and that 1 — S also has a uniform 
distribution. Then we can write (4.4.8) as 
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E[Z] = E[bg..o8""] E[ + 277] 


= Efbt vk] z (4.4.9) 


| Example44.1 — | 4.4.1 


Calculate the actuarial present value and the variance for a 10,000 benefit, 30- 
year endowment insurance providing the death benefit at the moment of death of 
a male age 35 at issue of the policy. Use the Illustrative Life Table, the uniform 
distribution of deaths over each year of age assumption, and i — 0.06. 


Solution: 

For endowment insurance, v, # v”. Therefore, we cannot apply (4.4.9) directly. 
Recalling (4.2.11), which showed the endowment insurance as the sum of a term 
insurance and pure endowment, we can apply (4.4.9) to the term insurance com- 
ponent and then calculate the pure endowment insurance part. Thus, using (4.2.12) 
and (4.2.10), we can calculate the actuarial present value as follows: 


= AN 1 
A330 3 A550 T Ags3q 


= (1.0297087)[0.06748179] + 0.1392408 
= 0.208727, 
and the variance as 


Var(Z) = ET (Asa 


= 0.0309294 + 0.0242432 — (0.208727)? 
= 0.011606. 


For the 10,000 sum insured, 10,000 Assn = 2,087.27 and (10,000)? Var(Z) = 
1,160,600. v 


Example 4.4.2 


Calculate, for a life age 50, the actuarial present value for an annually decreasing 
5-year term insurance paying 5,000 at the moment of death in the first year, 4,000 
in the second year, and so on. Use the Illustrative Life Table, uniform distribution 
of deaths over each year of age assumption, and i — 0.06. 


Solution: 
Referring to Table 4.2.1, we see that 


NE t<5 
b, = 
0 t>5 


is a function of only k, the integral part of t, and hence we may write it as 
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; "bo k 0:1, 2,34 
0 k> 4. 


The discount function is v', so we have 
(D Asie Í DAs 


4 
(1.0297087) 2 5 = k) o* Po sork 


4 
2s (pcd vt! dagy 
= (1.0297087) 2 


[E 
— 0.088307. 
Then, 1,000 (DA); = 88.307. 


M 


For an insurance providing a death benefit at the moment of death that is not 
a function of K, further analysis is required to express its values in terms of those 
for an insurance payable at the end of the year of death. Consider the continuously 
increasing whole life insurance payable at the moment of death. This insurance is 
discussed extensively in Section 4.2, and its benefit function analyzed in Figure 


4.2.5. Its functions are 
b,=t t>0, 
v = ví t2 0, 
z = tv! t0. 
To find (IA), we rewrite 
Z = (K + SyK5 
= (K + Duh = (1 = Sj" + jts 
= (K + IH + HS = Shay, 


Now taking expectations, under the assumption of a uniform distribution of deaths 


over each year of age, we have 


E[Z] = E[(K + i dE. E[(1 + i) 5] — Epu] E[(1 — S)(1 + iy^5] 


= (IA), - — A, Ed — $)(1 + iy 5]. 


T 


We can simplify the last factor directly since 1 — S has a uniform distribution, 


E[(1 — S) + jt-5] = lu u(1 + i)" du = (Dg = : ~ i 


Thus, we can write 
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4.5 Differential Equations for Insurances Payable at the 


Moment of Death 


Recursive-type expressions can be established for insurances payable at the mo- 
ment of death. These are developed using calculus and lead to differential 
equations. 


For a whole life insurance on (x), 


d . E : = 

ay Â = TRG) + ALS + po) = 8A, — WON — A9, (4.5.1) 
which are the continuous analogues of (4.3.12). The notation used here is for an 
aggregate mortality basis. Verification of these expressions has been left to Exercise 
4.21. 


On the other hand, (4.5.1) can be developed from the definition of A, by using 
conditional expectation as we did for A,: 


A, = E[v?] 
= E[v"|T < h] Pr(T < h) + E[u |T > h] Pr(T > h). (4.5.2) 
Now, 
Pr(T = h) = ,g, and Pr(T > h) = Py - (4.53) 


and the conditional p.d.f. of T given T = h is 
f qux + t) 


= 0Üxtzxh 
fT x hy = (EO ifs 
0 elsewhere. 
Thus, 
h p 
E[v']T = h] = I yt Ba B PU d (4.5.4) 
hix 


As we did in the expression for A,, we will write 
E[v?|T > h] = v^E[v" "(T — h) > 0] 
= vhÀ, ,. (4.5.5) 
Substitution of (4.5.3), (4.5.4), and (4.5.5) into (4.5.2) yields 


h 
> + z 
A, = Í yt Ps pee) dig, t OF Ai Px- (4.5.6) 


0 Wx 


Then, on both sides of (4.5.6), we multiply by —1, add A,,,, and divide by h to 
obtain 
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Ays, ~ A, -1f z- 1- vp 
B =7 Í v p, ple + t) dt + An See (4.5.7) 
Next, 
1 1 : t d i t 
nm ds Poe w(x + t) dt = Heer Ps w(x + t) dt. = u(x) 
and 
_ l-—v"' y, d 
lim Pe = LAU Pales = W(x) + 8. 


Using these two limits as h — 0 in (4.5.7) we obtain (4.5.1), 


£ A, = -uQ) + Alu(x) + 8]. 


Solutions of this differential equation are outlined in Exercise 4.22. 


4.6 Notes and References 


The life contingencies textbooks listed in Appendix 6 give other developments 
of formulas for life insurance actuarial present values. Commutation functions, 
which were fundamental to actuarial calculations until this quarter century, are 
employed extensively in Jordan (1967). 


There is little material in these textbooks on the concept of the time-until-death 
of an insured as a random variable. Until recently, research and exposition on this 
concept has been called individual risk theory. Cramér (1930) gives a detailed ex- 
position of the ideas up to that time. Kahn (1962) and Seal (1969) give concise 
bibliographical information on both research and expository papers over a 100-year 
span. 


Since 1970 there has been interest in actuarial models that consider both the time- 
until-death and the investment-rate-of-return as random variables. This combina- 
tion is discussed in Chapter 21. 
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Assume, unless otherwise stated, that insurances are payable at the moment of 
death, and that the force of interest is a constant 8 with i and d as the equivalent 
rates of interest and discount. 


Section 4.2 
41. If p(x) = p, a positive constant, for all x > 0, show that A, = 
m/(m + 8). 


42. Let p(x) = 1/(1 + x), for all x > 0. 


Section 4.6 Notes and References 


a. Integrate by parts to show that 
+ 
Ars Je LO. dh 


b. Use the expression in (a) to show that dA,/dx « 0 for all x > 0. 
43. Show that dA,/di = —v(IA),. 


44. Show that the expressions for the variance of the present value of an n-year 
endowment insurance paying a unit benefit, as given by (4.2.10) and (4.2.13), 
are identical. 


45. Let Z, and Z, be as defined for equation (4.2.11). 
a. Show that lim, ,, Cov(Z,, Z) = lim, 4, Cov(Z,, Z;) = 0. 
b. Develop an implicit equation for the term of the endowment for which 
Cov(Z,, Z5) is minimized. 
. Develop a formula for the minimum in (b). 
d. Simplify the formulas in (b) and (c) for the case when the force of mortality 
is a constant p. 


o 


4.6. Assume mortality is described by |, = 100 — x for 0 = x = 100 and that the 
force of interest is 8 = 0.05. 
a. Calculate Aj,s. 
b. Determine the actuarial present value for a 25-year term insurance with 
benefit amount for death at time f, b, = e°, for a person age 40 at policy 
issue. 


47. Assuming De Moivre’s survival function with œ -. 100 and i = 0.10, 
calculate 
a. Aloià 
b. The variance of the present value, at policy issue, of the benefit of the 
insurance in (a). 


48. If 8, = 0.2/(1 + 0.05t) and |, = 100 — x for 0 x x x 100, calculate 
a. For a whole life insurance issued at age x, the actuarial present value and 
the variance of the present value of the benefits 


b. (IA),. 


49. a. Show that A, is the moment generating function of T, the future lifetime 
of (x), evaluated at —5. 
b. Show that if T has a gamma distribution with parameters a and $, then 
A. = (1 + 8/pg) *. 


4.10. Given b, = t, p(t) = p, and 8, = 6 for all t > 0, derive expressions for 
a. (IA), = E[bjp?] b. Var(b,v"). 


Chapter 4 Life Insurance 127 


128 


4.11. 


4.12. 


4.13. 


The random variable Z is the present-value random variable for a whole life 
insurance of unit amount payable at the moment of death and issued to (x). 
If 8 = 0.05 and p,(t) = 0.01: 

a. Display the formula for the p.d.f. of Z. 

b. Graph the p.d.f. of Z. 

c. Calculate A, = E[Z] and Var(Z). 


The random variable Z is the present-value random variable for an n-year 
endowment insurance as defined in Section 4.2.2. Exhibit the d.f. of Z in terms 
of the d.f. of T. 


The random variable Z is defined as in Exercise 4.12. If & = 0.05, i, (f) = 0.01, 

and n — 20: 

a. Display the d.f. of Z. 

b. Graph the d.f. of Z. 

c. Calculate A, = E[Z] using the distribution of Z. [Hint: Consider using the 
complement of the d.f.] 


Section 4.3 


4.14. 


4.15. 


4.16. 


4.17. 


4.18. 


If 1, = 100 — x for 0 = x x 100 and i = 0.05, evaluate 
a. Az b. (TA) ao. 


Show that A, = Aia + V" Py Arema zn for m < n and interpret the result in 
words. 


If A, = 0.25, A, 3, = 0.40, and Az = 0.55, calculate 
a. A, Db. Als. 


a. Describe the benefits of the insurance with actuarial present value given 
by the symbol (IA)... 

b. Express the actuarial present value of (a) in terms of the symbols given in 
Tables 4.2.1 and 4.3.1. 


In Example 4.3.2, let the expected size of the fund k years after the agreement, 
and immediately after the payment of death claims, be denoted by E,, where 
Ey = (100)(1000 A349) = 10,248.35. 
a. Start with (4.3.10) and develop the forward recursion formula 

E, = LO6E, , — 100,000, 414,. 
b. Use the recursion formula developed in (a) to confirm that E; = 12,762.58. 


Section 4.4 


4.19. 


Consider the timescale measured in intervals of length 1/m where the unit is 
a year. Let a whole life insurance for a unit amount be payable at the end of 
the m-thly interval in which death occurs. Let k be the number of complete 
insurance years lived prior to death and let j be the number of complete 
m-ths of a year lived in the year of death. 


Exercises 


a. What is the present-value function for this insurance? 

b. Set up a formula analogous to (4.4.2) for the actuarial present value, A2, 
for this insurance. 

c. Show algebraically that, under the assumption of a uniform distribution of 
deaths over the insurance year of age, 


m) = 
Ag jm Ass 


4.20. Show, under the assumption of a constant force of mortality between integral 
ages, that 


V i + d 
= v" x MAR m 
ae ! Px v kK) = + po 


where p(k) = —log Perr- 
Section 4.5 


4.21. a. Show that (4.2.6), for an aggregate mortality basis, can be rewritten as 


I 
A, = puer. [ v” po wy) dy x = 0. 
0 AX 


x 


b. Differentiate the formula of (a) to establish (4.5.1), 


dA " 
= MG) + BIA, n) x= 0. 


c. Use the same technique to show 


dA! - = 
T = fula) + SA + wor + Ady oue) x20. 


j 
4.22. Solve the differential equation (4.5.1) as follows: 
a. Use the integrating factor 


sw[-[ [6 + e] el 
A, = i u(x) p{-[, [ò  u(z)] ix} dx 


b. Use the integrating factor e™ to obtain 


to obtain 


A, = Í w(x) o*(1 — A,) dx. 
y 
Miscellaneous 


4.23. Display the actuarial present value of a Double Protection to Age 65 policy 
that provides a benefit of 2 in the event of death prior to age 65 and a benefit 
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4.24. 


4.25. 


4.26. 


4.27. 


of 1 after age 65 in symbols of Table 43.1. Assume benefits are paid at the 
end of the year of death. 


A policy is issued at age 20 with the following graded scale of death benefits 
payable at the moment of death. 


Age Death Benefits 
20 1 000 
21 2 000 
22 4 000 
23 6 000 
24 8 000 
25-40 10 000 
41 and over 50 000 


Calculate the actuarial present value on the basis of the Illustrative Life Table 
with uniform distribution of deaths over each year of age and i — 0.05. [Hint: 
A backward recursion formula for the actuarial present value will include a 
function c(x) that incorporates the death benefit scale.] 


a. Determine whether or not a constant increase in the force of mortality has 
the same effect on A, as the same increase in the force interest. 

b. Show that if the single probability of death 4,,, is increased to q,,,, + c, 
then A, will be increased by 


QUI nPx ü s Ass): 


The actuarial present value for a modified pure endowment of 1,000 issued 

at age x for n years is 700 with a death benefit equal to the actuarial present 

value in event of death during the n-year period and is 650 with no death 
benefit. 

a. Calculate the actuarial present value for a modified pure endowment of 
1,000 issued at age x for n years if 100k% of the actuarial present value is 
to be paid at death during the period. 

b. For the modified pure endowment in (a), express the variance of the pres- 
ent value at policy issue in terms of actuarial present values for pure en- 
dowments and term insurances. 


An appliance manufacturer sells his product with a 5-year warranty prom- 
ising the return of cash equal to the pro rata share of the initial purchase price 
for failure within 5 years. For example, if failure is reported 3-3/4 years fol- 
lowing purchase, 25% of the purchase price will be returned. From statistical 
studies, the probability of failure of a new product during the first year is 
estimated to be 0.2, in each of the second, third, and fourth years 0.1, and in 
the fifth year 0.2. 
a. Assuming that failures are reported uniformly within each year since pur- 
chase, determine the fraction of the purchase price that equals the actuarial 
present value for this warranty. Assume i — 0.10. 


Exercises 


b. 


If the warranted return is the reduction on the purchase price of a new 
product with a 5-year warranty, would the answer to (a) change? 


4.28. Assume that T(x) has a p.d.f. given by 


2 
t= e (200 t0 
fio = as 
and 8 — 0.05. 
Show: 
a. A, = 2e? 5H — 4(0.5)] = 0.6992 


b. 


25, = 2e-95[1 — d(1)] = 0.5232 


c. Var(Z) = 0.0343, where Z = v” 
d. £^ = 0.7076 [Hint: Use Figure 4.2.1] 


e. 


v^ = 0.6710 < 0.6992 = A,. 


4.29. Generalize Exercise 4.28(e) by showing that if è > 0, then 


ve = A,. 


[Hint: Use Jensen’s Inequality in Section 1.3 when u(x) > 0.] 


4.30. For a whole life insurance the benefit amount, b, is 0 or 1 for each t = 0. For 
calculations at force of interest 6,: 


a. 
b. 


C. 


Express the discount function in terms of 8,. 
Express the present-value random variable, Z, in terms of T. 
Show that Z/@force of interest 9, equals Z@force of interest j6,. 


Computing Exercises 


4.31. Augment your Illustrative Life Table to include input of a constant interest 
rate, i, and a payment frequency, m. It will be helpful for the equivalent rates 
ò, d™, i”, d, and v to be shown in your Illustrative Life Table output. 


4.32. Develop a set of values of ij, n = 1, 2,..., 100 at i = 0.06 by using the 
forward recursion formula (3.5.20). [Hint: Review Exercise 3.25 or use a2 = 
1- väg] 


4.34. a. 


. Using the backward recursion formula of (4.3.10) in your Illustrative Life 


Table and the appropriate starting value, calculate 1,000A, for x = 13 to 
140 for an interest rate of 0.06. 


. Compare your values to those in Appendix 2A. 


Use (4.3.3) and your Illustrative Life to determine Abm and °A izg at 
i = 0.05. 


. What is the variance for the present-value random variable for a 20-year 


term insurance with benefit amount 100,000 issued to (20)? 
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4.35. 


4.36. 


4.37. 


4.38. 


4.39. 


a. By an algebraic or probabilistic argument, verify the following backward 
recursion formula of an n-year term insurance with a unit benefit: 


AS E Ug, m UD x+n + Up, dn 
b. Determine an appropriate starting value for use with this formula. 
c. Use your Illustrative Life Table with i = 0.06 to calculate the actuarial 
present value of a 10-year term insurance issued at ages x = 13,..., 130. 


a. Use recursion relation (g) at the end of Section 4.3 and your Illustrative 
Life Table to calculate (LA), at i = 0.06. 

b. Modify the recursion relation of part (a) to obtain one for (IA), and deter- 
mine a starting value for it. 

c. Modify the recursion relation of part (b) to obtain one for (IA), and deter- 
mine a starting value for it. 

d. Make the recursion relations of parts (b) and (c) specific to the assumption 
of a uniform distribution of deaths over each year of age. 


Use your Illustrative Life Table to verify the numerical solutions to parts (a) 
and (b) of Example 4.2.4. [Hint: Set B = 0.00 and A = 0.04 in your Makeham 
law parameters, i = &?'? — 1, and use recursion formula (d) at the end of 
Section 4.3. Remember that the insurance in Example 4.2.4 is payable at the 
moment of death.] 


a. By an algebraic or probabilistic argument, verify the following backward 
recursion formula for the actuarial present value of a unit benefit endow- 
ment insurance to age y with the death benefit payable at the moment of 
death: 


Axy = Ala + Vp, Ay EFI x—0,1,...,y — 1. 

b. Determine an appropriate starting value for use with this formula. 

c. Use your Illustrative Life Table with the assumption of uniform distribu- 
tion of deaths over each year of age and į = 0.06 to calculate the actuarial 
present value of a unit benefit endowment insurance to age 65 with the 
death benefit payable at the moment of death for issue ages x = 13,..., 
64. 

d. By an algebraic or probabilistic argument, verify the following backward 
recursion formula for the actuarial present value of a unit benefit n-year 
endowment insurance with the death benefit payable at the moment of 
death: 


A = Ay Tv nPx (1 ~ UP yen T Agia) + Up, Avena 
x0,1...,9- 1. 
Let Z be the present-value random variable for a 100,000 unit 20-year endow- 
ment insurance with the death benefit payable at the moment of death. Use 
your Illustrative Life Table to calculate the mean and the variance of Z on 


the basis of a Makeham law with A = 0.001, B = 0.00001, c = 1.10, and 
$ — 0.05. 


Exercises 


LIFE ANNUITIES 


5.1 Introduction 


In the preceding chapter we studied payments contingent on death, as provided 
by various forms of life insurances. In this chapter we study payments contingent 
on survival, as provided by various forms of life annuities. A life annuity is a series 
of payments made continuously or at equal intervals (such as months, quarters, 
years) while a given life survives. It may be temporary, that is, limited to a given 
term of years, or it may be payable for the whole of life. The payment intervals 
may commence immediately or, alternatively, the annuity may be deferred. Pay- 
ments may be due at the beginnings of the payment intervals (annuities-due) or at 
the ends of such intervals (annuities-immediate). 


Through the study of annuities-certain in the theory of interest, the reader al- 
ready has a knowledge of annuity terminology, notation, and theory. Life annuity 
theory is analogous but brings in survival as a condition for payment. This con- 
dition has been encountered in Chapter 4 in connection with pure endowments 
and the maturity payments under endowment insurances. 


Life annuities play a major role in life insurance operations. As we see in the 
next chapter, life insurances are usually purchased by a life annuity of premiums 
rather than by a single premium. The amount payable at the time of claim may be 
converted through a settlement option into some form of life annuity for the ben- 
eficiary. Some types of life insurance carry this concept even further and, instead 
of featuring a lump sum payable on death, provide stated forms of income benefits. 
Thus, for example, there may be a monthly income payable to a surviving spouse 
or to a retired insured. 


Annuities are even more central in pension systems. In fact, a retirement plan 
can be regarded as a system for purchasing deferred life annuities (payable during 
retirement) by some form of temporary annuity of contributions during active ser- 
vice. The temporary annuity may consist of varying contributions, and valuation 
of it may take into account not only interest and mortality, but other factors such 
as salary increases and the termination of participation for reasons other than death. 
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Life annuities also have a role in disability and workers’ compensation insur- 
ances. In the case of disability insurance, termination of the annuity benefit by 
reason of recovery of the disabled insured may need to be considered. For surviving 
spouse benefits under workers’ compensation, remarriage may terminate the 
annuity. 


We proceed in this chapter as we did in Chapter 4 and express the present value 
of benefits to be received by the annuitant as a function of T, the annuitant’s future- 
lifetime random variable. It then will be possible to study properties of the distri- 
bution of this financial value random variable. The expectation, still called the ac- 
tuarial present value, can be evaluated in an alternative way using either 
integration by parts or summation by parts depending, respectively, on whether a 
continuous or discrete set of payments is being evaluated. The results of this pro- 
cess have a useful interpretation and lead to an alternative method of obtaining 
actuarial present values called the current payment technique. 


As in the preceding chapter on life insurance, unless otherwise stated we assume 
a constant effective annual rate of interest i (or the equivalent constant force of 
interest 8). We also assume aggregate mortality for most of the development in this 
chapter and indicate those situations where a select mortality assumption makes a 
major difference. 


In most applications of the theory developed in this chapter, annuity payments 
continue while a human life remains in a particular status. However, the possible 
applications of the theory are much wider. It may be applied to any set of periodic 
payments where the payments are not made with certainty. Examples of some of 
these applications are seen in later chapters dealing with multiple lives or multiple 
causes of decrement. 


5.2 Continuous Life Annuities 


We start with annuities payable continuously at the rate of 1 per year. This is of 
course an abstraction but makes use of familiar mathematical tools and as a prac- 
tical matter closely approximates annuities payable on a monthly basis. A whole 
life annuity provides for payments until death. Hence, the present value of pay- 
ments to be made is Y = dz for all T = 0 where T is the future lifetime of (x). The 
distribution function of Y can be obtained from that for T as follows: 


Fy) = Pr(Y = y) = Pr(@q = y) = Pr(1 — v” = y) 


= Pro" = 1 - ay) = Pr |r s P88 


=F, [ wm for0<y< 3 (52.1) 
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From this we obtain the probability density function for Y as 


d d —log(1 — à 
AG) = Ardy) = f (cie 3) 


_ fr(l-log(l — 8y)]/9) 
1-38y 


forüc y « 3 (5.2.2) 


The distribution function for Y depends on the distribution of T but would resemble 
that shown at the end of this section in Figure 5.2.1(a). 


The actuarial present value for a continuous whole life annuity is denoted by 
à, where the post fixed subscript, x, indicates that the annuity ceases at the death 
of (x) and that the distribution of T(x) may depend on information available at 
age x. Under aggregate mortality the p.d.f. of T is ,p, w(x + t), and the actuarial 
present value can be calculated by 


'oo 


à, = E[Y] = Í ds p, w(x + t) dt. (5.2.3) 


Using integration-by-parts with f(t) = 23, dg(t) = ,p, w(x + t) dt, g(t) = —p,, and 
df(t) = v' dt, we obtain 


a, = f vt pdt = Í iE, dt. (5.2.4) 
This integral can be considered as involving a momentary payment of 1 dt made 
at time f, discounted at interest back to time zero by multiplying by v' and further 
multiplied by ,p, to reflect the probability that a payment is made at time f. This 
is the current payment form of the actuarial present value for the whole life an- 
nuity. In general, the current payment technique for determining an actuarial pres- 
ent value for an annuity gives 


APV = Í v! Pr[payments are being made at time t] 


X [Payment rate at time t] dt. (5.2.5) 


Let us rewrite (5.2.4) by splitting off that portion of the integral involving t values 
from 0 to 1. Thus 


Su 
ll 


1 o0 
" [ ot pat + | v! ,p, dt 


0 1 


oo 
x3 tu Px Í v? sPx+1 ds 


0 


= Aya + UD... (5.2.6) 


The actuarial present-value symbol, 4,7, used above is introduced below in (5.2.11). 
Expression (5.2.6) is an example of the backward recursion formula first observed 
in Section 3.5 and explored more fully in Section 4.3. Here u(x) = à,, c(x) = 4,3, 
and d(x) = v p,. The initial value to use for the whole life annuity is 2, = 0. There 
are several ways to evaluate the c(x) term. A simple approach is to use a trapezoid 
approximation for the integral 
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i 1+ 
Av = Í v' iPx dt B 2 ER 


0 


Another approach, based on the assumption of a uniform distribution of deaths 
within each year of age, is examined in Section 5.4. 


A relationship, familiar from compound interest theory, is that 
1-26 ay + vt. 
This can be interpreted as indicating that a unit invested now will produce annual 
interest of 8 payable continuously for t years at which point interest ceases and the 


investment is repaid. This relationship holds for all values of t and thus is true for 
the random variable T: 


1=84a_,+0'. (5.2.7) 


Then, taking expectations, we obtain 
1=84, + A,. (5.2.8) 


This is subject to the same kind of interpretation as above. A unit invested now 
will produce annual interest of 8 payable continuously for as long as (x) survives, 
and, at the time of death, interest ceases and the investment of 1 is repaid. 


To measure, on the basis of the assumptions in our model, the mortality risk in 
a continuous life annuity, we are interested in Var(aq). We determine 


ig 
Var(i3) = Var (3 2 
. Var(v") 
e 
Ea 
ET EC 


(5.2.9) 


Further, we can observe that since 1 = 6 23 + v7, Var(8 43 + v") = 0. Thus there 
is no mortality risk for the combination of a continuous life annuity of 8 per year 
and a life insurance of 1 payable at the moment of death. 


Example 5.2.1 


Under the assumptions of a constant force of mortality, p, and of a constant force 
of interest, 6, evaluate 
a. ü x =, E[2] 
b. Var(d) 
c. The probability that 45; will exceed 4, . 


Solution: 
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NE" 
* typ 


by the rule of moments 


REN p cr p 
Var(a7) EE E +u (s up -) | (28 + wd + p 


" = lent. o 1 u 
c. Pri@ > d.) = mo 5 > a.) = z > E^ log (; T -)| 


1 
= ihr where f, = 5 log (; = m 


pf 
zs H 
b * ;) M 


We now turn to temporary and deferred life annuities. The present value of a 
benefits random variable for an n-year temporary life annuity of 1 per year, pay- 
able continuously while (x) survives during the next n years, is 


_ Jan OsT<n 
Y In TSH. (5.2.10) 


The distribution of Y in this case is a mixed distribution. In particular, the maxi- 
mum value of Y is limited to 25, and there is a positive probability associated with 


a, of Pr(T = n) = ,p,. A typical distribution function for this random variable is 
illustrated in Figure 5.2.1(b). 


The actuarial present value of an n-year temporary life annuity is denoted by 
a,; and equals 


8,4 = E[Y] = i Ay p, w(x + t) dt + aa apx (5.2.11) 


Integration by parts gives 


fea = Í v! ,p, dt. (5.2.12) 
This is the current payment integral for the actuarial present value for the n-year 
temporary annuity. It can be considered as involving a momentary payment 1 dt 
made at time t, discounted at interest back to time 0 by multiplying by v! and 
further multiplied by ,p, to reflect the probability that a payment is made at 
time f for times up to time n. No payments are to be made after time n so the 
probability of such payments is 0. 


The same recursion formula as indicated for (5.2.6) applies here with u(x) — 
a,,=3 and the same c(x) function which we now recognize as 4,3. We use here n 
= y — x. The only thing that needs to be changed is the initial value, for which we 
use u(y) = 4,g = 0. Another form of a recursion formula for a temporary annuity 
with the ri-year period fixed is examined in Exercise 5.7. 
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Returning to (5.2.10) we note that 


Y= (5.2.13) 


where 


(5.2.14) 


In (5.2.14), Z is the present-value random variable for an n-year endowment in- 
surance. Hence 


eal ee oe 
HY] = ns E [+= 2] = Aaa (5.2.15) 
and 
2A = 2 
vay) = O = Ase Aa (5.2.16) 


In terms of annuity values, (5.2.16) becomes 


— 28 24,5 — (1 - 8 ay. 


x:n 
82? 


Varnes 


2 
e 3 (4,5 U ^83) un (Za. 


The analysis for an n-year deferred whole life annuity is similar. The present- 
value random variable Y is defined as 


_ J0 = Hg — an OxT-«n 
id p» ata = an — ay T mn. (5.2.17) 


Here the random variable Y can take on a value no larger than (1/8) — 25 = 
v^/$, and the probability that it takes on a zero value is Pr(T = m) = „fy 
A typical distribution function is illustrated in Figure 5.2.1(c). 

Then, 


(E = ELY] = | v" äp Pa w(x + t) dt 


= Í U" G5 n+sPy W(X + n +s) ds 
0 


v” " ay sPxin p(x tat s) ds 


which shows that 
Ea (5.2.18) 


nlF x ~ nx itn 
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An alternative development would be to note that, from the definitions of Y, 
(Y for an n-year deferred = (Y for a whole life annuity) 
whole life annuity) 
— (Y for an n-year temporary 
life annuity). 
Taking expectations gives 


nde = y — Hua. (5.2.19) 


Integration by parts can be employed to verify the result given by the current 
payment technique. Since the annuity will be paying after time n if x survives, the 
actuarial present value can be written as 


T f vp dt = Í E, dt. (5.2.20) 


To develop the backward recursion formula for deferred annuities with n = y — x 
> 1, we note that we have no term corresponding to the integral for t values 
between 0 and 1. Thus, for u(x) = , 44, at ages less than y, c(x) = 0, and d(x) = 
v p,. For a starting value we would use u(y) = à,. 


One way to calculate the variance of Y for the deferred annuity is the following: 


Var(Y) = Í v^ (aia. ,p, w(x + E) dt — Guy 


n 


v” nPx [ (C sPx+n u(x tnt s) ds — (4x) 


and using integration by parts, 
= pe nPx Í 2üg v? sPx+n ds — (i2, 
0 
p" nx Í (v* =, v”) sPx+n ds — (a) 
0 


U” „Pr (Axan Z Eran) un (5.2.21) 


PIN IN 


For an alternative development of this formula, see Exercise 5.37. 


We now turn to analysis of an n-year certain and life annuity. This is a whole 
life annuity with a guarantee of payments for the first n years. The present value 
of annuity payments is 


= an Tin 
Y [n Tm (5.2.22) 


A typical distribution function is shown in Figure 5.2.1(d), which reflects the mixed 
nature of the distribution and the minimum value and upper bound of Y, which 
are 43 and 1/6, respectively. 
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The actuarial present value is denoted by 275. This symbol is adopted to indicate 
that payments continue until max[T(x), n]: 


ag = E[Y] = Í a P, u(x + t) dt 
X Í à; ,p, w(x + t) dt 


= nfa iq t Í ds p, w(x + t) dt. (5.2.23) 


Integration by parts can be used to obtain 
aq = aq t Í v' p, dt. (5.2.24) 


This is the current payment form for the actuarial present value, since at times 0 
to n payment is certain, whereas for times greater than n payment is made if (x) 
survives. 


Further insight can be obtained by rewriting Y as 


y= a, tO Tsn 
aq + (a7 — īm Tn. 


Here Y is the sum of a constant 4 and the random variable for the n-year deferred 
annuity. Thus, 


E ordo by (5.2.18) 


H 
2 
| 


at (@,- aq) by (5.2.19). (5.2.25) 


Furthermore, since Var(Y — 45) = Var(Y), the variance for the n-year certain and 
life annuity is the same as that of the n-year deferred annuity given by (5.2.21). 


A backward recursion for 275; with a fixed n-year certain period is examined in 
Exercise 5.9. 


Analogous to the function 
Sa = Í (1 + "~ dt 
0 


in the theory of interest, we have for life annuities 


c eh a 
5q m - f dt, (5.2.26) 


x 0 pape re 


n 


representing the actuarial accumulated value at the end of the term of an n-year 
temporary life annuity of 1 per year payable continuously while (x) survives. 
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Such accumulated value, which is often said to have been accumulated under (or 
with the benefit of) interest and survivorship, is available at age x + n if (x) 
survives. 


We obtain an expression for da,/dx by differentiating the integral in (5.2.4), 
assuming that the probabilities are derived from an aggregate table: 


d i ð B 
aem | v' (2 n) dt = | v' p, [p(x) — mlx + t)] dt 


= p(x) 2, — A, = wx) a, = (1 = 8 aj). 


Therefore, 


d 

ae ax = [wtx) + 8] a, — 1. (5.2.27) 
The interpretation of (5.2.27) is that the actuarial present value changes at a rate 
that is the sum of the rate of interest income 8 Z, and the rate of survivorship 
benefit w(x) 2,, less the rate of payment outgo. 


Example 5.2.2 


Assuming that probabilities come from an aggregate table, obtain formulas for 


ð ð 


— &,. b. a 
ax cU 


a. an ni 


x* 


Solution: 


a. Proceeding as in the development of (5.2.27), we obtain 


Q- — 7 7 
ax bm 7 w(x) 4,3 — Aza 


m(x) ag (L8 ED 
[n (x) | è] 8.3] (1 pk: 


QU ous à [^ 
b. iu Ge = m [ v! ,p, dt = —v" „Pe 


Table 5.2.1 summarizes concepts for continuous life annuities. 

Figure 5.2.1 shows typical distribution functions for the several types of contin- 
uous life annuities studied in this section. Limiting values and points of disconti- 
nuities are indicated on one or both axes. 

When F,(0) = 0, E[Y] = fö — Fy(y)] dy, the actuarial present value of Y can be 


visualized as the area above the graph of z = F,(y), below z = 1, and to the right 
of the line y = 0. This interpretation can provide a bridge between the actuarial 
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a, 
AD 


Summary of Continuous Life Annuities (Annuity of 1 per Annum 


Payable Continuously) 


Annuity 
Name 


Present-Value 
Random Variable Y 


Actuarial Present 
Value E[Y] Equal to 


Whole Life Annuity 


n-Year Temporary 
Life Annuity 


n-Year Deferred 
Whole Life Annuity 


n-Year Certain and 
Life Annuity 


az T=0O 


a7 OxT-«n 
ay T2n 
0 0=T<n 


az — ay Tzn 


| 
| 
M O<T<n 


a 
ay T2n 


Evi 
E 
Sl 
I 
A 
EN 
+ 
qe 
iol 
c 
H 
a 
=~ 


Additional relations are 
°-1=84,+A, 
*1=84,q À,3 

t nfs = Ay 7 d, 


a 


eg -53. fasse 
5T = J, ary; 


ha dt. 


xtn 


(a) Whole life annuity 
1 


Typical Distribution Functions for the Present-Value Random Variables, Y 


(b) n-year temporary life annuity 


1 


(c) n-year deferred life annuity 


o[e-- 


+1 


n9x|------------ 


(d) n-year certain and life annuity 


bemus 


An] 


e| 


————ÁMÁ WW E 
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present value as evaluated from the definition of the random variable and the 
current payment form for the actuarial present value. 


5.3 Discrete Life Annuities 


The theory of discrete life annuities is analogous, step-by-step, to the theory of 
continuous life annuities, with integrals replaced by sums, integrands by sum- 
mands, and differentials by differences. For continuous annuities there was no dis- 
tinction between payments at the beginning of payment intervals or at the ends, 
that is, between annuities-due and annuities-immediate. For discrete annuities, the 
distinction is meaningful, and we start with annuities-due as they have a more 
prominent role in actuarial applications. For example, most individual life insur- 
ances are purchased by an annuity-due of periodic premiums. 


We consider an annuity that pays a unit amount at the beginning of each year 
that the annuitant (x) survives. In the nomenclature this is called a whole life 
annuity-due. The present-value random variable, Y, for such an annuity, is given 
by Y = iigz3 where the random variable K is the curtate-future-lifetime of (x). The 
possible values of this random variable are a discrete set of values ranging from 
iz) = 1 to ==, a value which is less than 1/4. The probability associated with the 
value dg is Pr(K = k) = ,p, qa. 


Let us now consider à,, the actuarial present value of the annuity: 


a, = E[Y] = Ellära] 


= 2 ie Ps Fev (5.3.1) 


since Pr(K = k) = ,p, q,.,. By summation-by-parts (see Appendix 5) with A f(k) = 
kPx deck = Px — jap, and g(k) = dz and use of the relations 
A g(k) = A digg = v" and fk) = —,p,, 


(5.3.1) converts to 


ENT p JN TET (5.3.2) 
= > vt apy. (5.3.3) 


The expression (5.3.3) is the current payment form of the actuarial present value 
for a whole life annuity-due where the ,p, term is the probability of a payment of 
size 1 being made at time k. 
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Starting with the sum in (5.3.2) above we have 


eo oO 

a Als k+1 = k 

a. = 1 » U k+1Px = lt*v Px 2 U kPr+i 
=0 - 


=1+0 Py d. (5.3.4) 


This expression is an example of the backward recursion formula first observed in 
Section 3.5 and explored more fully in Sections 4.3 and 5.2. Here u(x) = ii,, 
c(x) = 1, and d(x) = v p,. The initial value to use for the whole life annuity is 
a, = 0. 


From (5.3.1) we obtain in succession 


D 1 — ptt 
i= 8| 7 | 


1-A 
"To x (5.3.5) 
and 
ä, = da — dA, (5.3.6) 
1 = di, + A,. (5.3.7) 


This should be compared with its continuous counterpart (5.2.8). Formula (5.3.7) 
indicates that a unit invested now will produce interest-in-advance of d per year 
while (x) survives plus repayment of the unit at the end of the year of death of (x). 


The variance formula is 


? 1- pK Var pK 
Var(igz) = Var ( ) = C ) 


= ee (5.3.8) 
see (5.2.9). 


The present-value random variable of an n-year temporary life annuity-due of 1 
per year is 
y= agi O=K<n 
ay K=n, 


and its actuarial present value is 
n-1 


aq = FLY] = » Biz Px due + 33 p. (5.3.9) 


Summation by parts can be used to transform (5.3.9) into 
n-1 


i,q = 2 V* Pes (5.3.10) 


which is the actuarial present value in the current payment form. 
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Again separating out the first term and factoring out vp,, we obtain the backward 
recursion formula for a temporary annuity-due payable to age y = x + n: 
äga — 1+ Vp, Ärger (5.3.11) 
This recursive formula for the actuarial present values is the same as (5.3.4) but 
differs in that here we use an initial value of a, = 0. 


Since Y = (1 — Z)/d, where 


Z okt O<K<n 
EMIL Ken 


is the present-value random variable for a unit of endowment insurance, payable 
at the end of the year of death or at maturity, we have 


1-HZ] 1-4,3 
Hu mL = .3.12 
ao (5.3.12) 
see (5.2.15). 
Rearrangement of (5.3.12) yields 

1 = dä + Aja. (5.3.13) 

To calculate the variance, we can use 

Var(Z) °A g — (Ag? 

Var(Y) = DU - Tue (5.3.14) 


For an n-year deferred whole life annuity-due of 1 payable at the beginning of 
each year while (x) survives from age x + n onward, the present-value random 
variable is 


". e 0<K<n 
näga Ken 
and its actuarial present value is 
E[Y] = 44, = „Er d.i, (5.3.15) 
= fi, — da (5.3.16) 
= Dv! Pei (5.3.17) 
k=n 


see (5.2.18)—-(5.2.20). 


The backward recursion formula for a deferred annuity-due with n = 
y ~ x > lis identical to that for the continuous version in that it uses c(x) = 0 
and d(x) = vp, The change is that we use the actuarial present value for an 
annuity-due, u(y) = à,, for the starting value. 


The variance of Y can be developed in a manner completely analogous to that 
used in formula (5.2.21) and leads to the expression 
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Var(Y) m d v” nPx (s, = isi) + nf = (fy) (5.3.18) 


We turn now to analysis of an n-year certain and life annuity-due. This is a life 
annuity with a guarantee of payments for at least n years. The present value of the 
annuity payments is 


E ain O0O=sK<n 
Y iis end (5.3.19) 
Then 
ara = E[Y] = 4a fe + p Ago kPs eek; (5.3.20) 


and this can be transformed by summation by parts into the current payment ver- 
sion of the actuarial present value 


ü dq 2 v* .p,. (5.3.21) 
This can be written as 
iq = da + a, — d. 


The actuarial accumulated value at the end of the term of an n-year temporary 
life annuity-due of 1 per year, payable while (x) survives, is denoted by ë. For- 
mulas for this function are 


34 n-1 
5 = a : 5.3.22 
S vnl „E, 2 "wm. ( 3. ) 


which are analogous to formulas for 35 in the theory of interest. 


The procedures used above for annuitics-due can be adapted for annuities- 
immediate where payments are made at the ends of the payment periods. For 
instance, for a whole life annuity-immediate, the present-value random variable is 
Y = ag. Then, 


oo 


a, = E[Y] = >) p. doas AR» (5.3.23) 


k=0 


and a summation by parts will give the current payment form of the actuarial 
present value as 


a, = X, vt p. (5.3.24) 
k=1 
Since Y equals (1 — v9/i = [1 — (1 + i) v**]/i, we have, taking expectations, 
_1-(+)A, 
; l 


a, = ELY] (5.3.25) 


This formula can be rewritten as 1 = ia, + (1 + i) A,. A comparison of this formula 
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with (5.3.7) shows that an interest payment of i is made at the end of each year 
while (x) remains alive and that at the end of the year of death an interest payment 
of i along with the principal amount of 1 must be paid. This formula has signifi- 
cance for estate taxation. For each unit of an estate, define ia, as the life estate and 
(1 + i) A, = 1 — ta, as the remainder, which, if designated for a qualified charitable 
organization, is exempt from estate taxation. 


The analysis for the other forms of the annuity-immediate is similar. The 
present-value random variable can be formed in a manner analogous to that for 
the annuity-due. Formulas for the actuarial present value from the definition and 
by summation by parts can be obtained. Formulas for the variances of the annuities- 
immediate in this section can also be obtained. 


Find formulas for the expectation and variance of the present-value random vari- 
able for the temporary life annuity-immediate. 


Solution: 
We start with the present-value random variable for an n-year temporary 
annuity-immediate: 


K 
ag = O=K<n 


We now introduce two new random variables 


gale ier wu en 
1™ jo Ken 


and 
Z = 0 O0O=K<n 
z v” K2n 
so that Y = (1 — Z, — Z,)/i for all K. Now taking expectations, we have 


pepe qpAI E 
; ; 


E[Y] =a 


xi = 


This can be rewritten, following (5.3.13), 
1= i Aya + i Ala E Ayal 
The variance calculation is as follows: 


_ Var(Z, + Z) | Var(Z,) + 2 Cov(Z,,Z,) + Var(Z,) 
i? i? $ 


Var(Y) 
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Recall Var(Z,) = (1 + i? PAL; — (Alal and Var(Z,) = v?' „p, (1 — ,p,). Since 
Z, Z, = 0 for all K, we have Cov(Z,, Z) = —(1 + i) Ala v" „Py. Combining, we 
obtain 
+ A2 J2 Al 1_)\2 Fi 1. n 2n , =, 
Var(Y) pane (1 i) [ Aga (Aim ] 2(1 5 i) Axa U nPx tv nPx (1 P) 


l 


v 


Summary of Discrete Life Annuities [Annuity of 1 Per Annum Payable at 
the Beginning of Each Year (Annuity-Due) or at the End of Each Year 
(Annuity-Immediate)] 


Present-Value Actuarial Present Value 
Annuity Name Random Variable Y E[ Y] Equal to 
Whole Life Annuity 
* Due ig, K=0 ü, = Dv ap. 
* Immediate ap K=O a, = 2 v* ip, 
n-Year Temporary 
Life Annuity 
im 0O=K<n z n 
* Due ae Kn aj = 2 v* kPx 
a 0O=K<n ua 
* Immediate M K=n aa = 2 up, 
n-Year Deferred 
Whole Life Annuity 
0 0=K<n EN 
* Due aga — aq Ken al. = È v kPx 
—— {° 0<K<n S 
. a 
mmediate ag — az K=n dés zu v* py 
n-Year Certain and 
Whole Life Annuity 
aa O=xK<n Yuri. il 
"HE E Ken Hy = da » v* p, 
ü O<K<n = 
* Immediate {za K=n ayq=aqt+ 2, vp 
KI = k=n+1 
Additional relations are 
*l=da,+A, * Aya Ud, — a, 
n A, =U ay, T ay * PL 23 ü, m il 
Tedia Tt A. t7. + a, — az 
td. = lota MEN 
1 = m REST *^ E 
* A =U A ex EE [e nx 
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5.4 Life Annuities with m-thly Payments 


In practice, life annuities are often payable on a monthly, quarterly, or semi- 
annual basis. In International Actuarial Notation, the actuarial present value of a 
life annuity of 1 per year, payable in installments of 1/m at the beginning of each 
m-th of the year while (x) survives, is denoted by //??. 


We start the analysis of the distribution of Y, the present value of the life annuity- 
due, with payments made on an m-thly basis, by expressing Y in terms of the 
interest rate and the random variables, K and J = |(T — K)m1. The “L |" in the 
expression for J denote the greatest integer function so that J is the number of 
complete m-ths of a year lived in the year of death. For an annuity-due there would 
be m payments for each of the K complete years and then J + 1 payments of 1/m 
in the year of death; thus, 


mK+] 1 d ] — pg F*U*0/m 


j/m — yl LI 
Y= > y, UI c Ü Rays TO l (5.4.1) 


The actuarial present value, E[Y], which can be determined using Exercise 4.19, is 
1] — Aw” 
do? 


The current payment form, which is the sum of the actuarial present value of the 
set of payments, is 


E[Y] = a” = 


(5.4.2) 


D by! (5.4.3) 


Again using (5.4.1), we obtain 


Var(uK*U*0/m) 2A — (Ay 
Var(Y) — (dy = (dy : (5.4.4) 


It is convenient to use (5.3.7) and (5.4.2) to obtain various relationships between 
the actuarial present values for m-thly annuities and those with annual payments: 


1=dä, + A, = d™ üt + AQ, (5.4.5) 


These show that an investment of 1 will produce interest-in-advance at the begin- 
ning of each interest period and repayment of the unit at the end of the period in 
which death occurs. 


From the right two members of (5.4.5) we obtain 


od 1 


P = 405 Ë gom AP A) 


= af? a, — a£? (AM — A). (5.4.6) 


This can be interpreted as follows: The m-thly payment life annuity is equivalent 
to a series of 1-year annuities-certain in each year that (x) begins, with cancellation 
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in the year of death of installments payable beyond the m-th (month, quarter, half- 
year) of death. The cancellation is accomplished by an m-thly payment perpetuity 
beginning at the end of the m-th of death less a similar perpetuity beginning at the 
end of the year of death. Alternatively, from (5.4.2), we can write 


TH ASP. Shas =, 


je = n = 
ay do? ay 


ag? AQ), (5.4.7) 


which is left to the reader to interpret. 


Remark: 

In the study of interest theory the calculation of the present value of an annuity 
with payment periods and effective interest periods of different lengths was re- 
duced to the calculation of the present value of an annuity with payment periods 
and interest periods of equal length in one of two ways. The first was to replace 
the payments corresponding to an interest period by a single equivalent payment 
(at the given interest rate) at one end or the other of the interest period. The ex- 
pression for the m-thly whole life annuity in (5.4.6) is an extension of this method 
to a set of contingent payments. When calculators with exponentiation keys re- 
placed interest tables, the second method, using the equivalent effective interest 
rate per payment period, became the preferred way to match payment period and 
interest period lengths. The extension of this second method to m-thly whole life 
annuities would be to use an m-thly mortality table along with the equivalent ef- 
fective interest rate per m-th of a year. Using this, the recursion relations of Section 
5.3 could be used to obtain the actuarial present value of the m-thly whole life 
annuity. An advantage of this second approach is that it frees us to use other 
assumptions about the distribution of deaths within each year of age, like constant 
force or Makeham’s, in place of the uniform distribution that is central in the dis- 
cussion below. 


Now let us assume that deaths have a uniform distribution in each year of age. 
This means that S has a uniform distribution on (0, 1) so that J is uniformly dis- 
tributed on the integers (0, 1, . . . , m—1}. Exercise 4.19 shows that this implies 


i 


m) — _ ,Q) 
As ) = jon A. = S1 Ay 
and from (5.4.6) we have 
(m) 
m SA 
at" = at a, — sq "T At. (5.4.8) 


Formula (5.4.8) shows that the value of the m-thly life annuity-due is the difference 

between 

a. The value of an annual life annuity-due with each annual payment sufficient to 
pay a 1-year annuity certain of 1/ m at the beginning of each m-th; and 
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b. The value of an insurance payable at the end of the year of death with the benefit 
equal to the coefficient of A,. It can be shown that, under the assumption of 
uniform distribution of deaths in each year of age, this coefficient is the actuarial 
accumulated value of those payments of 1/m for the m-ths after death. See the 
bracketed expression in Exercise 5.15. 

By substituting 1 — d à, for A,, in (5.4.8) and noting that d? ay? = d, we obtain 

a formula involving only annuity functions, namely, 


(mn) eg 
jm = 1- sì (1 — dd,) 


FI 
Qn) 
e) m. — (53 — D) 
= s} dq d,— Te (5.4.9) 


An alternative, widely used, formula is 


m-—1 
je = d, — ———. .4.1 
IS (6.4.10) 


This result can be obtained by assuming that the function v U/? 


in j for j = 0,1,2,...,m — 1. In that case, 


m-1 1 m-i 1 í " 
> ptum kg /mfPx = > 2n. T= - v* kPx + 1 ges k+1Px 


k+(j/mPx 1$ linear 


1-041 pa 
m-1 j 
Zak k k+1 
= V P7 (v kPx 7 U i: IA ND, 
joo m 
— uk k k+1 
U kPx 2m (v kPx un x k+1Pa) 
Thus 
o m-1 1 
[220] 
a= DU UD Eas 
k=0 j=0 mM 
= TET ve k — pk+1 
- à oupa 220 pc vH" ead) 
k=0 WH k=0 
= m—1 
e 7m 


Note that this is not the same assumption as that of linearity of ,p,, which would 
follow if a uniform distribution of deaths within each year of age is assumed. 
Consistent use of the assumption of a uniform distribution of deaths in each year 
of age assures that relations such as (5.4.5) are satisfied exactly. It has also been 
observed that formulas derived from (5.4.10) can, for high rates of interest and low 
rates of mortality, produce distorted annuity values, such as ato > ay” ; see Exercise 
5.50. For these reasons, (5.4.8) and equivalently (5.4.9) are presented as replace- 
ments for the widely used formula (5.4.10). 


It is convenient for writing purposes to express (5.4.9) in the form 


üt" = o(m) à, — Bn), (5.4.11) 
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where 


T id 
a(m) = stai = sm gm (5.4.12) 
and. 
sP -1 ii 
Boe a = mae (5.4.13) 


We note that a(m) and B(m) depend only on m and the rate of interest and are 
independent of the year of age. Further, for m = 1, (5.4.11) is an identity where 
a(1) = 1 and B(1) = 0. Also, B(m) is the coefficient of the cancellation term in (5.4.8); 
that is, (5.4.8) can be written as 

üt" = at" à, — B(m)A,. (5.4.14) 


For series expansions of a(m) and B(m), see Exercise 5.41. 


Example 5.4.1 


On the basis of the Illustrative Life Table, with interest at the effective annual 
rate of 6%, calculate the actuarial present value of a whole life annuity-due of 1,000 
per month for a retiree age 65 by (5.4.9) and (5.4.10) and its standard deviation by 
(5.4.4). 


Solution: 
Here 
(12) ,.(12) 


a(12) = st? af? = (1.02721070)(0.97378368) = 1.0002810, 


S — 1 
B(12) = + 7a = 0.46811951, 
11 
z4 ^ 049893393. 


Observe that a(12) = 1, and B(12) is fairly close to the 11/24 that appears in the 
traditional approximation. 


By the Illustrative Life Table, as defined by (3.7.1), with interest at 676, 
9.89693, 


digs 
Ags = 1 ~ di, = 04397965. 
Then, 12,0004: can be calculated as follows: 


by (5.4.11) 12,000fa(12)a ys — B(12)] 


12,000[(1.0002810)(9.89693) — 0.46811951] 
= 113,179 and 


1 
by (5.4.10) 12,000 (v. = A = 113,263. 


Section 5.4 Life Annuities with m-thly Payments 


The variance of 12,000Y = 12,000(1 — v K*U*9/32) /d@ is equal to 


12,000 V 
a) Varo (1 + y 0n] 
2 
= (o) {E[v24+) (1 + ipa-0*0/15] — (EE? (1 + i0-0*2/122] 


12,000 V7 No Ag iV 
- ( di {PAs EL paye Seer = (48) | 


(206,442.14)? [(0.2360299 x 1.055458268) — (0.4397965 x 1.02721069)] 
= 1,919,074,762. 


This means that the standard deviation for the present value for the payments to 
an individual is 43,807 as compared to the actuarial present value of 113,179. W 


The development starting with random variables can be followed for m-thly tem- 
porary and deferred annuities-due. However, if all we seek is formulas for their 
actuarial present values, we can proceed by starting with (5.4.14). Thus 


0n) = üt a „E ge) 


A yal x Ü yn 
= d dy — BODA, = EMAL? du, = BA.) 
= fq) äg — B(m)Ala; (5.4.15) 
and similarly, 
A? = aP ad, — Bim) 4A,. (5.4.16) 
Alternately from (5.4.11), 
ath = alm) dg — BONA — E), (6.4.17) 
4"? = a(m) ,,4, — Bim) ,E,. (5.4.18) 


Backward recursion formulas can be developed directly for m-thly life annuities, 
and the reader is asked to do this in Exercise 5.16 for an m-thly annuity-due. A 
more direct approach, however, would be to use the recursions of Section 5.3 and 
then adjust from annual to m-thly life annuities by means of (5.4.11), (5.4.17), and 
(5.4.18) or the equivalent formulas (5.4.14), (5.4.15), and (5.4.16). 


The distribution of the present value of the payments of a life annuity-immediate 
with m-thly payments can be explored in steps analogous with those for the an- 
nuity-due. For example, the present-value random variable, Y, would be 


(m) 1 — oK*ü/m 
Y = akra = EO (5.4.19) 


for the whole life annuity-immediate with m-thly payments. This exploration leads 
to the following formula analogous to (5.4.5): 


jm) 
1-ia, t (1 i) A, =i qt + E g x A. (5.4.20) 
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The meaning here is that an investment of 1 will produce interest at the end of 
each interest period plus the repayment of the unit together with interest then due 
at the end of the interest period in which death occurs. 


The actuarial present values for the annuities-immediate can also be obtained by 
adjusting the actuarial present values of the corresponding life annuities-due. For 


instance, 
1 
gen = am aie 
x x m 
Qu) — 00 - 1 
yu m ü cn m (1 2 je): (5.4.21) 


5.5 Apportionable Annuities-Due and Complete 
Annuities-Immediate 


With discrete annuities each payment is made either for the following period (an 
annuity-due) or for the preceding period (an annuity-immediate). A question may 
arise about having an adjustment for the payment period of death. For instance, 
suppose that a life insurance contract is purchased by annual payments payable at 
the beginning of each contract year. If the insured dies 1 month after making an 
annual payment, a refund of premium for the 11 months the insured did not com- 
plete in the policy year of death might seem appropriate. As another example, if a 
retirement income life annuity-immediate provides annual payments and the an- 
nuitant dies 1 month before the due date of the next payment, there might be a 
final payment for the 11-month period that the annuitant has survived since the 
last full payment. Consider first the appropriate size for the adjustment payment 
in such cases. 


Let us examine the first case above. The insured dies at time T after paying a 
full yearly premium of 1 at time K. Assume that the premium is earned or accrued 
at a uniform rate over the year following the payment. In this case the rate of 
accrual, c, is given by c aj, = 1. If accrual ceases at death, then c yzg has been 
earned to that date, while 


2 Sý üYi1—n 
Gtp — copy m0 X (14 i-k- SER = See 
aq an 
is unearned and is the amount to be refunded. The present-value random variable, 
at time 0, of all the payments less the refund is 


Y = dg pf AKTIT] 
ay 
- YIT — yK" 
= lic 
KH F 
I= . 
=- d = dg. (5.5.1) 
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When the annual rate of payments is 1, the actuarial present value at time 0 of the 
payments is denoted by 4: 


" S 9 m 
äh = Ela] = E E an| = 4 4,. (5.5.2) 


This type of life annuity-due, one with a refund for the period between the time 
of death and the end of the period represented by the last full regular payment, is 
called an apportionable annuity-due. 


We can extend this idea to annuities that are paid more frequently than once a 
year. As in Section 5.4, we define J = L(T — Kym] to be the number of m-ths of a 
year completed in the year of death, so K + (J + 1)/m — T is the length of the 
period to be compensated for by the refund. The accrual rate is given by c 271775; = 
1/m. Then, proceeding as above, 


Ags met 
_ mn) _ K+Q+1)/m-T| 
Y= ÖK Im v” ( aaa 


TO 17,8 
qi K+(f+1)/ 
— jm U U m, 
K+(]+1)/ m qe 
1-v! p 
se at. (5.5.3) 


When the annual rate of payments is 1, the actuarial present value of payments, 
less the refund, is à!"': 


qap $ 
jo — ————|2——g 
üt E | qo) | qe ü,. (5.5.4) 


Alternatively, using the second line of (5.5.3), 


1 — pK Umm yt — pF 0*0/m 
üt —E | E 


d qe 


ES Kt(Jr1)/m 
= jt — E |: 2 | (5.5.5) 


The second term on the right-hand side of (5.5.5) is the actuarial present value of 
the refund. Using the ideas developed in Exercise 4.19 we have 


vT = pktU+)/m B A, e AQ 
d go 


Under the uniform distribution of death assumption for each year of age, this 


becomes 
i [1 1 
qm (; =) s 


i {1 1 
imi x (m) 1 
d üt je (3 x) A,- (5.5.7) 


(5.5.6) 


and 
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Let us now develop a parallel theory for annuities-immediate. Assume the an- 
nuitant dies at time T after receiving a last regular payment of size 1/m at time 
K + J/m, where J = |(T — um]. Now T- K — (J/m) is the length of the period 
to be compensated for by an additional payment. Assume that each payment is 
accrued at a uniform rate over the m-th of the year preceding its payment. In this 
case the rate of accrual, c, is given by c 8175; = 1/m. If accrual ceases at death, an 
appropriate payment at death is that portion of the next payment that has been 
accrued to date and is given by c Sgor = STKg7m/ (Mēra). The present 
value, at time 0, of all of the payments is 


2,0m | STRAT 
Y = agg” tU ( 


bs pKH/m — yT 
= AK /n t tn) 
1—-v' m 
= EM TE aq i (5.5.8) 


When the annual rate of payments is 1, the actuarial present value at 0 of the 


payments is denoted by 4%. When m = 1, the (1) in the notation is omitted for 
this annuity: 


o 1-— vT 8 = 
je" =F | Z | R ee (5.5.9) 
Alternatively, using the second line of (5.5.8), 
K+]/m _ T 
DA es (m) : U U 
a” Elara] FE | i | 
K+]/m _ AT 
=a" +E | (5.5.10) 


The second term on the right-hand side of (5.5.10) is the actuarial present value of 
the final partial payment. Using the ideas developed in Exercise 4.19, we have 


vem oT] a +ga- A, 
jm "o : 


(5.5.11) 


Under the uniform distribution of death assumption for each year of age, this 


becomes 
i 1 1 
im in i 3 M 
and 
5 i 1 1 
ae = a” } T (s ;) A (5.5.12) 


This type of life annuity-immediate, one with a partial payment for the period 
between the last full payment and the time of death, is called a complete 
annuity-immediate. 
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For use in subsequent material, (5.5.3) and (5.5.8) seem to be most useful. We 
illustrate this in the following example. 


Compare the variances of the present-value random variables for the complete 
annuity-immediate and apportionable annuity-due. 


Solution: 
For the apportionable annuity-due, we have 
xt 1-vT 
Vara% ) = Var PON from (5.5.3) 
_ Var(v?) 
T amp 
x A, — (AY 
(amy 
For the complete annuity-immediate, we have 
m) 1-vi 
Var(a s ) = Var Tm from (5.5.8) 
_ Var(v") 
E. 
NC. 
(my 
Since i is larger than d™, and in fact i = d™ (1  i)'/", the variance of the 
complete annuity-immediate is the smaller. v 


[uo ÓÓÓ E S a a OECsAELS EE 


5.6 Notes and References 


Taylor (1952) presents new formulas analogous to (5.4.6). Various inquiries into 
the probability distribution of annuity costs are made by Boermeester (1956), 
Fretwell and Hickman (1964), and Bowers (1967). This work is summarized by 
McCrory (1984). Mereu (1962) gives a means of calculating annuity values directly 
from Makeham constants. The use of the floor function, Lē], in actuarial science, in 
particular with respect to actuarial present values of life annuities, is found in Shiu 
(1982) and in the discussions to that paper. Complete and apportionable annuities 
are involved, explicitly or implicitly, in papers by Rasor and Greville (1952), Lauer 
(1967), and Scher (1974) and in the discussions thereto. 
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Exercises 

Section 5.2 

5.1. Using the assumption of a uniform distribution of deaths in each year of age 
and the Illustrative Life Table with interest at the effective annual rate of 695, 
calculate 
a. Aq, Aso, Ago 
b. Var(23) for x = 20, 50, 80. 

[LIint: Use (5.2.8), (5.2.9), and (4.4.4).] 

5.2. Using the values obtained in Exercise 5.1, calculate the standard deviation 
and the coefficient of variation, c / p, of the following present-value random 
variables. 

a. Individual annuities issued at ages 20, 50, 80 with life incomes of 1,000 per 
year payable continuously. 

b. A group of 100 annuities, each issued at age 50, with life income of 1,000 
per year payable continuously. 

5.3. Show that Var(āņ) can be expressed as 

2 
8 (à, 5 4i.) zx ai, 
where 72, is based on the force of interest 28. 

54. Calculate Cov(8 aq, v”). 

55. Ifa deterministic (rate function) approach is adopted, (5.2.27) could be taken 
as the starting point for the development of a theory of continuous life an- 
nuities. For this, we would begin with 

E oda d sy< 
a Ley) + 8]a, xzyco, 
ā,=0 Q = y. 
a. Use the integrating factor exp(—f?[u(z) + 8]dz] to solve the differential 
equation to obtain (5.2.3). 
b. Use the integrating factor e ?" to obtain 
dite | eu ay u(y) dy 
and give an interpretation of it in words. 
5.6. Assume that w(x + f) = u and the force of interest is 5 for all 1 = 0. 


a. If Y = am, 0 = T, display the formula for the distribution function of Y. 


Exercises 


5.7. 


5.8. 


5.10. 


y= a7 0O=T<n 
83 Tzn, 
display the formula for the distribution function of Y. 
c. If 


yd! 0O=T <n 
äp ` ay T =a, 
display the formula for the distribution function of Y. 
d. If 


y= ay 0=T<n 
ay T=n, 


display the formula for the distribution function of Y. 


By considering the integral f7*' v! ,p, dt and breaking it in two different ways 
into subintervals (first, from 0 to 1 and 1 to n + 1 and then 0 to n and n to 
n + 1), establish a backward recursion formula for the n-year temporary life 
annuity based on a fixed n-year temporary period. What starting value is 
appropriate for this recursion formula? 


By considering the integral f? v' ,p, dt and breaking it into subintervals from 
n to n + 1 and n + 1 to c, establish a backward recursion formula for the 
n-year deferred whole life annuity based on a fixed n-year deferral period. 
What starting value is appropriate for this recursion formula? 


Combine the result from Exercise 5.8 with the first line of (5.2.25) to establish 
a backward recursion formula for u(x) = à;5. What starting value is appro- 
priate for this recursion formula? 


If the probabilities come from an aggregate table, establish (5.2.6) by a prob- 
abilistic derivation starting with a rewrite of (5.2.3) as 


a, = Elam] = Elän |0 € T < 1] Pr(0 = T < 1) + E[25 1 s T] Pr(1 = T). 


SecHon 5.3 


5.11. 


5.12. 


Show that 


Var(v**?) 
d? 


Var(ag) = Var(dg-) = 


Prove and interpret the given relations: 


ad um BV. y 
A s A 
b. as = an 7 Teu ES 


Chapter 5 Life Annuities 


159 


5.13. Using (5.3.13), prove and interpret the following relation in words: 
Axa = UH. — d, 
5.14. Obtain an alternative expression for the variance given in Example 5.3.1 by 
starting with 
1-2w*v* 20-vv9-(-vw*5 
Y?- i? i5 
(aq) Kenn-ctl... 


K-0,1n-1 


Section 5.4 


5.15. Assume a uniform distribution of deaths over each year of age. Simplify 


oo m-1 
k+l (1m) 
> xp, v^" Iz mm 1m j/m)) ses 
= 


k=0 


for use in interpretation of (5.4.8). 


5.16. Consider an m-thly temporary life annuity-due that pays 1 per annum to an 
annuitant age x for y — x years. 

a. Express the current payment form of the actuarial present value of the 
above annuity as a sum of that for payments in the first year and for the 
remaining y — x — 1 years. 

b. Express the actuarial present value of payments in the first year in terms 
of a(m) and B(m) under an assumption of the uniform distribution of 
deaths within each year of age. 

c. Find the form of the c(x) and d(x) expressions for a recursion relation for 
such an annuity and indicate a starting value. 


5.17. Using (5.4.10), derive alternative formulas to (5.4.17) and (5.4.18). 


5.18. Show that the annuity-immediate analogue for (5.4.6) is 


(mn) 1 l um 
a”) = $$ Ax E ug (1+ )A, — tee A0 |, 
and that under the assumption of a uniform distribution of deaths in each 
year of age, this becomes 


mU! 
(m) 


sTo 
ag” = s} a, + (1+ are 


5.19. Show that the annuity-immediate analogues for (5.4.7) are 


101 = (1 + i? /m)AO 


= at — af Aw 


a se 
160 Exercises 


and that under the assumption of a uniform distribution of deaths in each 
year of age these become 
MC 
1-4 
aU) = a(m)a, + Rc. a 


5.20. a. Use (5.4.3) as a starting point to verify that 
lim a = @,. 


b. Use (5.4.10) and the result in (a) to show 


5.21. Using the traditional approximation given in (5.4.10), establish the following: 


a. a? gg peal 
* 2m 
(n) 2 m 
b. en xS x + 2m (i big) 
m-i 
c. jm = nafx + 2m "7€ 


5.22. a. Develop a formula for 8n in terms of 853g. 
b. On the basis of the Illustrative Life Table with interest at the effective 
annual rate of 6%, calculate the values of 
ey, ..(12) way. (2) 
(i) 425.49 (ii) $5533. 


5.23. The actuarial present value of a standard increasing temporary life annuity 

with respect to (x) with 

* Yearly income of 1 in the first year, 2 in the second year, and so on, ending 
with n in the n-th year, 

* Payments made m-thly on a due basis 

is denoted by (a). 

a. Display the present-value random variable, Y, for this annuity as a function 
of the K and J random variables. 

b. Show that the actuarial present value can be expressed as 


n-l 

„ (m) 
> Ke n= - 
k=0 


5.24. The actuarial present value of a standard decreasing temporary life annuity 
with respect to (x) with 
e Yearly income of n in the first year, n — 1 in the second year, and so on, 
ending with 1 in the n-th year, 
* Payments, made m-thly on a due basis 
is denoted by (Day. 
a. Display the present-value random variable, Y, for this annuity as a function 
of the K and / random variables. 


— M á—— MH BUE 
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b. Show that the actuarial present value can be expressed as 
S 00 
x Ah + 
Kl 


5.25. If in Exercise 5.23 the yearly income does not cease at age x + n but continues 
at the level n while (x) survives therafter, the actuarial present value is de- 
noted by (I; 4)€". 

a. Display the present-value random variable, Y, for this annuity as a function 
of the K and J random variables. 
b. Show that the actuarial present value can be expressed as 


n-1 
> 4am. 
k=0 


5.26. Verify the formula 
Slay + T v" = ay, 
where T represents the future lifetime of (x). Use it to prove that 
èla), + (A), = ay, 
where (Tā), is the actuarial present value of a life annuity to (x) under which 
payments are being made continuously at the rate of f per annum at time t. 
= = al”) + af) — acm, show that the assumption of uniform distri- 
bution of deaths in each year of age leads to 


5.27. From a` 


(mn) i 


1 1 
Ayn = jo E + vu" nPx Fein + (3 = Zs) v" nPx eal 


Section 5.5 


5.28. Establish and interpret the following formulas: 
a. 1 = i 4 + A, 
b. 1 =d am + A, 
c. à = (8/i™) a.a 


d. i7 = (8/d™) i.a 


e. d = 0mm. 


x: 


5.29. Let H(m) = al"! — 499. Prove that H(m) = 0 and lim H(m) = 0. 


moo 


Miscellaneous 


5.30. For 0 = t = 1 and the assumption of a uniform distribution of deaths in each 
year of age, show that 
+ it)d, — #0 +i 
T (1 c ( i) 


b. i, = v[( + it)à, — (1 iy] 


Exercises 


5.92. 


5.33. 


5.34. 


5.35. 


5.36. 


5.37. 


5.38. 


S (my 
€. 1. gf x; = 1- fq (0o 


1+ it tq 
DL A i 
d xtt l-— tq; x 1-4, 


. Obtain formulas for the evaluation of a life annuity-due to (x) with an initial 


payment of 1 and with annual payments increasing thereafter by 
a. 3% of the initial annual payment 
b. 3% of the previous year’s annual payment. 


Express (D4), as an integral and prove the formula 


Oil ea - 
55 (Dd) a = Bea: 


Give an expression for the actuarial accumulated value at age 70 of an annuity 
with the following monthly payments: 

* 100 at the end of each month from age 30 to 40 

* 200 at the end of each month from age 40 to 50 

* 500 at the end of each month from age 50 to 60 

* 1,000 at the end of each month from age 60 to 70. 


Derive a simplified expression for the actuarial present value for a 25-year 
term insurance payable immediately on the death of (35), under which the 
death benefit in case of death at age 35 + t is 85, 0 = t = 25. Interpret your 
result. 


Derive a simplified expression for the actuarial present value for an n-year 
term insurance payable at the end of the year of death of (x), under which 
the death benefit in case of death in year k + 1 is qq, 0 = k < n. Interpret 
your result. 


Obtain a simplified expression for 
(12) (12) 


(Id) 35 — (Ha). 


Consider an n-year deferred continuous life annuity of 1 per year as an in- 
surance with probability of claim, ,p,, and random amount of claim, v" ap. 
Here T has p.d.f., Pyn pa + D. Apply (2.2.13) to show that the variance of 
the insurance equals 

l 2A an ~ (A 

v” nPx (1 = B) 25 * v^ nPx x E stu) 
and verify that this reduces to (5.2.21). 


Write the discrete analogue of the variance formula in Exercise 5.37. 
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5.39. 


5.40. 


5.4. 


5.42. 


5.44. 


5.45. 


Consider the indicator random variable, I,, defined by 
peli Test 
* lo TW <k 


Show the following: 
a. The present value of a life annuity to (x), with annual payment b, on sur- 
vival to age x + k, k =0,1,2,..., can be written as 


X v* & I. 
k=0 
b. Ell =p, jsk 
Cov(L, I) = Px fx j <k. 
c. Var (X v* b, n) = » v Be Psi + 2 p > oit bj b, Px Ax: 


-0 j<k 


If a left superscript 2 indicates that interest is at force 28, show that 
a ?A, =1-— (2d — d?) ?ä, 
b. Var (v**) = 2 d(ä, — ?à,) — d? (à2 — *i,) 


2 
c. Varig) = j (p= 7a) — oco 


a. Expand, in terms of powers of 8, the annuity coefficients a(m) and Bm). 
b. What do the expansions in (a) become for m = œ? 


Use Jensen's inequality to show, for 8 > 0, that 
a. d, < ay) b. a, < ag Xx «o -— 1. 


. If g(x) is a non-negative function and X is a random variable with p.f. f(x), 


justify the inequality 
E[g(X)] = n g(x) f(x)dxzkPrg(X)zKk] k>0 


and use it to show that 


m m m pe PN o 
a, = ay Pr(ay = dg) = ag Pr(T = e). 


A unit is to be used to purchase a combination benefit consisting of a life 
income of I per year payable continuously while (x) survives and an insurance 
of J payable immediately on the death of (x). Write the present-value random 
variable for this combination and give its mean and variance. 


Using the assumption of a uniform distribution of deaths in each year of age 
and the Illustrative Life Table with interest at the effective annual rate of 6%, 
calculate 

a.ü(? ba en C. ag Q2. 


Exercises 


5.46. 


5.47. 


5.48. 


5.49. 


5.50. 


5.51. 


If A7, and a, are actuarial present values calculated using 
* An interest rate of i for the first n years, n « m, and 

* An interest rate i’ for the remaining m — 7 years, 

show algebraically and interpret 

a. Aw =1 d aya v" nPx d JT oan 

b. Ale = 1 d äl t uw -—d mg 


xn) xum 


Show that 


dä 
= —v(la),, 


where 


(Ia), = » tv! Pys 
and interpret the relation. 


Show that a constant increase in the force of mortality has the same effect on 
ä, as a constant increase in the force of interest, but that this is not the case 
for a” evaluated by a(m) à, — B(m). 
Show that 
. (Ht) 
a(m) — B(m)d = az . 


Show that, if q, < (i? / 27, the approximation 


Gn i m= 1 
A ya] ES LU. 2m 


(1 — ,E,), 


in the special case with n = 1, m = 2, leads to 


,0) „ (2) 
äg dy. 


Consider the following portfolio of annuities-due currently being paid from 
the assets of a pension fund. 


Age Number of Annuitants 
65 30 
75 20 
85 10 


Each annuity has an annual payment of 1 as long as the annuitant survives. 
Assume an earned interest rate of 6% and a mortality as given in the Illus- 
trative Life Table. For the present value of these obligations of the pension 
fund, calculate 

a. The expectation 

b. The variance 
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c. The 95th percentile of its distribution. 
For parts (b) and (c), assume the lives are mutually independent. 


Computing Exercises 


5.52. 


5.53. 


5.54. 


5.55. 


5.56. 


5.57. 


5.58. 


5.59. 


a. For your Illustrative Life Table with i = 0.06, calculate the actuarial present 
value of a life annuity-due of 1 per annum for ages 13 to 140. 
b. Compare your values to those given in Table 2A. 


For your Illustrative Life Table with i = 0.06, calculate the actuarial present 
value of a temporary life annuity-due of 1 per annum payable to age 65 for 
ages 13 to 64. 


Using your Illustrative Life Table with the assumption of a uniform distri- 
bution of deaths within each year of age and i — 0.06, calculate the actuarial 
present value of a 10-year temporary life annuity of 1 per annum payable 
continuously and issued at ages 13 to 99 using the results of Exercise 5.7. 


a. Add a(m) and B(m) to the interest functions calculated and stored in your 
Illustrative Life Table. Refer to Exercise 4.31. 

b. Determine a(12) and B(12) at i = 0.06 and compare your results to those 
given in Example 5.4.1. 
[Remark: We suggest using the series derived in Exercise 5.41 for accurate 
results with small interest rates.] 


Using your Illustrative Life Table with i = 0.06 and the assumption of uniform 
distribution of deaths over each year of age, calculate the actuarial present 
value of a temporary life annuity of 1 per annum payable continuously to 
age 65 for ages 13 to 64. 


Let Y be the present-value random variable for a continuous 10-year tempo- 
rary life annuity of 1 per annum commencing at age 60. On the basis of your 
Illustrative Life Table with uniform distribution of deaths over each year of 
age and i — 0.08, calculate the mean and variance of Y. 


Let Y be the present-value random variable for a life annuity-due of 1 per 
annum, payable monthly to (65). On the basis of your Illustrative Life Table 
with uniform distribution of deaths over each year of age and i — 0.05, cal- 
culate the mean and variance of Y. 


Use the Illustrative Life Table with uniform distribution of deaths over each 
year of age and i = 0.07 to determine 43939. 


rr 
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Exercises 


BENEFIT PREMIUMS 


61 Introduction 


In Chapters 4 and 5 we discussed actuarial present values of the payments of 
various life insurances and annuities. These ideas are combined in this chapter to 
determine the level of life annuity payments necessary to buy, or fund, the benefits 
of an insurance or annuity contract. In practice individual life insurance is usually 
purchased by a life annuity of contract premiums—the insurance contract specifies 
the premium to be paid. Contract premiums provide for benefits, expenses of ini- 
tiating and maintaining the insurance, and margins for profit and for offsetting 
possible unfavorable experience. The premiums studied in this chapter are deter- 
mined only by the pattern of benefits and premiums and do not consider expenses, 
profit, or contingency margins. 


In Chapter 1 we discussed the idea that determination of the insurance premium 
requires the adoption of a premium principle. Example 6.1.1 illustrates the appli- 
cation of three such premium principles. All three principles are based on the im- 
pact of the insurance on the wealth of the insuring organization. The random vari- 
able that gives the present value at issue of the insurer’s loss, if the insurance is 
contracted at a certain premium level, is the key in the model for the principles. 
Principle I requires that the loss random variable be positive with no more than a 
specified probability. Principles II and III are based on the expected utility of the 
insurer’s wealth as discussed in Section 1.3. We will see that Principle I, which 
uses a linear utility function, could also be characterized as requiring that the loss 
random variable have zero expected value. 


Example 6.1.1 


An insurer is planning to issue a policy to a life age 0 whose curtate-future- 
lifetime, K, is governed by the p.f. 


90 = 0.2 k=0,1,2,3,4. 


The policy will pay 1 unit at the end of the year of death in exchange for the 
payment of a premium P at the beginning of each year, provided the life survives. 
Find the annual premium, P, as determined by: 
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a. Principle I: P will be the least annual premium such that the insurer has prob- 
ability of a positive financial loss of at most 0.25. 

b. Principle II: P will be the annual premium such that the insurer, using a utility 
of wealth function u(x) = x, will be indifferent between accepting and not ac- 
cepting the risk. 

c. Principle HI: P will be the annual premium such that the insurer, using a utility 
of wealth function u(x) = —e ?'*, will be indifferent between accepting and not 
accepting the risk. 

For all three parts assume the insurer will use an annual effective interest rate of 

i — 0.06. 


Solution: 

For K — k and an arbitrary premium, P, the present value of the financial loss at 
policy issue is I(k) = v**! — Pág = (1 + P/d) v*' — P/d, k = 0,1, 2,3, 4. The 
corresponding loss random variable is L = v**! — P. 

a. Since /(k) decreases as k increases, the requirement of Principle I will hold if P 
is such that v? — P ii; = 0. Then the financial loss is positive for only K = 0, 
which has probability 0.2 < 0.25. Thus, for this principle, P = 1/35 = 0.45796. 

b. By an extension of (1.3.6), we seek the premium P such that u(w) = E[u(w — L)]. 
By Principle II u(x) = x so we have 

w = Elw — L] = w — EIL]. 
Thus, Principle II is equivalent to requiring that P be chosen so that E[L] = 0. 
For this example, we require 


4 
> (v — P aga) Pr(K = k) 20 (6.1.1) 
k=O 
which gives P = 0.30272. 
c. Again by (1.3.6) and now using the utility function in Principle III, we have 
—g 01e — E[-e 91-2] = Lg-04w Ele]. 


Thus, Principle III is equivalent to requiring that P be chosen so that 
E[e?'^] = 1. Here, we require 


4 


2 exp[0.1 (v*'! — P äp] Pr(K = b = 1, (6.1.2) 


which gives P — 0.30628. 
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These three results are summarized below. 


Present Value of Financial 
Loss When Premium 
Is by Principle 


Outcome Probability General exp(0.1L) 
k kifo Formula I II IH III 
0 0.2 v — Paz 0.48544 0.64067 0.63712 1.06579 
1 0.2 v? — P ii 0 0.30169 0.29477 1.02992 
2 0.2 v? — P da —0.45796 —0.01811 = —0.02819 0.99718 
3 0.2 vt — Pay —0.89000 —0.31981 —0.33287 0.96726 
4 0.2 v? — P da —1.29758 —0.60443  —0.62031 0.93985 
Premium 0.45796 0.30272 0.30628 
Expected Value —0.43202 0.00000 —0.00990 1.00000 


The table shows that for this example the decision makers adopting principles T 
and III reduce their risk in the sense that they are demanding an expected present 
value of loss to be negative. v 


Premiums defined by Principle I are known as percentile premiums. Although 
the principle is attractive on the surface, it is easy to show that it can lead to quite 
unsatisfactory premiums. Such cases are examined in Example 6.2.3. 


Principle II has many applications in practice. To formalize its concepts, we de- 
fine the insurer's loss, L, as the random variable of the present value of benefits to 
be paid by the insurer less the annuity of premiums to be paid by the insured. 
Principle II is called the equivalence principle and has the requirement that 


E[L] = 0. (6.1.3) 


We will speak of benefit premiums as those satisfying (6.1.3). Equivalently, benefit 
premiums will be such that 


E[present value of benefits] = E[present value of benefit premiums]. 


Methods developed in Chapters 4 and 5 for calculating these actuarial present val- 
ues can be used to reduce this equality to a form that can be solved for the pre- 
miums. For instance, in Example 6.1.1, which has constant benefit premiums and 
constant benefits of 1, equation (6.1.1) can be rewritten as Ay = Pay, and à, can be 
calculated as 


4 
E v^ Po- 
ko 


When the equivalence principle is used to determine a single premium at policy 
issue for a life insurance or a life annuity, the premium is equal to the actuarial 
present value of benefit payments and is called the single benefit premium. 


Premiums based on Principle IIL using an exponential utility function, are known 
as exponential premiums. Exponential premiums are nonproportional in the sense 
that the premium for the policy with a benefit level of 10 is more than 10 times 
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the premium for a policy with a benefit level of 1 (see Exercise 6.2). This is consis- 
tent for a risk averse utility function. 


6.2 


Fully Continuous Premiums 


The basic concepts involved in the determination of annual benefit premiums 
using the equivalence principle will be illustrated first for the case of the fully 
continuous level annual benefit premium for a unit whole life insurance payable 
immediately on the death of (x). For any continuously paid premium, P, consider 


Kt) = v! - Pay, (6.2.1) 
the present value of the loss to the insurer if death occurs at time t. 

We note that I(t) is a decreasing function of t with I(0) = 1 and I(t) approaching 
—P/à as t > o. If fy is the time when /(t,) = 0, death before t, results in a positive 
loss, whereas death after t, produces a negative loss, that is, a gain. Figure 6.2.1 
later in this section illustrates these ideas. 

We now consider the loss random variable, 


L = KT) =v" — P ag, (6.2.2) 


corresponding to the loss function /(t). If the insurer determines his premium by 
the equivalence principle, the premium is denoted by P(A,) and is such that 


E[L] = 0. (6.2.3) 
It follows from (4.2.6) and (5.2.3) that 
A, - P(A,)a, = 0, 
or 


P(A) = ~. (6.2.4) 


Remark: 
In this chapter we continue to suppress the select notation except in situations 
in which it is necessary or helpful to eliminate ambiguity. 


The variance of L can be used as a measure of the variability of losses on an 
individual whole life insurance due to the random nature of time-until-death. When 
E[L] = 0, 


Var(L) = E[L?]. (6.2.5) 


For the loss in (6.2.2), we have 


Var(v?* — P àg) = Var L — helm 


[r2 
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EET 


= Var (v?) E + 2) 


SPA = Aj ( á J (62.6) 


For the premium determined by the equivalence principle, we can use (6.2.4) and 
(5.2.8), 84, + A, = 1, to rewrite (6.2.6) as 
34. AE 


Var(L) — (az, 


(6.2.7) 


Example 6.2.1 


Calculate P(A,) and Var(L) with the assumptions that the force of mortality is a 
constant |. = 0.04 and the force of interest 8 = 0.06. 


Solution: 
These assumptions yield 4, = 10, A, = 0.4, and 7A, = 0.25. Using (6.2.4), we obtain 
pay - 35004, 
LM 
and from (6.2.7) 
0.25 — 0.16 
Var(L) = —————— = 0.25. 
ar(L) (0.6) 0.25 v 


By reference to (6.2.7) we can see that the numerator of this last expression can 
be interpreted as the variance of the loss, v? — A,, associated with a single- 
premium whole life insurance. This latter variance is 0.09, and hence the standard 
deviation of the loss associated with this annual premium insurance is 
V/0.25/0.09 = 5/3 times the standard deviation of the loss in the single-premium 
case. Additional uncertainty about the present value of the premium income in- 


creases the variability of losses due to the random nature of time-until-death. 


In Example 6.2.1, P(A,) = 0.04, the constant force of mortality. We can confirm 
this as a general result by using parts of Examples 4.2.3 and 5.2.1. Under the con- 
stant force of mortality assumption, 


z HB 
AUC 
and 
"EE 1 
* wt 8’ 
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thus 


which does not depend on the force of interest or the age at issue. 


Using the equivalence principle, as in (6.1.3), we can determine formulas for 
annual premiums of a variety of fully continuous life insurances. Our general loss 
is 

byur- PY ew PY (6.2.8) 


where 
* b, and v, are, respectively, the benefit amount and discount factor defined in 
connection with (4.2.1) 
* P is a general symbol for a fully continuous net annual premium 
* Y is a continuous annuity random variable as defined, for example, in (5.2.13), 
and 
* Z is defined by (4.2.2). 
Application of the equivalence principle yields 


E[b,v, - PY] =0 
or 


E[bzv;] 
E[Y] ` 


These ideas are used to display annual premium formulas in Table 6.2.1. 


p= 


It is of interest to note how these steps can be used for an n-year deferred whole 
life annuity of 1 per year payable continuously. In this case bzv, = 0, T < n and 
bU. = Üp-UU, T > n. Then, 


E[bzv;] = p. Elazqu"|T >n] 
=v" aPx Aran = AL [PE 
In practice, however, deferred life annuities usually provide some type of death 


benefit during the period of deferment. One contract of this type is examined in 
Example 6.6.2. 


Example 6.2.2 


Express the variance of the loss, L, associated with an n-year endowment insur- 
ance, in terms of actuarial present values (see the third row of Table 6.2.1). 
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ully Continuous Benefit Premiums 


.Loss Components Premium Formula 
p= E[b v 7] 
Plan brr P Y Where Y Is ELY] 
Whole life oi A, 
insurance 1o” ay PA) = a 
n-Year term 1v” äp Tsn a Ala 
insurance 0 üa Tn P(Aig)-— a = 
n-Year 1v" üg,T-n EM Aya 
endowment lv" äp Tn PA AE 
insurance Awr 
h-Payment* Lut ap,T sh n Á, 
whole life 1v7 ag, T — h P(A) = = 
insurance Axil 
h-Payment,* n-year 1v7 pn Th me ZW 
endowment 1v7 a a<Tsn LIIS) = —— 
insurance 1v* ag, Tn Axm 
n-Year pure 0 Hg, Tn E es Asa 
endowment lv" az,T>n P(A a) = m 
n-Year * deferred 0 åp Tsn - A yal 2, 
whole life az v" a4,T>n PGi) = — 
annuity Axil 


“The insurances described in the fourth and fifth rows provide for a premium paying period that is shorter than the 
period over which death benefits are paid. 

+The annuity product described above provides no death benefits and has a level premium with premiums payable 
for n years. A different, perhaps more realistic, design for an n-year level premium-deferred annuity is given in 
Example 6.6.2. 


Solution: 
Using the notation of (4.2.11), we have 


P(Aza) | P 
5 


Var(L) = Var [z. £ + 5 


We now use (4.2.10) to obtain 


pi 2 
Var(L) — £ + E PA. - (Al. 


From the second additional relation given in Table 5.2.1, we have 


P(A.a) 
$ + 


aa) = ] + 


E 


Chapter 6 Benefit Premiums 173 


which implies that 


es i (A ys)” . 
(84,5) v 


Var(L) — 


The two identities, (5.2.8) and (5.2.15), can be used to derive relationships among 
continuous benefit premiums. For example, starting with (5.2.8), 


84, - À,— 1, 
Ep 1 
ô + P(A) =>, 
ay 
PA) => -8 
ay 
_1-8a, 
a. 
8A 
= m (6.2.9) 
L= A; 
Starting with (5.2.14) we obtain 
$4.3 t Aw 71 
Ad 1 
BP (Aa) = —, 
A xir] 
PA.) - - -s 
B 
EN 1 94.5 
v 
$4, 
= L e, (6.2.10) 
1-A 


Verbal interpretations of the discrete analogues of (6.2.9) and (6.2.10) are given in 
Example 6.3.4. 


The premiums discussed so far in this section are benefit premiums, those de- 
rived from the equivalence principle. We now turn to an example that describes 
two ways that percentile premiums give unsatisfactory results. 


Example 6.2.3 


Find the 25th percentile premium for an insured age 55 for the following plans 
of insurance: 
a. 20-year endowment 
b. 20-year term 
c. 10-year term. 
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Assume a fully continuous basis with a force of interest, 6 = 0.06 and mortality 
following the Illustrative Life Table. 


Solution: 


a. The loss function for 20-year endowment insurance is 


[e] 


L =v" — Pi T < 20 
=v — Pix  Tz20 


and is a nonincreasing function of T. Thus the values of T for which the 
loss L is to be positive, which are to have probability of 0.25, are those values 
below £975, Since l- = 86,408.60 and [59,7 = 64,806.45 (by linear interpolation), 
Pr(T < 15.617) = 0.25. Thus, the premium required by the 25th percentile prin- 
ciple is that which sets the loss at T = 15.617 equal to zero and is v 99" /a:5z4 
— 0.03865. 


. The loss function for 20-year term insurance is 


L — v? — Pag T « 20 
= <= Pay T=20. 


This is still a nonincreasing function of T, and since Pr(T < 15.617) = 0.25, the 
premium required by the 25th percentile principle is again v ^97 /a;z3 = 
0.03865. It is, of course, unsatisfactory that the same premium is generated for 
two different plans of insurance, particularly since the benefit premium at this 
age for 20-year endowment is almost two times that for 20-year term. 


. The loss function for a 10-year term insurance is 


L=v'—Pap T<10 
= — Pig T = 10. 


If the premium is set at zero, then Pr(L > 0) = Pr(T « 10), and this probability 
equals, by the Illustrative Life Table, 


(ss — 1e) 91581, 
Iss 

Thus, zero is the least non-negative annual premium such that the insurer's 

probability of financial loss is at most 0.25. In this case Pr(L > 0) = 0.1281, and 

P = 0 the 25th percentile premium. The benefit premium in this case is 70% of 

that for 20-year term insurance. v 


The conclusion from this example is that the percentile premium principle yields 


conflicting results for insurances on a single individual. Its use will be minimal in 
what follows. 


For a whole life insurance, as defined in the first row of Table 6.2.1, 


L=v'-Pa, T=0. 
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The d.f. of L can be developed as follows: 
F,(u) = Pr(L = u) 


Di - 
=1- 6 ( log E zT = <u. (6.2.11) 
The p.d.£. of L is 


d 1 õu + P 1 P 
q, 09 = fiu) = fr (- 5 198 E +5 |) (s = z) 5 <u. (6.2.12) 


Using the language of decision analysis, we can say that the determination of 
the premium P is equivalent to selecting the distribution of L, given by (6.2.11), 
that is optimal from the viewpoint of the premium principle adopted by the de- 
cision maker. This principle reflects the preferences of the decision maker. 


Schematic diagrams of I(t), the p.d.f. of T(x), and the induced p-d.f. of L are 
combined in Figure 6.2.1. 


The set of d.f's of L is indexed by the parameter P. The value of P is se- 
lected by the premium principle adopted. For illustration, use Figure 6.2.1 where 
Pr(T = c) = Pr(L > 0) and this probability is taken as 0.25. We assume that the 


s of I(t) and the p.d.f.'s of TOO and L 


I(t) = vt - Pap 


ee 
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value of P will be obtained by solving F,(0) = 1 — 0.25 = 0.75. This illustration 
uses a percentile premium principle with the probability for a positive value of L 
set at 0.25. 


It is evident from Figure 6.2.1 that the events (T x c) and (L > 0) are equivalent 
in the sense that the occurrence of one of the two events implies the occurrence of 
the other. To continue our illustration, if the decision maker has adopted the per- 
centile premium principle with Pr(L > 0) = p, then Pr(T = c) = p, where c = &, 
the 100p-th percentile of the distribution of T. Furthermore, because of the equiv- 
alence of these two events, the premium can be determined from an equation in- 
volving the loss function, that is, from 


vē — Pag =0, 


or 
ES E 1 
[c (6.2.13) 
z Sg 


Because P is the rate of payment into a fund that will provide a unit payment at 

time &, there is intuitive support for the result. The accumulation 55 / 8g] will be 
T 

less than 1 with probability p and greater than 1 with probability 1 — p. 


Example 6.2.4 


This example builds on Example 6.2.3, except that T(55) has a De Moivre distri- 
bution, with p.d.f. 


Pss Uss(t) = 1/45 O<E< 45, 


For the three loss variables, display the d.f. of L and determine the parameter P as 
the smallest non-negative number such that Pr(L > 0) = 0.25. 


Solution: 


a. Adapting (6.2.11), with recognition of the jump in the df. at u = v? — Pi; 
induced by the constraint on L if T = 20, we have the following set of d.f.’s 
indexed by P: 


Fu) = 0 u <v” e Pag 


1 log [(0.06u + P)/(0.06 + P)] 
0.06 45 


=] 1 <u. 


=1+ 


v? — Pi Sus 


Figure 6.2.2a is a diagram of the d.f. associated with a 20-year endowment in- 
surance. This figure provides a graphical way of thinking of premium deter- 
mination using the percentile principle. The d.f. within the set of d.f.'s indexed 
by P that crosses the vertical axis at 0.75 is sought. Analytically this means that 
the premium is determined by solving, for P, 
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F,(0) = 


| 
2> 
a 


as db log[P / (0.06 + P)] 
1 * 506 45 E 


or 


0.06e 9675 


ü — e 9675) 


and P= 


In view of the discussion about (6.2.11), this is not surprising. The 25th percentile 
of the De Moivre distribution of T in this example is ¿97 = 11.25. 


51125 


0.06224. 


v? — På. 201 
(a) d.f of L, 20-year endowment (c) d.f. of 10-year term 
insurance P — 0.06244 insurance P = 0.06244 


— Paxy yo - Pax) v? 1 
(b) d.f. of L, 20-year term (d) d.f. of 10-year term 
insurance P = 0.06244 insurance P = 0 
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For comparison, the benefit, or equivalence principle, premium is 
20 


: (v! / 45) dt + (25/45) v? 
P(Asag) = 0 = 0.04456. 
Í v' [1 — (t/45)] dt 
0 
b. Adapting (6.2.11) with recognition of the jump in the d.f. of L at u — 


— Pia, induced by the constraint on the 20-year term insurance loss variable, 
we have the following set of d.f.’s indexed by P: 


F(u) — 0 u < — Pig 
-2 Pig = u < v” — Pg 
11 06u + P)/(0.06 + P = 
= 1 + t REO ae J v? —Pagcusxl 
=1 1<u. 


A diagram of the d.f. associated with a 20-year term insurance is shown in 
Figure 6.2.2b. The premium is determined by solving F,(0) = 0.75 for P. Using 
part (a) we find, once more, that P — 0.06224. 

c. Adapting (6.2.11), with recognition of the jump in the d.f. at u = —Pajg induced 
by the constraint on L for 10-year term insurance, we have the family of d.f.'s 
indexed by P: 


Fu) = 0 u < —Pig 
35 e a 
- 35 =Pig =u =v — Pus 
1 log [(0.06u + P) / (0.06 + Pj] "i 
Eo a 45 Pod 
=1 1<u. 


It is tempting to conjecture that P = 0.06224, as it was in parts (a) and (b), 
when we observe that the only nonconstant values of the d.f. have the same 
formula as in the earlier parts of this example. When we observe that for any u 
in the interval (—Payg, v'? — Pag), F(u) = 35/45 > 0.75, it appears that the 
conjecture is wrong. Figure 6.2.2c displays the d.f. of L when P = 0.06224 and 
confirms this judgment. As in Example 6.2.3, try P = 0. The corresponding d.f. 
of L is 


Fu) = 0 u<O 

35 

= — susu" 

45 Osusv 
1 logu 

js Er 
0.06 45 eS 

=] {<u 
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and the probability of a positive value of L is 
10 
Pr(L > 0) = = < 025. 
r( 0) 45 
This is illustrated in Figure 6.2.2d. 


As in Example 6.2.3c, the specifications for applying the percentile premium 
principle leads to P = 0, an anomalous result from a business perspective. W 


6.3 Fully Discrete Premiums 


In Section 6.2 we have discussed the theory of fully continuous benefit premiums. 
In this section we consider annual premium insurances like the one that appeared 
in Example 6.1.1; that is, the sum insured is payable at the end of the policy year 
in which death occurs, and the first premium is payable when the insurance is 
issued. Subsequent premiums are payable on anniversaries of the policy issue date 
while the insured survives during the contractual premium payment period. The 
set of annual premiums form a life annuity-due. This model does not conform to 
practice but is of historic importance in the development of actuarial theory. 


Under these circumstances, the level annual benefit premium for a unit whole 
life insurance is denoted by P,, where the absence of (A,) means that the insurance 
is payable at the end of the policy year of death. The loss for this insurance is 


Legs = P äga Oe ee (6.3.1) 
The equivalence principle requires that E[L] — 0, or 
E[vK*!] — P, Efägal = 0, 
which yields 


P, = =, (6.3.2) 
This is the discrete analogue of (6.2.4). 


Using (5.3.7) in place of (5.2.8) in steps parallel to those taken in obtaining (6.2.7), 
we obtain 


(6.3.3) 


180 Section 6.3 Fully Discrete Premiums 


Example 6.3.1 


If 
fe = (099 — E0132; 
where c = 0.04/0.96 and i = 0.06, calculate P, and Var(L). 


Solution: 
First we exhibit the components of (6.3.2), 


A, = c >; (1.06)! (0.96) = 0.40, 
k=0 
1-A 
ES * = 10.60. 
i, ; 0.60 


Then using (6.3.2) we obtain 


For Var(L), we calculate 


24. =c >. [(1.06)]-*^! (0.96)! = 0.2445. 


-0 


EM 


Therefore, 


0.2445 — 0.1600 
[(0.06)(10.60) / (1.06)? 


= 0.2347. v 


Var(L) = 


There is a connection between Examples 6.2.1 and 6.3.1. Since 


k+1 
klx = I Px W(t) dt k=0,1,2,... (6.3.4) 


for the situation described in Example 6.3.1, we have 


0.04 


—— (0.96)! = i p. wlt) dt. 
0.96 pc ES 


If the force of mortality is a constant, p, it follows that 


0.04 


0.96 k*1 — ,—(kt+1)p BH 1 i 
0.96 029 e (e ) 
and then e^" = 0.96 and p = 0.0408. The geometric distribution, with p.f. 
0.04 
= —— (0.96Y**, 
Kt = ggg 0:99) 
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is a discrete version of the exponential distribution with p = 0.0408. Formula (6.3.4) 
provides the bridge between the discrete and continuous versions. The fully con- 
tinuous annual benefit premium corresponding to P, = 0.0377 in Example 6.3.1 
would be P(A,) = u = 0.0408. 


Continuing to use the equivalence principle, we can determine formulas for an- 
nual benefit premiums for a variety of fully discrete life insurances. Our general 
loss will be 


bkat gn — PY 


where 
* by, and v,,, are, respectively, the benefit and discount functions defined in 
(4.3.1) 
* P is a general symbol for an annual premium paid at the beginning of each 
policy year during the premium paying period while the insured survives and 
* Y is a discrete annuity random variable as defined, for example, in connection 
with (5.3.9). 
Application of the equivalence principle yields 


Elok — PY] = 0, 
or 


Elb e aU uu] 
E[Y] ` 


These ideas are used in Table 6.3.1 to display premium formulas for fully discrete 
insurances. 


P= 


Example 6.3.2 


Express the variance of the loss, L, associated with an n-year endowment insur- 
ance, in terms of actuarial present values (see the third row of Table 6.3.1). 


Solution: 
We start with the notation of Table 6.3.1. Let 


vu! K-0,L...,n—1 
v" K=n,n+1,.... 


Then we can write, by reference to the third row of Table 6.3.1, 


dr 


L = Z P d 7 


therefore we have 


d 


We can use the rule of moments to find Var(Z), as indicated in Table 4.3.1, and 
then obtain 


Var(L) = Var E E + Pa) = 2al 
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Fully Discrete Annual Benefit Premiums 


Loss Components Premium Formula 
P= Elb kiU xia 
Plan bkit Ka P Y Where Y Is ELY] 
Whole life T g P = A, 
insurance lu agi K=0,1,2,... ae a 
n-Year term 1 okt fgg, K -0,1 ...,n—1 ; Aia 
insurance 0 iz,K=n,n+1,. Pog = = 
n-Year ] vK* agg, K=0,1,...,n-1 Asa 
endowment 1v" az,K=n,n+1,. Pe 
insurance Ps 
h-Payment To ägs K=0,1,...,h 1 A: 
whole life 1 vt dag, K —h, h  1,... Pe 
insurance Acn 
h-Payment, Tuk agg,K =0,1,...,h-1 ui 
n-year 1 vř*! äp K=ħ an] P = os 
endowment 1v” ip,K =n,n+1,... ad i. 
insurance 
n-Year pure 0 Ügq,K-—0,1...,n—-1 i Ara 
endowment 1v” ü;, Kn n-ctl,. Pea = d 
xnl 
n-Year deferred 0 ügq,K70,1,...,n — 1 , Ad fran 
whole life aga" ag,K=n,n+1,.. P(,a,) = T 
annuity xmi 


P 2 
Var(L) = ó + a) lA; — (Asl. 


Formula (5.3.13) and the entry from the third row of Table 6.3.1 can be combined 
as follows: 


däs T P ger = 


Therefore, the variance we seek is 


2 2 
A yaa D (Aa) 
G T (6.3.5) 


Example 6.3.3 


Consider a 10,000 fully discrete whole life insurance. Let 7 denote an annual 
premium for this policy and L(m) denote the loss-at-issue random variable for one 
such policy on the basis of the Illustrative Life Table, 6% interest and issue age 35. 
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a. Determine the premium, m,, such that the distribution of L(m,) has mean 0. 
Calculate the variance of L(7,,). 

b. Approximate the smallest non-negative premium, «,, such that the probability 
is less than 0.5 that the loss L(m,) is positive. Find the variance of L(z,). 

c. Determine the premium, 7,, such that the probability of a positive total loss on 
100 such independent policies is 0.05 by the normal approximation. 


Solution: 
a. By the equivalence principle, (6.1.3), 
A535 
T, = 10,000 P;, = 10,000 —> 
35 


_ 1287.194 
~ 15.39262 


= 83.62. 
From (6.3.3) 
2 *Ass = (Ags) 
(d diss)” 


, 0.0348843 — (0.1287194)? 
[(0.06/1.06)(15.39262)/? 


| 1,831,562 
— 0.7591295 


= 2,412,713. 


Var[L(a,)] = (10,000) 


b. We want T, such that 
Pr[L(z,) > 0] < 0.5, 
or in terms of curtate-future-lifetime, K, 
Pr(10,0000**! — m, gq > 0) < 05. 


From the Illustrative Life Table, ..p3, = 0.5125101 and ,,p,; = 0.4808964. There- 
fore, if m, is chosen so that 


10,0000? — m, äm = 0, 
then Pr[L(m,) > 0)] = Pr(K < 42) < 0.5. Thus, 
_ 10,000 
= = 


T, — 50.31. 
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Using the fully discrete analogue of (6.2.6) we can write 


ny 
Var[L()] = (10000) As; — (A31 ( T 10,0 i) 


= (1,831,562)(1.18567) 
= 2,171,630. 


. With a premium 7,, the loss on one policy is 


O 


and its expectation and variance are as follows: 


E[L(m)] = (10000 + 2) As — = 


= (0.1287194) [ 10,000 + =) — = 
d d 
and 


Var[L(7,)] = (e. 000 + ze) [Ass — (Aa] 


- (10 000 + ze) ie 01831562). 


For each of 100 such policies each loss L,(7,) is distributed like L(m,), i = 1, 
, 100 and 


for the total loss on the portfolio. Then 
EIS] = 100 E[L(.)], 
and, using the assumption of independent policies, 
Var(S) = 100 Var[L(n )]. 
To determine 77, so that Pr(S > 0) = 0.05 by the normal approximation, we want 
0 — E[S] 
V Var(S) 


E[L(.)] 
0 645, 
baat iss 
j E As410,000 + (m, ‘a ] + (x, 2l 

[10, 000 + (m, / d)] v? A35 — (Ay 


= 1.645, 


= 1.645. 
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Thus 


3 
I 


Tonos | (0.1645) V^A4. — (Ag + Az | 


1 — (Ag + 0.1645 VAs — (As) 
100.66. v 


Il 


The two identities, (5.3.7) and (5.3.13), can be used to derive relationships among 
discrete premiums. For example, starting with (5.3.7), we have for whole life 


insurances 
dä, + A, — 1, 
1 
d+ P, m 
ay 
1 
P,=—-—d 
ay 
_1-dä, 
ay 
dA 
-— (6.3.6) 
1-4, 
Starting with (5.3.13) we obtain a similar chain of equalities for n-year endowment 
insurances: 
dä ae A. m 1, 
1 
d+ P=, 
EST 
Pug E. -~d 
axa 
2li-düg 
ll; 
dA, 
= a, (6.3.7) 
1. As 


Example 6.3.4 


Give interpretations in words of the following equations from the (6.3.6) set: 


a =P +d (6.3.8) 
ay 
and 
dA 
P, = a, 3. 
LI (63) 
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Solution: 

We will use the word equivalent to mean equal in terms of actuarial present 
value. For (6.3.8), first note that a unit now is equivalent to a life annuity of ä7' 
payable at the beginning of each year while (x) survives. A unit now is also equiv- 
alent to interest-in-advance of d at the beginning of each year while (x) survives 
with the repayment of the unit at the end of the year of (x)'s death; that is, 1 = 
ü,/ü, = dä, + A,. The repayment of the unit at the end of the year of death is, in 
turn, equivalent to a life annuity-due of P, while (x) survives. Therefore, the unit 
now is equivalent to P, + d at the beginning of each year during the lifetime of 
(x). Then 4;! = P, + d, for each side of the equality, represents the annual payment 
of a life annuity produced by a unit available now. 


For (6.3.9), we consider an insured (x) who borrows the single benefit premium 
A, for the purchase of a single-premium unit whole life insurance. The insured 
agrees to pay interest-in-advance in the amount of d A, on the loan at the beginning 
of each year during survival and to repay the A, from the unit death benefit at the 
end of the year of death. In essence, the insured is paying an annual benefit pre- 
mium of d A, for an insurance of amount 1 — A,. Then for a full unit of insurance, 
the annual benefit premium must be dA,/(1 — A,). v 


Similar interpretations exist for corresponding relationships involving endow- 
ment insurances as given in the second and fifth equalities in the (6.3.7) set. There 
is an analogy between (6.3.8), the corresponding formula involving endowment 
jnsurances, 


ary Pd, 
and the interest-only formula 


ag’ = S3! + d. 


Example 6.3.5 


Prove and interpret the formula 


P = ws + PA = Aven) (6.3.10) 


Solution: 
The proof is completed using entries from Table 6.3.1: 


Pad = Aw = Axa +A} 


xn xin 


a edna m Ay = AS * As Azn 
By subtraction, 

(Paa „Pä sz 22 Ew zj A ua) 
from which (6.3.10) follows. 
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The interpretation is that both P,. and „P, are payable during the survival of (x) 
to a maximum of n years. During these years, both insurances provide a death 
benefit of 1 payable at the end of the year of the death of (x). If (x) survives the n 
years, P,4; provides a maturity benefit of 1, while „P, provides whole life insurance 
without further premiums, that is, an insurance with an actuarial present value of 
A ,..,,. Hence, the difference P,;; — „P, is the level annual premium for a pure en- 
dowment of 1 — A,,,. v 


In practice, life insurances are payable soon after death rather than at the end of 
the policy year of death, so there is a need for annual payment, semicontinuous 
benefit premiums. Such premiums, following the same order used in Tables 6.2.1 
and 6.3.1, are denoted by P(A,), P(A15), P(A,3), ,P(A,), and ,P(À,;). There is no 
need for a semicontinuous annual premium n-year pure endowment since no death 
benefit is involved. The equivalence principle can be applied to produce formulas 
like those in Table 6.3.1, but with the general symbol A replaced by A. For example, 


> 


P(A) ==. (6.3.11) 


ay 


We observe that the notation for this premium is not P,, the annual premium 
payable continuously for a unit whole life insurance benefit payable at the end of 
the year of death and equal to A,/ā,. If a uniform distribution of deaths is assumed 
over each year of age, we can use the notations of Section 4.4 to write 


= iA 
P(A)--—--P, 
descr ec 


= i 
P(Aia) = 5 Pe 


and 


P(A, 4) = XE Tubus (6.3.12) 


6.4 True m-thly Payment Premiums 


188 


If premiums are payable m times a policy year, rather than annually, with no 
adjustment in the death benefit, the resulting premiums are called true fractional 
premiums. Thus P(? denotes the true level annual benefit premium, payable in 
m-thly installments at the beginning of each m-thly period, for a unit whole life 
insurance payable at the end of the year of death. The symbol P(A .) would have 
the same interpretation except that the insurance is payable at the moment of death. 
Typically, m is 2, 4, or 12. 


The development in this section stresses the payment of insurance benefits at the 
end of the policy year of death. Table 6.4.1 specifies the symbols and formulas for 
true fractional premiums for common life insurances. The premium formulas can 
be obtained by applying the equivalence principle. 


Section 6.4 True m-thly Payment Premiums 


True Fractional Benefit Premiums* 


Payment of Proceeds 


Plan At End of Policy Year At Moment of Death 
Whole life insurance pe = A, poxA y = A, 
ag ü qn 
n-Year term insurance Al: AL 
P E es P Ai) = eat 
X: Cer 
n-Year endowment A = A. 
(Qn) xm] o ixm 
insurance Pg tron PAA a) m 
a, p A vu] 
h-Payment years A 
F m) — x (m) = 
whole life insurance Pr = "o P(A) = 0m) 
xh Hog 
h-Payment years, n-year uc uia (m) Aya 
endowment insurance aP = Cn) ,P Am) = ae 
xi xh 


“The actual amount of each fractional premium, payable m times each policy year, during the premium paying 
period and the survival of (x), is P? /m. Note that here h refers to the number of payment years, not to the number 
of payments. 


In some applications it is useful to write the m-thly payment premium as a mul- 
tiple of the annual premium. This will be illustrated for „P pO, the premium for a 
rather general insurance. The resulting formula can be modified to produce pre- 
mium formulas for other common insurances. From the last row of Table 6.4.1 we 
have 

m) _ Axl 
po = 7 (6.4.1) 


Since 


A m EE Pan aay 

(6.4.1) can be rearranged as 
m P a, 
PO -t cca A (6.4.2) 
By] 

Formula (6.4.2) is used in the next chapter; it expresses the m-thly payment pre- 
mium as equal to the corresponding annual payment premium times a ratio of 
annuity values. This ratio can be arranged in various ways eadh scomesponding to 


a different formula used to express the relationship between ac and 4,5 (see Ex- 
ercise 6.14). 


SS 
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Example 6.4.1 


a. Calculate the level annual benefit premium payable in semiannual installments 
for a 10,000, 20-year endowment insurance with proceeds paid at the end of the 
policy year of death (discrete) issued to (50), on the basis of the Illustrative Life 
Table with interest at the effective annual rate of 6%. 

b. Determine the corresponding premium with proceeds paid at the moment of 
death (semicontinuous). 

For both parts, assume a uniform distribution of deaths in each year of age. 


Solution: 


a. We require 10,000 PRm. As preliminary steps we calculate 
d — 0.056603774, 
i? = 0.059126028, 
d? — 0.057428275, 
a = 0.98564294, 


sf? = 1.01478151, 


a(2) = sa? = 1.0002122, 
sf —1 
BQ) = LL = 0.25739081, 


dO? 
and the following actuarial present values: 


fisgsq = 11.291832, 
Adag = 0.13036536, 
Pls = 0.01154510, 
nF 59 = 0.23047353, 
Aso3q = 0.36083889, 


Po; = 0.03195574. 


Then, under the assumption of a uniform distribution of deaths for each year 
of age, the required premium can be calculated by use of (6.4.1), with x = 50, 
n = 20, h = 20, and m = 2. For this purpose, we calculate 


asa = a(2)ä sag — B — 4 Es) = 11.096159, 
and then 


10,000 Pq = 325.19. 


$<. $$ 
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b. The corresponding semicontinuous premium can be obtained by multiplying the 
values in (a) by the ratio 


P(A 50:39) zi A 539 f 


P 50:20 A soz 


Under the uniform distribution of deaths assumption this ratio is 


(i/8) Pog Pya (6.4.3) 
P. 50:20 
and the result is 
10,000 PVA coq) = 328.68. Vv 


6.5 Apportionable Premiums 


A second type of fractional premium is the apportionable premium. Here, at 
death, a refund is made of a portion of the premium related to the length of time 
between the time of death and the time of the next scheduled premium payment. 
In practice this may be on a pro rata basis without interest. In this section we 
consider interest and view the sequence of m-thly premiums as an apportionable 
life annuity-due in the sense of Section 5.5. The symbols used to denote these level 
apportionable annual benefit premiums payable m-thly are like the symbols for 
true fractional premiums on the semicontinuous basis. They differ in that the su- 
perscript m is enclosed in braces rather than parentheses, for example, P'(A,). In 
view of the premium refund feature, it is natural to assume that the death benefit 
is payable at the moment of death. 


Again, we use an h-payment years, n-year endowment insurance to illustrate the 
development of formulas for apportionable premiums paid m-thly. The equivalence 
principle leads to the formulas 


ma ,Unl A 
P XA ca) aya = Asa 


and 
im Ag 
QULA PS Sa (6.5.1) 
xH 
Utilizing the temporary annuity version of (5.5.4), we obtain 
5 As Eu 
PYA a) = — m = PA 6.5.2 
hr ( xn) (8/d ya. 5 h ( x ( ) 
This implies that the m-thly installment is 
P 1- pi/m Loe 
and in particular, for m = 1, 
„P(A al „P(A Mag. (6.5.4) 
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Formulas (6.5.3) and (6.5.4) demonstrate that these apportionable premiums are 
equivalent to fully continuous premiums, discounted for interest to the start of each 
payment period. Similar formulas exist for other types of insurance. For example, 
by letting h and n — ~, (6.5.4) becomes 


PU(À.) = P(A,) ay. (6.5.5) 


The apportionable benefit premium P''(A.) and the semicontinuous benefit pre- 
mium P(A,) are both payable annually at the beginning of each year while (x) 
survives. Each insurance provides a unit at the death of (x). The two insurances 
differ only in respect to the refund provided by P')(A,). Thus, the difference 


POA) = P(A.) (6.5.6) 
is a level annual benefit premium paid at the beginning of each year for the 


refund-of-premium feature. We verify this assertion about the expression in (6.5.6) 
in the following analysis. 


From (5.5.1), we note that the random variable for the present value of the 
refund-of-premium feature is 


PU(A.) v" aga 
ay 


where K and T are defined as in Chapter 3. The actuarial present value for this 
feature is 


APR = PĀ) ie ce en] 
ay 


Using (6.5.5) we obtain 


T s K+1 
A! = P(A,) s 


z7, [A-A 
= P(A,) (=) (6.5.7) 
The level annual benefit premium is then, by the equivalence principle, 
PANA, — Ay) 


pam = EXE 


(6.5.8) 
Formula (6.5.7) has the following interpretation: The actuarial present value of the 
refund feature is the difference between the value of a continuous perpetuity of 
P(A,) per year beginning at the death of (x), and the value of a continuous per- 
petuity of P(A,) payable from the end of the year of death of (x). 


Eee 
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We return now to (6.5.6) where, by (6.5.5), we have 
A, 
z 


E d a 
= PA) (: = 2 


PUA) = PĀ) = PA) É - 


~. Å — 
= P(A) EUM 
= P(AÀP5, (6.5.9) 
as obtained in (6.5.8). This confirms our assertion about (6.5.6). 
This analysis can be extended to m-thly payment premiums and to other life 
insurance in addition to whole life. In general, 
Pim(A) — PA) 


is an m-thly payment premium for the refund feature. 


Example 6.5.1 


If the policy of Example 6.4.1(b) is to have apportionable premiums, what in- 
crease occurs in the annual benefit premium? 


Solution: 
The apportionable annual benefit premium per unit of insurance is given by 
(6.5.2), 


dO? Ásozg d 
85 7 dm 8 


P FICA soz) -P (Aso) 


Under the assumption of a uniform distribution of deaths in each age interval, this 
becomes 


E (i/8)A 353a + A so3g d? 
(©) 59.59 — B1 — Es) 9 
(/8) Pig + Pug dO 
a(%) — Bo) Pag + d) è 
Here a(%) = 3344 = id/8^ = 1.00028, B(co) = (Sq — 1)/8 = 0.50985. Using other 
values available in Example 6.4.1 we find 


10,000 P(A s3) = 329.69. 
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Then the increase in annual premium is 
10,000[P?!(A 7) — PAs] = 1.01, 


which is the annual benefit premium payable semiannually for the refund feature. 


v 


6.6 Accumulation-Type Benefits 


The analysis in this section is in terms of annual premiums for insurances payable 
at the end of the year of death. An analogous development is possible for fully 
continuous premiums and, with some adjustment, for semicontinuous premiums. 
We first seek the actuarial present value for an n-year term insurance on (x) for 
which the sum insured, in case death occurs in year k + 1, is Sr. The present- 
value random variable of this benefit, at policy issue, is 


1 ; 
vey, = "m [Ve + pe - yK] 0O<K<n 
W= 9 
0 Ken 
where the insurer's present values arc computed at interest rate i and d o is the 
discount rate equivalent to interest rate j. The actuarial present value is 


A'a AE 


E[W] = (6.6.1) 
dj 
where À':3 is calculated at the rate of interest i' = (i — D/A + j. 
If i = j, then i’ = 0, and the actuarial present value is 
nlx — Alg t= ux T A. tv" nPx 
d d 
z aA T aPx an 
= dua — Ex 8a: (6.6.2) 


Formula (6.6.2) indicates that, when j = i, this special term insurance is equivalent 
to an n-year life annuity-due except for the event that (x) survives the n years. Then 
the term insurance would provide a benefit of zero, whereas the life annuity pay- 
ments, given survival for n years, would have value ë} at time n. 


Now let us consider the situation where (x) has the choice of purchasing an n- 
year unit endowment insurance with an annual premium of P, or of establishing 
a savings fund with deposits of 1/8; at the beginning of each of n years and 
purchasing a special decreasing term insurance. The special insurance will provide, 
in the event of death in year k + 1, the difference, 


: 
1 -2 
$3 


between the unit benefit under the endowment insurance and the accumulation in 
the savings fund. We suppose further that the same interest rate i is applicable in 


k—-0,1,2,...,n— 1, 


ee 
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valuing all these transactions. The same benefits are provided by the endowment 
insurance and by the combination of the special term insurance and the savings 
fund. Therefore one would. anticipate that 


(the annual benefit premium P,.q = (the annual benefit premium 
for the endowment insurance) for the special term insurance) 


+ (the annual savings fund deposit 1/87). 


To verify this conjecture, we consider the present-value random variable for the 
special decreasing term insurance, 


p (1 = n) capte äro O0=K<n 
W= $3 85 (6.6.3) 
0 K=n. 
The actuarial present value of W is denoted by A15 and given by 
Ava = E[W] 
Al- a — aPx az 
xn] 8z 

Al awa — nEx ÖA 


Sa 
[see (6.6.2)]. 


The annual benefit premium for the special term insurance is therefore 


E Als 1 
Pis AS a = Bs zx PA 
xnl $5 
1 
I TES 
"gs 
and then 
51 1 
Pos = P3 n (6.6.4) 
95 


We have already seen that 
Rast. 


xum 
and now (6.6.4) provides an alternative decomposition of P,;. The components are 
the annual premium for the special term insurance and the annual savings fund 
deposits, 1/35, which accumulate to one at the end of n years. 


Example 6.6.1 


Derive formulas for the annual benefit premium for a 5,000, 20-year term insur- 
ance on (x) providing, in case of death within the 20 years, the return of the annual 
benefit premiums paid: 
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a. Without interest 

b. Accumulated at the interest rate used in the determination of premiums. 
In each case, the return of premiums is in addition to the 5,000 sum insured and 
benefit payments are made at the end of the year of death. 


Solution: 


a. Let v, be the benefit premium. Then 
T, ü = 5,000 Ala T T (LA) 15g 
and 


AL 
m, = 5,000 ——2 —. 
äm — (IA) 


b. Let 7, be the benefit premium. We use (6.6.2) to obtain 


Ty ÖT em 5,000 Alz H Tl og zo P, 855), 
Ti; ;95E, $53 = 5,000 Alz, 


Als 
m, = 5,000 —224- 


2E x öz 
Al. 
= 5,000 2., 
20P x #39 
In practice, annual contract premiums would be refunded, and the formulas 
would take this into account. v 


Example 6.6.2 


A deferred annuity issued to (x) for an annual income of 1 commencing at age 
x + nis to be paid for by level annual benefit premiums during the deferral period. 
The benefit for death during the premium paying period is the return of annual 
benefit premiums accumulated with interest at the rate used for the premium. As- 
suming the death benefit is paid at the end of the year of death, determine the 
annual benefit premium. 


Solution: 
Equating the actuarial present value of the annual benefit premiums, r, to the 
actuarial present value of the benefits, we have 
T. = Nom i, + T a = PEx 83) 


where the second term on the right-hand side comes from (6.6.2). Solving for 7 
yields 
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6.7 Notes and References 


Lukacs (1948) provides a survey of the development of the equivalence principle. 
Premiums derived by an application of the equivalence principle are often called 
actuarial premiums in the literature of the economics of uncertainty. Gerber (1976, 
1979) discussed exponential premiums and reserves; these were illustrated in Ex- 
ample 6.1.1 under Principle III. Fractional premiums of various types are important 
in practice. Scher (1974) has discussed developments in this area, namely, the re- 
lations among fully continuous, apportionable, and semicontinuous premiums. The 
decomposition of an endowment insurance premium appeared in a paper by 
Linton (1919). 


Exercises 


Section 6.1 


6.1. Calculate the expectation and the variance of the present value of the financial 
loss for the insurance in Example 6.1.1, when the premium is determined by 
Principle I. 


6.2. Verify that the exponential premium (with a = 0.1) for the insurance in Ex- 
ample 6.1.1, modified so that the benefit amount is 10, is 3.45917. (Note that 
this is roughly 11.3 times as large as the exponential premium for a benefit 
amount of 1 found in Example 6.1.1.) 


6.3. Using the assumptions of Example 6.1.1, determine the annual premium that 
maximizes the expected utility of an insurer with initial wealth w = 10 and 
utility function u(x) = x — 0.01x7, x < 50. [Hint: Use (1.3.6), w — 0.01w? = 
E[(w — L) — 0.01(w — Ly].] 


Seclion 6.2 


6.4. Afully continuous whole life insurance with unit benefit has a level premium. 
The time-until-death random variable, T(x), has an exponential distribution 
with E[T(x)] = 50 and the force of interest is è = 0.06. 

a. If the principle of equivalence is used, find the benefit premium rate. 
b. Find the premium rate if it is to be such that Pr(L > 0) = 0.50. 
c. Repeat part (b) if the force of interest, 8, equals 0. 


6.5. If the force of mortality strictly increases with age, show that P(A,) > p, (0). 
[Hint: Show that P(A,) is a weighted average of w(t), t > 0.] 
6.6. Following Example 6.2.1, derive a general expression for 
2A, — (A,} 
(84, 


where w,(f) = u and 8 is the force of interest for t > 0. 
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6.7. If 6 = 0, show that 


6.8. Prove that the variance of the loss associated with a single premium whole 
life insurance is less than the variance of the loss associated with an annual 
premium whole life insurance. Assume immediate payment of claims on 
death and continuous payment of benefit premiums. 


6.9. Show that 


) PA) - S = won. 


ay 
X 


d 
+ 
2 


6.10. On the basis of the Illustrative Life Table and an interest rate of 6%, calculate 
values for the annual premiums in the following table. Note any patterns of 
inequalities that appear in the matrix of results. 


Section 6.3 


Fully Continuous Semicontinuous Fully Discrete 
P (Ass) P (A 35:70) P 35:10 
P (Assan) P (A sq) P3530 
P (Assza) P (A3530) P. 35:60 
P(A) P(A.) Ps, 
PAL) P(A hss) Pisan 
P(A 370) P(A 5) Psd 


6.11. Show that 
2P 13 SiR xa = P GonoA a). 


6.12. Generalize Example 6.3.1 where 
=A ryt k=0,1,2,...; 
that is, derive expressions in terms of r and i for A,, d, P,, and 
PA, — (A']/(d à. 
Section 6.4 


6.13. Using the information given in Example 6.4.1, calculate the value PQ. 


6.14. Using various formulas for i!2, first under the assumption of a uniform dis- 
tribution of deaths in each year of age, show that the ratio 


aA 
n) 
Uc 


—————————————— 
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in (6.4.2) can be expressed as the reciprocal of each of (a) and (b). As an 
alternative, if the development of (5.4.10) is followed show that the ratio is 
the reciprocal of (c). 


a. i$? — B(m)Pla 
b. a(m) — B(m)(Pla + d) 


m — 1,,, 
3 Se g t a). 
c. 1 on (Pix d) 


6.15. Refer to Example 6.4.1(b) and directly calculate 


z A 50:20 
POA 5030) = 1, (2) 
459.20) 


using the Illustrative Life Table for the actuarial present values in the nu- 
merator and the denominator. 


6.16. Tf 
12) 


x:20| 
——— = 1.032 
Pix 


and Pz = 0.040, what is the value of pO? 
Section 6.5 


6.17. Arrange in order of magnitude and indicate your reasoning: 
POA oz), P(A uoa), P!(A io), P(A ag), PENA ag). 


6.18. Given that 
d 99 


do» — 100' 
evaluate 


PONA) 
PU(A) 


6.19. If P(A,) = 0.03, and if interest is at the effective annual rate of 5%, calculate 
the semiannual benefit premium for a 50,000 whole life insurance on (x) 
where premiums are apportionable. 


6.20. Show that 


E - es A am A 
pA.) — PAA a) = PlAga) ( z 3 


sp ADIT 
= P(A, 5) Gn) ^ 
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Section 6.6 
6.21. Express 
š 
1 m a m 
94520 


as an annual premium. Interpret your result. 


6.22. On the basis of the Illustrative Life Table and an interest rate of 6%, calculate 
the components of the two decompositions 


a. 1,000 Psp7q = 1,000? 5939 + P5035) 


E 1 
b. 1,000 Poz = 1,000 (Pi + >) 
83g 


6.23. Consider the continuous random variable analogue of (6.6.3), 


3 (1-2) 0<T<n 
W= Em 
0 T zn. 
The loss, 
L=W-Al,, 


can be used with the equivalence principle to determine Aly, the single ben- 
efit premium for this special policy. Show that 


= = ü.3— ü 
a. Aia = a m x = ile Al 
Sa 
p. eji 5 27 Ala -20 + Aly + 1 - ug 


[0 + i" — 1p 
Miscellaneous 


6.24. Express 
As Poz *ü- Ag)P x9 


as an annual benefit premium. 


6.25. a. Show that 


1 1 
R " = Pisia + d. 
6570 ^ 96530 


b. What is the corresponding formula for 
1 1 


402 402 ' 
“65101 ^ 96510 


c. Show that the amount of annual income provided by a single benefit pre- 
mium of 100,000 where 
* The income is payable at the beginning of each month while (65) survives 
during the next 10 years, and 


—— — — —— — '— — P —H—Ó—— M 
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6.27. 


6.28. 


6.30. 


6.31. 


* The single premium is returned at the end of 10 years if (65) reaches age 
73; 


is given by 
1 1 
100,000 | -a5 — zaz | = 100,000(8) 
4 65:10) 65:10] 


where (B) denotes the answer to part (b) of this exercise. 


. An insurance issued to (35) with level premiums to age 65 provides 


* 100,000 in case the insured survives to age 65, and 

* The return of the annual contract premiums with interest at the valuation 
rate to the end of the year of death if the insured dies before age 65. 

If the annual contract premium G is 1.17 where 7 is the annual benefit pre- 

mium, write an expression for 7. 


If ;;P,, = 0.038, P443 = 0.056, and Aq, = 0.625, calculate Pj,;;. 


A 20-payment life policy is designed to return, in the event of death, 10,000 
plus all contract premiums without interest. The return-of-premium feature 
applies both during the premium paying period and after. Premiums are an- 
nual and death claims are paid at the end of the year of death. For a policy 
issued to (x), the annual contract premium is to be 110% of the benefit pre- 
mium plus 25. Express in terms of actuarial present-value symbols the annual 
contract premium. 


. Express in terms of actuarial present-value symbols the initial annual benefit 


premium for a whole life insurance issued to (25), subject to the following 

provisions: 

* The face amount is to be one for the first 10 years and two thereafter. 

* Each premium during the first 10 years is 1/2 of each premium payable 
thereafter. 

* Premiums are payable annually to age 65. 

* Claims are paid at the end of the year of death. 


Let L, be the insurer's loss on a unit of whole life insurance, issued to (x) on 
a fully continuous basis. Let L, be the loss to (x) on a continuous life annuity 
purchased for a single premium of one. Show that L, = L, and give an ex- 
planation in words. 


An ordinary life contract for a unit amount on a fully discrete basis is issued 
to a person age x with an annual premium of 0.048. Assume d — 0.06, A, — 
0.4, and ?A, = 0.2. Let L be the insurer's loss function at issue of this policy. 
a. Calculate E[L]. 

b. Calculate Var(L). 
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c. Consider a portfolio of 100 policies of this type with face amounts given 
below. 


Face Amount Number of Policies 


1 80 
4 20 


Assume the losses are independent and use a normal approximation to cal- 
culate the probability that the present value of gains for the portfolio will 
exceed 20. 


6.32. Express, in terms of actuarial present-value symbols, the initial annual benefit 
premium for a unit of whole life insurance for (x) if after 5 years the annual 
benefit premium is double that payable during the first 5 years. Assume that 
death claims are made at the moment of death. 


6.33. Repeat Exercise 6.20 for h-payment whole life insurance. 


6.34. The function I(t) is given by (6.2.1). 
a. Establish that l"(f) = 0. 
b. Adapt Jensen’s inequality from Section 1.3 to establish that if P = P(A,), 
then P(A,) = v/a, 


6.35. If T(x) has an exponential distribution with parameter p, 
a. Exhibit the p.d.f. of L as shown in (6.2.12) 
b. Show that E[L] = (y. — P)/(p + 8). 
c. Use part (b) to confirm that E[L] = 0 when P = P(A,). 


6.36. Use the assumptions of Exercise 6.35, with u = 0.03 and 8 = 0.06. 
a. Evaluate Pr(L = 0) when P = P(A,). 
b. Determine P so that Pr(L > 0) = 0.5. 


—————————Á»D— ——————— O— = 
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BENEFIT RESERVES 


7.1 Introduction 


In Chapter 6 we introduced several principles that can be used for the determi- 
nation of benefit premiums. The equivalence principle was used extensively in our 
discussion in Chapter 6. By it, an equivalence relation is established on the date a 
long-term contract is entered into by two parties who agree to exchange a set of 
payments. For example, under an amortized loan, a borrower may pay a series of 
equal monthly payments equivalent to the single payment by a lender at the date 
of the loan. An insured may pay a series of benefit premiums to an insurer equiv- 
alent, at the date of policy issue, to the sum to be paid on the death of the insured, 
or on survival of the insured to the maturity date. An individual may purchase a 
deferred life annuity by means of level premiums payable to an annuity organi- 
zation equivalent, at the date of contract agreement, to monthly payments by the 
annuity organization to the individual when that person survives beyond a spec- 
ified age. Equivalence in the loan example is in terms of present value, whereas in 
the insurance and annuity examples it is an equivalence between two actuarial 
present values. 


After a period of time, however, there will no longer be an equivalence between 
the future financial obligations of the two parties. A borrower may have payments 
remaining to be made, whereas the lending organization has already performed its 
responsibilities. In other settings both parties may still have obligations. The in- 
sured may still be required to pay further benefit premiums, whereas the insurer 
has the duty to pay the face amount on maturity or the death of the insured. In 
our deferred annuity example, the individual may have completed the payments, 
whereas the annuity organization still has monthly remunerations to make. 


In this chapter we study payments in time periods beyond the date of initiation. 
For this, a balancing item is required, and this item is a liability for one of the 
parties and an asset for the other. In the loan case, the balancing item is the out- 
standing principal, an asset for the lender and a liability for the borrower. In the 
other two cases, if the individual continues to survive, the balancing item is called 
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a reserve. This is typically a liability that should be recognized in any financial 
statement of an insurer or annuity organization, as the case may be. It is also 
typically an asset for the insured or individual purchasing the annuity. 


We illustrate the determination of the balancing item spoken of above by contin- 
uation of Example 6.1.1 in the two cases where a utility function was used to define 
the premium principle. 


(Example 7.11 PE 


An insurer has issued a policy paying 1 unit at the end of the year of death in 
exchange for the payment of a premium P at the beginning of each year, provided 
the life survives. Assume that the insured is still alive 1 year after entering into the 
contract. Further, assume that the insurer continues to use i — 0.06 and the follow- 
ing mortality assumption for K: 


„h =0.2 cO 2,3,4. 


Find the reserve, ,V, as determined by the following: 

a. Principle II: The insurer, using a utility of wealth function u(x) = x, will be 
indifferent between continuing with the risk while receiving premiums of 
0.30272 (from Example 6.1.1) and paying the amount ,V to a reinsurer to assume 
the risk. 

b. Principle III: The insurer, using a utility of wealth function u(x) = —e ?'*, will 
be indifferent between continuing with the risk while receiving premiums of 
0.30628 (from Example 6.1.1) and paying the amount ,V to a reinsurer to assume 
the risk. 


Solution: 

The conditional probability function for K, the curtate-future-lifetime, given that 
K=. is 
P(K-k 02 


c c25 k = 1, 2, 3, 4. 


pecu Ed PrKz1 08 


The present value at duration 1 of the insurer's future financial loss is L = v(K 0*1 

— P ügyv, where P is the premium determined in Example 6.1.1. 

a. According to (1.3.1), we seek the amount ,V such that u(w — ,V) = 
E[u(w — ,L)|K = 1]. By Principle II u(x) = x, so we have 


w — V = E[w —,LK = 1] = w — ELLIK = 1]. 


Thus, Principle H is equivalent to requiring that ,V be chosen so that 
;V = E[,L|K = 1]. For this example, this requirement is 


4 
Ve p (v01 — 0.30272 4) X Pr(K = KK = 1) 


4 4 
- E v&D*1 Pr(K = k|K = 1) — 0.30272 2, ügy X Pr(K = KK = 1), 


(7.1.1) 
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which gives V = 0.15111 as shown in the following calculation. 


Present Value (1 Year after Issue) 


ups Insurer's 
Outcome Conditional of Future Obligations of Prospective 

k Probability Insurer Insured Loss 

1 0.25 v — 0.94340 P dj = 0.30272 0.64067 

2 0.25 v? — 0.89000 P da = 0.58831 0.30169 

3 0.25 v? — 0.83962 P fq = 0.85773 —0.01811 

4 0.25 v* — 0.79209 P dg = 1.11191 —0.31981 

Expected Value 0.86628 0.71517 0.15111 


The actuarial present value of the insurer's prospective loss is 
0.86628 — 0.71517 — 0.15111. 
b. Again by (1.3.1) and now using the utility function in Principle III, we have 
—g 91V) = F[—e Mea K z 1] = —e 91» Ele MK = 1]. 
Thus, Principle III is equivalent to requiring that ,V be chosen so that 


e V = Efe 1K = 1] or that ,V = 10 log Efe! “|K = 1]. 


The following table summarizes the calculation of ,V using the premium 
(0.30628) from part (c) of Example 6.1.1. 


Insurer’s 
Outcome Conditional Prospective 
k Probability Loss, L ehh) 
1 0.25 0.63712 1.06579 
2 0.25 0.29477 1.02992 
3 0.25 —0.02819 0.99718 
4 0.25 —0.33287 0.96726 


Thus, Efe! +K = 1] = (1.06579 + 1.02992 + 0.99718 + 0.96726)(0.25) = 1.01504 
and ,V = (log 1.01504) /0.1 = 0.14925. v 


Henceforth, benefit reserves will be based on benefit premiums as determined 
by the equivalence principle in part (a) of Example 7.1.1. Thus, the benefit reserve 
at time t is the conditional expectation of the difference between the present value 
of future benefits and the present value of future benefit premiums, the condition- 
ing event being survivorship of the insured to time t. The type of reserve found in 
part (b) of Example 7.1.1 is called an exponential reserve. 


The sections in Chapter 7 parallel sections of Chapter 6 on benefit premiums. We 
assume, as we do in Example 7.1.1, that the mortality and interest rates adopted 
at policy issue for the determination of benefit premiums continue to be appropriate 
and are used in the determination of benefit reserves. 
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7.2 Fully Continuous Benefit Reserves 


We now develop the benefit reserves related to the fully continuous benefit pre- 
miums developed in Section 6.2 by application of the equivalence principle. 


Let us consider reserves for a whole life insurance of 1 issued to (x) on a fully 
continuous basis with an annual benefit premium rate of P(Au). The corresponding 
reserve for an insured surviving f years later is defined under the equivalence 
principle as the conditional expected value of the prospective loss at time f, given 
that (x) has survived to t. More formally, for T(x) > t the prospective loss is 


ib = o — P(A.) das. (7.2.1) 


The reserve, as a conditional expectation, is calculated using the conditional dis- 
tribution of the future lifetime at f for a life selected at x, given it has survived 
to f. In International Actuarial Notation symbols this is 


(AG) = ELLIT(x) > t] 
= EDOTA) > t] — PAu) Eldmg-ilT(x) > t] 
ELI NE P(A a) dig. (7.2.2) 


If the attained age was the only given information at issue of the insurance at 
age x, or for some other reason an aggregate mortality table is used for the distri- 
bution of the future lifetime, then the conditional distribution of T(x) — t is the 
same as the distribution of T(x + t), and (7.2.2) in symbols is 


iV(A,) zx A al z P(A Jā zst- (7.2.3) 
Formulas (7.2.2) and (7.2.3) state that 


(the benefit reserve) = (the actuarial present value for the 
whole life insurance from age x + t) 


— (the actuarial present value of future 
benefit premiums payable after age x + t at an annual rate 
of P(A,)). 


The formulations of P(A,) and ,V(A,) are related. When t = 0, (7.2.3) yields 
oV(A,) = 0. This is a consequence of applying the equivalence principle as of the 
time the contract was established. 


Remark on Notation (Restated): 

In this book, we will simplify the appearance of the formulas by suppressing the 
select notation unless its use is necessary or helpful in the particular situation. The 
symbol p,(t) will be used for the force of mortality in the development of benefit 
reserves to reinforce the idea that the conditional distributions used in reserve 
calculations are derived from the distribution of T(x). 
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Benefit reserves are defined in Section 7.1 as the conditional expectation of loss 
variables. In evaluating these conditional expected values in this section, the 
distribution of T(x) — t, given T(x) > t, was used. The interest rate and the distri- 
bution of T(x) used with the equivalence principle at time t = 0 to determine the 
benefit premium. were used again. The survival of the life (x) to time t was the only 
new information incorporated into the expected value calculation. A comprehen- 
sive reserve principle would require that all new information relevant to the loss 
variables and their distributions be incorporated into the reserve calculation. The 
objective of this requirement would be to estimate liabilities appropriate for the 
time that the valuation is made. In Chapters 7 and 8 the process of learning from 
experience to modify the assumptions under which benefit reserves are estimated 
are not studied. 


By steps analogous to those used to obtain (6.2.6), we can determine the variance 


of ,L as follows: 
P(A P(A 
L = yit | i ( 2 (7.2.4) 


à $ 
thus 


Var[,L|T(x) > t] = | + aaa] Var[v? 9 T(x) > t] 


8 | [A NE (Arl. (7.2.5) 


Note the relation to (6.2.6) and that the development holds for all premium levels. 
It is not dependent on the equivalence principle. 


Follow up Example 6.2.1 by calculating ,V(A,) and Var [,L|T(x) > t]. 


Solution: 
Since A,, à, and P(A,) are independent of age x, (7.2.3) becomes 


WA) =A,-BA)a,=0 tz. 


In this case, future premiums are always equivalent to future benefits, and no 
reserve is needed. 


Also, in this case, (7.2.5) reduces to 
Sr và 
Var[,L|T(x) > t] — E + me DA, — (A,)?] = Var(L) = 0.25, 


as in Example 6.2.1. Here the variance of ,L depends on neither the age x nor the 
duration f. v 
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Example 7.2.2 


On the basis of De Moivre’s law with /, = 100 — x and the interest rate of 6%, 
calculate 
a. P(A3s) 
b. ,V(A4;) and Var[,L|T(x) > t] for t = 0, 10, 20,... , 60. 


Solution: 


a. From 1, = 100 — x, we obtain jp = 1 — £/65 and p, (35 + t) = 1/65 for 
0 = t < 65. It follows that 


p PE ag 
Ag = | v — dł = 0.258047. 


0 65 
Then 
8A 
P(A,;) = 3 = 0.020266. 
( 35) 1 2 Ase 0.0 
b. At age 35 + t, we have A,;,, = ag-q/(65 — t) and 
eo : 1-A 
V(Ags) = Azs; — 0.020266 ———2# . 
t ( 35) B5+E 0.0 Ü log(1.06) 
Further, 


and, from (7.2.5), 


0.020266 
log(1.06) 


Applying these formulas, we obtain the following results. 


Var[,L|T(x) ess | + | lo = (Aal. 


t VA 4) Var[,L|T(35) > t] 
0 0.0000 0.1187 

10 0.0557 0.1201 

20 0.1289 0.1173 

30 0.2271 0.1073 

40 0.3619 0.0861 

50 0.5508 0.0508 

60 0.8214 0.0097 


Note the convergence of Var[,L|T(35) > t] toward zero. There is a rendezvous 
with certainty. v 


The table in Example 7.2.2 provides the mean and the variance of the conditional 
distributions of ,L for selected values of t. To gain more insight into the nature of 
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reserves, let us explore these distributions of ,L in more depth. We previously stud- 
ied the case for t = 0 at (6.2.11) following Example 6.2.3. From (7.2.1), 


iL = yT- nn P(A,) 53-1 
+ BU Ds 
= pg 9 + P(A) = P(A.) . (7.2.6) 
ò $ 
If ò > 0, ,L is a decreasing function of T(x) — t and lies in the interval 
Ea (7.2.7) 


Using Figure 6.2.1 as a guide we can repeat the steps of (6.2.11) to establish the 
following relationship between F,,,,(u) and the d.f. of the conditional distribution 
of ,L, given T(x) > t, which we denote by F,(y). For a y in the interval given by 
(7.2.7), 


Fiy) = PrLL = yT) > t] 


Z p| oto $ + Paa] PAD c [rt > ] 
5 8 

= CLE ES ESI T(x) > | 

A eno > T g ee T(x) > | 


_ PrlT@) = t — (1/8) flog [òy + P(A]/[8 + PAN 
Pr[T(x) > t] 
1 - Fry(t — 0/8) log Ily + P(A]/T9 + PADD 
; 1-F Tœ) ` 
Differentiation of (7.2.9) with respect to y derives the p.d.f. for the conditional 
distribution of ,L, given T(x) > t: 


" 1 1 by + P(A.) 
ful) = Iz + PADI — imi} fe ( 5 108 E + P(A,) }) oD 


For an aggregate mortality law the conditional distribution of T(x) — t, given 
T(x) > t, is the same as the distribution of T(x + t), so (7.2.8), (7.2.9), and (7.2.10) 


(7.2.8) 


(7.2.9) 


reduce to 
F,(y) = wr tfz- = log ERAI (7.2.11) 
dy + P(A 
=1- Fra (i log EE ) (7.2.12) 
E 1 zd Sy + P(A.) 
fut) = [òy + PĀ] frero ( 5 log Een + RÀ) |). (7.2.13) 
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To illustrate these concepts we will extend Example 7.2.2. 


For the insurance contract and assumptions in Example 7.2.2: 

a. Exhibit the formulas for the d.f. and the p.d.f. of the conditional distribution for 
iL, given T(x) > t. 

b. Display graphs of these conditional p.d.f.'s for t = 0, 20, 40, and 60. 


Solution: 


a. Since Example 7.2.2 specifies an aggregate mortality law, we use formulas 
(7.2.12) and (7.2.13). In Example 7.2.2, 


Fresia) = E i for0 =u = 65-t 
ed foró5—t«u, 
1 
Presa) = 65-1 forO=u=65-¢t 
=0 elsewhere. 


Figure 7.2.1 shows Figure 6.2.1 as it applies to this example. In this figure the 
outcome space of T(35 + t) is on the u-axis, and the outcome space of the loss 
random variable, ,L, is on the y-axis. The relationship between the outcomes of 
T(35 + t) and the outcomes of ,L is given by the loss function y = l(u) and is 
indicated by the dashed line connecting u and y in the figure. The p.d.£. fissi (u) 
has its domain on the u-axis and its range on the y-axis. The domain of the p.d.f. 
f. (V) is on the y-axis, and its range is to be imagined on an axis perpendicular 
to the u-y plane, but for the sketch it has been laid perpendicular to the y-axis 
in the u-y plane. 


Schematic Diagrams of /,(u), frs, (u), and f (y) 


Nea =], (u) = v” — P (Ags) da a 
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To determine the d.f. by ,L we start with a value of y corresponding to a value 
of u in the interval (0, 65 — f£). For such a y we have, by (7.2.12), 
(-1/9) log ([6y + P(A49]/[8 + P(As5)]} 
65-t 


Fy) - 1 O=y=1. 


For a y > 1, Fi(y) = 1. 
Again, for a value of y corresponding to a value of u in the interval (0, 65 — t), 
and using (7.2.13), we have 


1 J| 1 Psy a 
fit = 65 — t/| y + P(ÀAs) è F 


0 elsewhere. 


b. Figure 7.2.2 is the composite of the required graphs of the p.d.f.'s f;(y), for 
t — 0, 20, 40, and 60. Figure 7.2.1 is a graph for one value of t. Compare Figures 
7.2.1 and 7.2.2 as follows: The vertical y-axis of Figure 7.2.1 is the horizontal axis 
in Figure 7.2.2. The axis that was imagined to be perpendicular to the u-y plane 
in Figure 7.2.1 is the vertical axis in Figure 7.2.2. Note the curves in the y-t plane 
that indicate the minimum and maximum possible losses, the expected loss (ben- 
efit reserve), and the expected loss plus one standard deviation of the loss. W 


f (y) for t = 0, 20, 40, and 60 
Fu) 


0.34 


a Ags) + Op 


-0.03 X 


Minimum 
Loss 
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Corresponding to Table 6.2.1, Table 7.2.1 for benefit reserves is presented. We 
have not tabulated details of the prospective loss, ,L, and explicit formulas for 
Var[,L|T(x) > t], corresponding to the several benefit reserves, are not displayed. 


Fully Continuous Benefit Reserves; Age at Issue x, Duration t, Unit Benefit 


International 
Plan Actuarial Notation Prospective Formula 
Whole life insurance VA,) Aya, — PAY) 4 
aft Al _ pai_yqg — - 
n-Year term insurance V 13) daa PIA a) Arrenca = : 


n-Year endowment VA.) A, auc Pang ot 
insurance tY Man 1 t=n 


h-Payment years, whole  ,.,. Auc T AD us tzh 

life insurance VAY) A ett >h 
h-Payment years, n-year Js = GP Ara Aer DW 
endowment insurance /'V(A,3) Å a3 h<t<n 

1 t=n 


- A pia < 
n-Year pure endowment | V(A,1) E PA st) saa f 


z 4... — PG], Aer ts 
Whole life annuity VGL) TRAE (48) HU ees n 


x Ln 
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So far we have defined the benefit reserve as the conditional expectation of the 
prospective loss random variable and developed only one method to write for- 
mulas for fully continuous benefit reserves, namely, the prospective method, stating 
that the benefit reserve is the difference between the actuarial present values of 
future benefits and of future benefit premiums. From the prospective method, we 
can easily develop three other general formulas for policies with level benefits and 
level benefit premium rates. We illustrate these for the case of n-year endowment 
insurances. 


The premium-difference formula for ,V(A,q) is obtained by factoring @,,,;=4 out 
of the prospective formula for ,V(A ,;: 


("EH 
VAs miu. m PU sci 
Akten -N 
= [P(A Liu) P(A a] Hsc (7.3.1) 


Formula (7.3.1) exhibits the benefit reserve as the actuarial present value of a 
premium difference payable over the remaining premium-payment term. The 
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premium difference is obtained by subtracting the original annual benefit premium 
from the benefit premium for an insurance issued at the attained age x + t for the 
remaining benefits. 


A second formula is obtained by factoring the actuarial present value of future 
benefits out of the prospective formula. Thus, for ,V(A,,q) we have 


V ua) = | PA.) 5 E zl EET 


A, az 


7 PA], 
= | CE xttn-tü (7.3.2) 


This exhibits the benefit reserve as the actuarial present value of a portion of the 
remaining future benefits, that portion which is not funded by the future benefit 
premiums still to be collected. Note that P(A z=) is the benefit premium required 
if the future benefits were to be funded from only the future benefit premiums, but 
P(A,q) is the benefit premium actually payable. Thus, P(A,:) / P(A,,, 3) is the 
portion of future benefits funded by future benefit premiums. This is called a paid- 
up insurance formula, named from the paid-up insurance nonforfeiture benefit to 
be discussed in Chapter 16. Formulas analogous to (7.3.1) and (7.3.2) exist for a 
wide variety of benefit reserves. 


A third expression is the retrospective formula. We develop this from a more 
general relationship. We have, from Exercise 4.12 and from formulas (5.2.18) and 
(5.2.19), for t < n — s, 


Nossa = Ay s: * Eee dt -S~ 
and 


a 


xts:n—s| Aas + Eus a xts+in—s— 


Substituting these eerie into the prospective formula for ,V(A,q), we obtain 
AS) vA a - PU 
t Eers Aging CU P Ges 
5 Ahea + sevice Aa) = PA ausa (7.3.3) 


Thus the benefit reserves at the beginning and end of a t-year interval are connected 
by the following argument: 


(the benefit reserve at the — (the actuarial present value at the beginning 


beginning of the interval) of the interval of benefits payable during the interval) 


+ (the actuarial present value at the beginning 


of the interval of a pure endowment for the amount 


of the benefit reserve at the end of the interval) 


— (the actuarial present value of benefit premiums 
payable during the interval). 
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The rearranged symbolic form, 


V a) i P(A a) a 


x+s:n~i] 
E Ang nr su V (Aya), (7.3.4) 
shows that the actuarial present values of the insurer's resources and obligations 


are equal. 


The retrospective formula is obtained from (7.3.4) by setting s — 0, noting that 
oV(A,q) = 0 by the equivalence principle, and solving for ,V(A,.q). Thus, 


Ead | S ` 
MAC = E [P(A a) Heg Al]. 


Further, 5,4 = d,4/E, so the formula reduces to 


VC us) = P(A, a) $8 i Ky (7.3.5) 
Here 
Al 
k= (7.3.6) 
fx 


is called the accumulated cost of insurance. One notes that 


Z * v5 p, u.s) ds 
& -[* p. us (5) 


t 
9 U Px 


= I (1 + iy * Lets us) ds 
A e sy Gt er get 233.9 47 2 


bct 


(7.3.7) 


This can be interpreted as the assessment against each of the l,,, survivors to pro- 
vide for the accumulated value of the death claims in the survivorship group be- 
tween ages x and x + t. Thus, the reserve can be viewed as the difference between 
the benefit premiums, accumulated with interest and shared among only the sur- 
vivors at age x + t, and the accumulated cost of insurance. 


We conclude this section with some special formulas that express the whole life 
insurance benefit reserves in terms of a single actuarial function. Analogous for- 
mulas hold for n-year endowment insurance benefit reserves when benefit premi- 
ums are payable continuously for the n years. Because we used (5.2.8) to express 
P(A,) in terms of 8 and either a, or A,, we can use those ideas here to express 
,V(À,) in terms of one of the actuarial functions 2,, A,, or P(A,) and 8. 


For an annuity function formula, substitute (6.2.9) and (5.2.8) into the prospective 
formula (7.2.3) to obtain 


En 1 
V.) 1 x BA 44 ~ (G ji s) lyy 
ay 


= j= fe, (7.3.8) 


(———————————— —— ————5— A — 
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Further, substituting (6.2.9) into the premium-difference formula, we have 
WA) = PA) = PAD] 2. 
PA.) ~ P(À) 


Finally, we can rewrite (7.3.8) using A,,, = 1 — 84,,, to obtain 
VA, = 1 LA np Be (7.3.10) 


pA. 1-Ā 


x 


These last three formulas depend on relationship (5.2.8) between the annuity for 
the premium paying period and the insurance for the benefit period. Thus they are 
available only for whole life and endowment insurances where the premium- 
paying period and the benefit period are the same. Moreover, the frequency of 
premium payment must be the same as the "frequency" of benefit payment. We 
will see that apportionable premiums satisfy these requirements in their own way. 


Remark: 

Although benefit reserves are non-negative in most applications, there is no 
mathematical theorem that guarantees this property. Indeed, the reader can com- 
bine Exercise 4.2 and formula (7.3.10) for a quick verification that negative benefit 
reserves are a real possibility. 


7.4 Fully Discrete Benefit Reserves 


The benefit reserves of this section are for the insurances of Section 6.3 which 
have annual premium payments and payment of the benefit at the end of the year 
of death. As in Section 7.2 the underlying mortality assumption can be on a select 
or aggregate basis. We will display the formulas for the aggregate case, which has 
simpler notation. Let us consider a whole life insurance with benefit issued to (x) 
with benefit premium P,. Following the development in Section 7.2, for an insured 
surviving k years later, we define the benefit reserve, denoted by ,V,, as the con- 
ditional expectation of the prospective loss, ,L, at duration k. More precisely, 


iL = pO = p. Ü rnm (7.4.1) 
iV, = ELLIK@) = k, k - 1,.. ]. (7.4.2) 


The prospective formula for the benefit reserve is 
iV = dA P" Re Axse (7.4.3) 


As in Section 7.2 this formula is the actuarial present value of future benefits less 
the actuarial present value of future benefit premiums. 
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Analogous to (7.2.4), we have 
Var[,L|IK(x) =k, k +1,...] 


= Var| use E + s 


2 
= ( + 5) Varp O-H] K(x) = k k  1,...] 


ko) eie vss. 


-(s ph 5) [As — (Avia? (7.4.4) 


Example 7.4.1 


Follow up Example 6.3.1 by calculating ,V, and Var[,L\K(x) = k, k + 1,.. ]. 


Solution: 
Here A,, i, and P, are independent of age x so that A,,, = A, and 


D REN EE o mE 
Also, from (7.4.4), Var[,L|K(x) = k, k + 1,...| = Var(L) = 0.2347. v 


The benefit reserve formulas tabulated in Table 7.4.1 correspond to the benefit 
premiums in Table 6.3.1 and are analogous to the benefit reserves in Table 7.2.1. 


Fully Discrete Benefit Reserves; Age at Issue x, Duration k, Unit Benefit 


International 
Plan Actuarial Notation Prospective Formula 
Whole life insurance n Aag P. 

: Did. lis « 
n-Year term insurance „Vig : k= vot Peek : N : 
n-Year endowment V Anas Palag kn 

insurance kY xn k=n 

h-Payment years, whole , — pP Geant k«h 

life insurance £V. k=h 
h-Payment years, n-year ju S Prin Özer kechen 
endowment insurance 7V E Ay tear hek<n 

k=n 

-piä < 

n-Year pure endowment ,V,4 |: von 7 Pa Fcc 5 

: , m Aa yc PG) à kn k«n 

Whole life annuity VG) l^ rem VUE TUM 
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Example 7.4.2 


Determine an expression in actuarial present values and benefit premiums for 
the Var[,L|K(x) = k, k + 1, . . .] for a fully discrete n-year endowment insurance 
with a unit benefit. 


Solution: 
g= ors (1 + Bat) - Pa K(x) =kk+1,...,n-1 
= ort (1 - Ba) P K(x) =n,n+1,..., 


Var|,L|K(x) =k,k +1,...] 


Pay 
x: E + Pa) NE. E (sep). v 


In cases other than whole life or endowment insurances with premiums payable 
throughout the insurance term, the expressions for the variance of the loss may be 
difficult to summarize in convenient notation. 


Formulas similar to those of Section 7.3 can be developed for fully discrete benefit 
reserves. We illustrate these by writing the formulas for ,V, with a minimum of 
discussion. Verbal interpretations and algebraic developments closely parallel those 
for fully continuous benefit reserves. 


The premium difference formula is 
Va = (Pesce Pa) ay each: (7.4.5) 


The paid-up insurance formula is 


Pea 
KV cl = E ; Aytkaed: (7.4.6) 
Ped 


For the retrospective formula, we first establish a result analogous to (7.3.3), 
namely, forh < n — j, 


‘Vea = A Án S Pa LP zb ees; jaa V ad (7.4.7) 


Then, if j = 0, we have, since Vea = 0, 


1 E 
aV x3 = E (Pia Axy Aia) 
hx 


= Pa 5 Ke (7.4.8) 


Here the accumulated cost of insurance is ,k, = A15 /,E,, and a survivorship group 
interpretation is possible. 


An interesting observation follows from the retrospective formula for the benefit 
reserve. Let us consider two different policies issued to (x), each for a unit of 
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Solution: 
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Var|,L|K(x) =k,k +1,...] 


Pay 
x: E + Pa) NE. E (sep). v 


In cases other than whole life or endowment insurances with premiums payable 
throughout the insurance term, the expressions for the variance of the loss may be 
difficult to summarize in convenient notation. 


Formulas similar to those of Section 7.3 can be developed for fully discrete benefit 
reserves. We illustrate these by writing the formulas for ,V, with a minimum of 
discussion. Verbal interpretations and algebraic developments closely parallel those 
for fully continuous benefit reserves. 


The premium difference formula is 
Va = (Pesce Pa) ay each: (7.4.5) 


The paid-up insurance formula is 


Pea 
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For the retrospective formula, we first establish a result analogous to (7.3.3), 
namely, forh < n — j, 


‘Vea = A Án S Pa LP zb ees; jaa V ad (7.4.7) 


Then, if j = 0, we have, since Vea = 0, 


1 E 
aV x3 = E (Pia Axy Aia) 
hx 


= Pa 5 Ke (7.4.8) 


Here the accumulated cost of insurance is ,k, = A15 /,E,, and a survivorship group 
interpretation is possible. 


An interesting observation follows from the retrospective formula for the benefit 
reserve. Let us consider two different policies issued to (x), each for a unit of 
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insurance during the first h years. Here, h is less than or equal to the shorter of the 
two premium-payment periods. The retrospective formula for the benefit reserve 
on policy one is 


way = Pay Sg — ake 
and that for the benefit reserve on policy two is 

aV) = Po Sua T pees 
It follows that 


way T Vey = (Pay — Po) Sen (7.4.9) 
which shows that the difference in the two benefit reserves equals the actuarial 
accumulated value of the difference in the benefit premiums Pa) — Py. Since 
1/8,q = P,#, formula (7.4.9) can be rearranged as 

Pa, — Po = Pi (Vay — Vo) (7.4.10) 


The difference in the benefit premiums is expressed as the benefit premium for an 
h-year pure endowment of the difference in the benefit reserves at the end of h 
years. Formula (6.3.10) is a special case of (7.4.10) with , V, = land ;V, = A,,,. 
Another illustration of (7.4.10) is 


P, = Pig + Pai nV (7.4.11) 
since ,Viq = 0. 
As in the fully continuous case, there are special formulas for whole life and 


endowment insurance benefit reserves in the fully discrete case. Parallel to 
(7.3.8)-(7.3.10), we have, by use of the relations A,=1-dé,and1/a, =P, +d, 


1 
Mx = lod Bask S G E a) by. 


x 


=] - set (7.4.12) 
ay 
P,+d P-P 
vV, =1- = = k (7.4.13) 
i Pi4,td Py, +d 
and 
1- A 
WV, =1- Arse Ak x (7.4.14) 


Similar special formulas also hold for fully discrete n-year endowment insurance 
benefit reserves, but not for insurance benefit reserves in general. 


Fully discrete insurances provide instructive examples for the deterministic, or 


expected cash flow, model of the operations of benefit reserves. This is displayed 
in Examples 7.4.3 and 7.4.4. 


Section 7.4 Fully Discrete Benefit Reserves 


Example 7.4.3 


Assume that a 5-year term life insurance of 1,000 is issued on a fully discrete 
basis to each member of a group of /4, persons at age 50. Trace the cash flow 
expected for this group on the basis of the Illustrative Life Table with interest at 
6%, and, as a by-product, obtain the benefit reserves. 


Solution: 

We first calculate the annual benefit premium am = 1,000 Pla = 6.55692. Then 
the expected accumulation of funds for the group through the collection of benefit 
premiums, the crediting of interest, and the payment of claims is as stated in the 
following: 


[03] Q) (3) (4) (5 (6) (7) (8) 


Expected 
Benefit 
Premiums Expected Expected 
at Fund at Expected Number of 
Beginning Beginning Expected Death Expected Fund Survivors at 
Year of Year of Year Interest Claims at End of Year End of Year 1,000 „V: 

h losna T (2), + (6,4, (0060 3), 1000d4,,, (3, + (, — Oh [^ (6),/ 7); 
1 586 903 586 903 35 214 529 884 92 233 88 979.11 1.04 
2 583 429 675 662 40 540 571 432 144 770 88 407.68 1.64 
3 579 682 724 452 43 467 616 416 151 503 87 791.26 1.73 
4 575 640 727 143 43 629 665 065 105 707 87 126.20 1.21 
5 571 280 676 987 40 619 717 606 0 86 408.60 0.00 


Note that the benefit reserves derived in the table match those calculated by for- 
mula. For example, at duration 2 we have 


1,000 Aja = 20.09 and 45,3 = 2.81391. 
Then 
1,000 „V45 = 20.09 — (6.55692)(2.81391) = 1.54. v 


Example 7.4.4 


Assume that a 5-year endowment insurance of 1,000 is issued on a fully discrete 
basis to each member of a group of l persons at age 50. Trace the cash flow 
expected for this group on the basis of the Illustrative Life Table with interest at 
6%, and as a by-product obtain the benefit reserves. 


Solution: 
Here the annual benefit premium is 7 = 1,000 P553 = 170.083. The expected cash 
flow is displayed in the following table: 


Chapter 7 Benefit Reserves 219 


(D (2) (3) (4) (5) (6) (7) (8) 
Expected 


Benefit 
Premiums Expected Expected 
at Fund at Expected Number of 
Beginning Beginning Expected Death Expected Fund Survivors at 
Year of Year of Year Interest Claims at End of Year End of Year — 1,000 „V4 
h borna T — Oh + (6,1 (009 (3, 1000d,,, (,-* (,— On Loss (6, + (D, 
1 15 223 954 15 223 954 913 437 529 884 15 607 507 88 979.11 175.14 
2 15 133 829 30 741 336 1 844 480 571 432 32 014 384 88 407.68 362.12 
3 15 036 638 47 051 022 2 823 061 616 416 49 257 667 87 791.26 561.08 
4 14 931 796 64 189 463 3 851 368 665 065 67 375 766 87 126.20 773.31 
5 14 818 680 82 194 446 4 931 667 717 606 86 408 507 86 408.60 1 000.00 


v 


Figures 7.4.1 and 7.42 display the expected benefit premiums and expected death 
claims for the preceding two examples. In Example 7.4.3, expected benefit premi- 
ums exceed expected death claims for 2 years, but thereafter are less than expected 
claims. The excess benefit premiums accumulate a fund in the early years to be 
drawn on in the later years when expected claims are higher. At the end of 5 years, 
the fund is expected to be exhausted. 


Expected Benefit Premiums and Expected Death Claims for Example 7.4.3 


Thousands 
gi 
© 
lon) 


450 e Expected Benefit Premiums 
x Expected Death Claims 


Year 


N 
S 
= 
E 4 * Expected Benefit Premiums 

3 x Expected Death Claims 

2 

1 x x x x x 

f dp p a 
OQ Gg ET EE OE 
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For the 5-year endowment case of Example 7.4.4, the picture is much different. 
As shown in Figure 7.4.2, the expected benefit premiums remain far in excess of 
expected death claims throughout. The expected fund at the end of 5 years is suf- 
ficient to provide 1,000 in maturity payments to each of the expected survivors. 


The 5-year term insurance exemplifies a low-premium, low-accumulation life in- 
surance, whereas the 5-year endowment insurance exemplifies a high-premium, 
high-accumulation form. Most life insurances would fall between these two 
extremes. 


7.5 Benefit Reserves on a Semicontinuous Basis 


We noted at the end of Section 6.3 that, in practice, there is a need for semicon- 
tinuous annual benefit premiums P(A,), P(A sa), P(A La), ,P(A,), and „P(A x7) to take 
account of immediate payment of death claims. In such cases, the benefit reserve 
formulas in Table 7.4.1 need to be revised by replacement of A by A and of P by 
P(A). Moreover, the principal symbol for the benefit reserve is now V(A) with a 
subscript on the A to indicate the type of insurance as in the benefit premium 
symbol. For example, for an h-payment years, n-year endowment insurance 


= Agana v „P(A s) Gta k < h <n 
EV(A ra) = 4 Aca h<k<n (7.5.1) 
1 k=n. 


If a uniform distribution of deaths over each year of age is assumed, we have, from 
(4.4.2) and (6.3.12), 


IVA a) a 5 Via + fu (7.5.2) 


Under this circumstance benefit reserves on a semicontinuous basis are easily cal- 
culated from the corresponding fully discrete benefit reserves. 


7.6 Benefit Reserves Based on True m-thly 
Benefit Premiums 


In this section we examine the benefit reserve formulas corresponding to the 
formulas for true m-thly benefit premiums discussed in Section 6.4. By the pro- 
spective method, one can write a direct formula for ve» namely, 


(m) (m) on 
EV cal = A Uk | äh k « h. (7.6.1) 


This can be evaluated after obtaining VP by means of (6.4.1) or (6.4.2), and 
ät) zz by means of (5.4.15) or (54.17). 


We now consider the difference between ky OO and £V, in the general case of a 
limited payment endowment insurance. We have, for k < h, 
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hz (02 2 ^ (m) .. 
kV xn = Ve e sas] ÜCceR-R ursi Uo rct 


,, Qn) 

" (m) ArT) .. (m) .. 

= xm] i. HL eh-R rP. xml T MU ay (7.6.2) 
xi 


Under the assumption of a uniform distribution of deaths in each year of age, (7.6.2) 
becomes 


S00 ,. 1 
a; d. m) Ax. 
Ma Na zz Ls Ben Ann g 


A xtkh-k 
x] 


7 |n üsna T Bn) Ass] 


The terms involving at? cancel to yield 


(m) ( 
RV — kV. = Ber) Pr Vin: (763) 
Thus, 
(the benefit reserve for an insurance — (the corresponding fully 
with true m-thly benefit premiums) discrete benefit reserve) 


a fully discrete benefit reserve for term insurance over 
+ | the premium paying pcriod for a fraction, (m), of the |. 
true m-thly benefit premium for the plan of insurance 


A similar result holds for benefit reserves on a semicontinuous basis with true 
m-thly benefit premiums under the assumption of uniform distribution of deaths 
in each year of age. By the prospective method, we have for k < h, 


£V XA.) = Asean = P(A ca) dc ig. (7.6.4) 
By steps analogous to those connecting (7.6.1) and (7.6.3), we obtain 


Further, by letting m — œ above, we obtain for a fully continuous basis 
&V(A a) = EVAn) + BQ) ,PCÀ,) Vig. (7.6.6) 


Note again that the term insurance benefit reserve is on a fully discrete basis. 


Example 7.6.1 


On the basis of the Illustrative Life Table with the assumption of uniform dis- 
tribution of deaths over each year of age and i — 0.06 calculate the following for a 
20-year endowment insurance issued to (50) with a unit benefit and true semian- 
nual benefit premiums: 

a. The benefit reserve at the end of the tenth year if the benefit is payable at the 
end of the year of death. 

b. The benefit reserve at the end of the tenth year if the benefit is payable at the 
moment of death. 

Also verify (7.6.5) in relation to the benefit reserve in part (b). 
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Solution: 


a. In addition to the values calculated in Example 6.4.1, we require 
Aag = 0.13678852 
Agia = 0.58798425 
diggag = 7.2789425 


10V 5050 Ado P S038 Geoqq = 0.052752 


i0Vso29 = Acosa — Psoz0 4eoig = 0.355380. 


Then, under the assumption of a uniform distribution of deaths over each 
year of age, we have 


ü&kg = a(2) äm — B(2) (1 — 10Eso) = 7-1392299. 


The benefit reserve, ,,V i5, can be calculated using either 


(7.6.1): Aam — Poa üf):g = 0.355822 
or 
(7.6.3): 10Vsomq + B) PBa Vda = 0.355822. 


b. We need additional calculated values: 


5 Adm = 0.13423835 
POA oz) = amm - — 0.03286830 


Adag = 0.14085233 


Azm = 036471188 


P(Asom) = A soz = 0.03229873 


IH soz 


A oma = 0.59204806 


10V(A sozg) Aem P (Aso) 4 goaq = 0.3569475 


VAs) = Agora — P°(Asoza) digg = 0.3573937 
B(2) P(A soag) 10V bz = 0.000446. 


This last value is the difference between the two directly above it, as shown 
in (7.6.5). v 
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7.7 Benefit Reserves on an Apportionable or Discounted 
Continuous Basis 


In Section 6.5 we discussed apportionable, or discounted continuous, benefit pre- 
miums, and we now consider the corresponding benefit reserves. For integer k, we 
have by the prospective method 


tV "(A 2) = Aguas z PIA ya) aa k « h. (7.7.1) 
But by (6.5.2), 
g g 
P(A a) = ES PA ca) 
and by (5.5.4), 


2 9 
a cg qo Ps n8 


Substitution into (7.7.1) yields, for an integer k, 
iV (A 2) = Aap P(A a) B LEER = IVA 3). (7.7.2) 


This means that, on anniversaries of the issue date, fully continuous benefit reserves 
can be used for all apportionable cases, independent of the premium-paying mode. 
The condition that k be an integer can be relaxed to being at the end of an m-th 
for m-thly premiums. 


In Section 6.5, it was noted that the apportionable benefit premium could be 
decomposed as 


pA) = P(A) + P(APS) (7.7.3) 


where the superscript PR is used to denote an insurance for the benefit premium 
refund feature. A similar decomposition for the benefit reserves can be verified by 
use of the prospective method and (6.5.7). The steps are: 


VAR) = IA) St — Ant PAR) a, 


E E Be 
= P(A,) +k : tk 8 


[P''(A )) UD P(A,)] Aig 
Since 
d..- z 
$ P(A.) — PIA), 
the expression can be reduced to 


,V(ATR) = PA Bu. + P(A,) Brig 
a Avy P(A.) Ay +k a [A xax 3 P(A,) ae | 
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VA s ,V(À x) 


Vul (A,) = VÀ). 


Thus we have 


VAL = VUL SPRVOALS. (7.74) 


7.8 Notes and References 


This chapter has developed the idea of a reserve in parallel to the development 
of premiums in Chapter 6. Discussion of recursion formulas for reserves is deferred 
to Chapter 8. Reserve principles based on the utility functions used in Chapter 6 
were first applied. Gerber (1976, 1979) develops these reserves in a more abstract 
setting. Benefit reserves, which followed from a linear utility function, were studied 
extensively. Scher (1974) explored the apportionable benefit premium reserves as 
discounted fully continuous benefit reserves. 


Exercises 


Section 7.1 


7.1. 


72. 


7.3. 


7.4. 


Z;5i 


Determine the benefit reserve for t = 2, 3, 4, and 5 for the insurance in Ex- 
ample 6.1.1. 


Determine the exponential reserve for t = 2, 3, 4, and 5 for the insurance in 
Example 6.1.1. 


Determine the exponential reserve for t = 1, 2, 3, 4, and 5 for the insurance 
in Exercise 6.2. 


Consider the insurance in Example 7.1.1 and the insurer of Exercise 6.3 with 
utility function u(x) = x — 0.01 x?, 0 < x < 50. Determine the reserve, ,V, for 
k = 1, 2, 3, and 4 such that the insurer, with wealth 10 at each duration, will 
be indifferent between continuing the risk while receiving premiums of 
0.30360 (from Exercise 6.3) and paying the amount ,V to a reinsurer to assume 
the risk. 


Consider a unit insurance issued to (0) on a fully continuous basis using the 
following assumptions: 
i. De Moivre's law with œ = 5 
ii. i — 0.06 
iii. Principle III of Example 6.1.1 with « = 0.1. 
a. Display equations which can be solved for the exponential premium and 
the exponential reserve at t = 1. 
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b. Solve the equations of (a) for the numerical values for the exponential 
premium and exponential reserve. Numerical methods must be used to 
obtain these required solutions. 


Section 7.2 


7.6. For an n-year unit endowment insurance issued on a fully continuous basis 
to (x), define ,L, the prospective loss after duration t. Confirm that 


ER EN 
— xtin— xttn-u 
Var(L|T >= +t a 3: "m ; 


7.7. The prospective loss, after duration t, for a single benefit premium n-year 
continuous temporary life annuity of 1 per annum issued to (x) is given by 


pe aT t=T<n 
: ay T zm m. 


Express ELL|T > t] and Var(L|T > t) in symbols of actuarial present values. 


7.8. Write prospective formulas for 
a. 10V (A sag) 
b. the benefit reserve at the end of 5 years for a unit benefit 10-year term 
insurance issued to (45) on a single premium basis. 


79. a. For the fully continuous whole life insurance with the benefit pre- 
mium determined by the equivalence principle, determine the outcome 
ug = T(x) — t such that the loss is zero. [Caution: For large values of t, a 
solution may not exist.] 
b. Determine the value of u, for t — 20 in Example 7.2.3 and compare it to 
Figure 7.2.1 for reasonableness. 


7.10. The assumptions of Example 7.2.3 are repeated. Find the value of t such that 
the minimum loss is zero. Check your result by examining Figure 7.2.2. 


7.11. a. Repeat the development leading to (7.2.9) to obtain the d.f. for the loss 

variable associated with an n-year fully continuous endowment insurance. 

b. Draw the sketch that corresponds to Figure 7.2.1 for this endowment 
insurance. 


7.12. Repeat Exercise 7.11 for an n-year fully continuous term insurance. 


7.13. Confirm that (7.2.10) satisfies the conditions for a p.d.f. 
Section 7.3 


7.14. Write four formulas for 20V(A 4). 
7.15. Write seven formulas for ,,V(À 555). 


7.16. Give the retrospective formula for 39V (oñs). 
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7.17. For 0< tsm, show 
a. P(A ara) = P(Aia) T PA mV rm 


b. VA o) Eg V(A Lu) + Non nV (A essen) 


and give an interpretation in words. 


7.18. State what formula in Section 7.3 the following equation is related to, and 
give an interpretation in words: 


OVA) = Ada T sEao BYA) — soP(A xo) 2403. 
Section 7.4 
7.19. Write four formulas for 20V js. 


7.20. Write seven formulas for 4,V,o3. 


721. For0 < k = m, show 


kV esi us Via + Ven nV emad 
7.22. If k < n/2, Veq = 1/6, and d,a + üs = 2 äs calculate 
kVscckn-R- 
Section 7.5 


7.23. On the basis of the Illustrative Life Table and interest of 696, calculate values 
for the benefit reserves in the following table. (See Exercise 6.10.) 


Fully Continuous Semicontinuous Fully Discrete 
(A 3330) wV(A 3530) 103539 
V(A 35) 19V(À 35) 10 Vas 
wV(A 3550) wV(A 3530) 1035.39 


7.24. Under the assumption of a uniform distribution of deaths in each year of age, 
which of the following are correct? 


= i 
a. VA cm) z 3 Men 
b. VÀ) = E V; 

= i 
c. VAa) = sia 


Section 7.6 


7.25. Show that, under the assumption of a uniform distribution of deaths in each 
year of age, 


4 
sV $059 z3 53020 = A320 


2017 (4 20 
5 Ve A8 Vo Ax 


(The assumption is sufficient but not necessary.) 
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7.26. Which of the following are correct formulas for ,,V (? 
pen 
a. (PP — PO) ac? b. |1- 55] Ass 
PSS 
(m) a as 
c. Pio Sis = asKao d. 1 — m) 
440 
Section 7.7 
7.27. Which of the following are correct formulas for ,,V (A)? 
a. ,SV(À qo) b. [P'(As) — P (A it 
e "m P(Ay) | < 
c. [P(As) — P(A ap) lass d. £ = se| Ass 
ass DÀ iz [ 
e.1-—- z. f. P(Au) Sj — 1k40 
40 
7.28. Show that 


a. POA a) = PA) + (1 — A, p 
b. VAa) = tV'"(À ) + (1— Á, V i 


Give an interpretation in words. 


Miscellaneous 


7.29. 


7.30. 


7.31. 


7.32. 


Calculate the value of Pl; if 
Pia = 0.2. 


nV, = 0.080, P, = 0.024, and 


x 


If 49 V3; = 0.150 and „V3; = 0.354, calculate 1V4. 


A whole life insurance issued to (25) pays a unit benefit at the end of the year 

of death. Premiums are payable annually to age 65. The benefit premium for 

the first 10 years is P,, followed by an increased level annual benefit premium 

for the next 30 years. Use your Illustrative Life Table and i = 0.06 to find the 

following. 

a. The annual benefit premium payable at ages 35 through 64. 

b. The tenth-year benefit reserve. 

c. At the end of 10 years the policyholder has the option to continue with 
the benefit premium P,; until age 65 in return for reducing the death benefit 
to B for death after age 35. Calculate B. 

d. If the option in (c) is selected, calculate the twentieth-year benefit reserve. 


Assuming ô = 0.05, q, = 0.05, and a uniform distribution of deaths in each 
year of age, calculate 
a. (Ads — b uA). 


Ss ee 


Exercises 


ANALYSIS OF BENEFIT RESERVES 


8.1 Introduction 


In Chapter 3 probability distributions for future lifetime random variables were 
developed. Chapters 4 and 5 studied the present-value random variables for in- 
surances and annuities. The funding of insurance and annuities with a system of 
periodic payments was explored in Chapter 6, and in Chapter 7 the evolution of 
the liabilities under the periodic payments to fund an insurance or annuity was 
discussed. In these last two chapters the emphasis was on level benefits funded by 
level periodic payments that are usually determined by an application of the equiv- 
alence principle. 


Why was the emphasis on level payments? First, traditional insurance products 
are purchased with level contract premiums. It is natural to think of a constant 
portion of each premium being for the benefit, hence a level benefit premium. 
Second, the single equation of the equivalence principle yields a solution for only 
one parameter. It is natural to think of this parameter as the benefit premium. 
Third, until the incidence of expenses is discussed in Chapter 15, one of the moti- 
vations of nonlevel benefit premiums is not present. Fourth, historically some reg- 
ulatory standards have been specified in terms of benefit reserves defined by level 
benefit premiums. 


In this chapter we define benefit reserves as we did in Chapter 7, but the defi- 
nition is applied to general contracts with possibly nonlevel benefits and premiums. 
Of course, level premiums are a special case of nonlevel premiums, so the ideas 
here apply to the examples of Chapter 7. However, the reverse is not true. The 
special technique and relationships of Chapter 7 may not apply to the more general 
contracts of this chapter. 


We start with definitions of general fully continuous and fully discrete insur- 
ances, and recursion relations are developed for these general models. The general 
discrete model is used to obtain formulas for benefit reserves at durations other 
than a contract anniversary, something that was not obtained in Chapter 7. An 
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allocation of loss and of risk of the contract to the various periods of the contract 
duration is obtained by use of the general fully discrete model. Again, these ideas 
apply to the contracts of Chapter 7, and the reader is encouraged to exercise this 
application. 
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Consider a general fully discrete insurance on (x) in which 

* The death benefit is payable at the end of the policy year of death 

* Premiums are payable annually, at the beginning of the policy year 

* The death benefit in the j-th policy year is b, j = 1,2,... 

* The benefit premium payment in the j-th policy year is nau] m 1,2, ca 
Note that the subscripts of b and ~ are the times of payment. 


For a non-negative integer, h, the prospective loss, ,L, is the present value at h 
of the future benefits less the present value at / of the future benefit premiums. 
Expressed as a function of K(x), it is 

dc 0 kj K(x)70,1...h—1 


f 8.2.1 
Diop VOTI — m, yi K(x) =hh+1,.... : 
K@)+1 | 1 


Note: This definition extends the one given in (7.4.1) by including values (zeros) 
of „L for K(x) less than h. Of course, this extension will not change the value of the 
benefit reserve because it is the conditional expectation given K(x) = h. The exten- 
sion will be used in the development of recursion relations. 
The benefit reserve at h, which we will denote by ,V, is defined as 
,V = ELL|K(x) = A] 


K(x) 
= K 1-h j-h 
=E ss pF me 2 m; v! K(x) = ] 


KQo)-h 
=E [uem ME > Tj vIK(x) = n| (8.2.2) 
j-0 
Under the assumption that the conditional distribution of K(x) — h, given K(x) = 


h,h+1,..., is equal to the distribution of K(x + h), this last expression can be 
rewritten as 


KR) 
2 Kathy+1 _ j 
WV = E [beau V ics > Ty; UI 
= 


se į 
= > (o... pee > ek 2 jPxeh Fx+n+j- (8.2.3) 
j= k=0 
Note that if this assumption fails, we are in the select mortality mode. By applying 


summation by parts (see Appendix 5) or reversing the order of summation, (8.2.3) 
can be rewritten as 
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= j+1 _ j 
nV = > bu UC Parn Heensj > Tij VGP (8.2.4) 
f f 


Thus, ,V as defined by (8.2.2) converts readily to the prospective formula: the ac- 
tuarial present value of future benefits less the actuarial present value of future 
benefit premiums. 


In Chapter 7 we discussed four types of formulas for the benefit reserve: 
prospective, retrospective, premium-difference, and paid-up insurance. These were 
applicable to benefit reserves for contracts with level benefit premiums and level 
benefits. Only the prospective and retrospective forms extend naturally to the gen- 
eral fully discrete insurance. The retrospective formula will be developed in the 
next section. 


Example 8.2.1 


A fully discrete whole life insurance with a unit benefit issued to (x) has its first 
year's benefit premium equal to the actuarial present value of the first year's ben- 
efit, and the remaining benefit premiums are level and determined by the equiv- 
alence principle. Determine formulas for (a) the first year's benefit premium, 
(b) the level benefit premium after the first year, and (c) the benefit reserve at the 
first duration. 


Solution: 


a. From Chapter 4, m, = Alq 

b. By the equivalence principle Al; + «a, = A 
Ava / ü, -- Pa. 

c. By the prospective formula, V = A,,, — mi, = 0. v 


so m = (A, — Aiy/a, = 


x, 


Example 8.2.1 illustrates one approach to nonlevel premiums. Another approach 
would be to set a premium pattern in the loss variable ¿L as defined in (8.2.1) by 
a set of weights, w,, for j = 0, 1, 2, . . . . Applying the equivalence principle, we 
have in a special case of (8.2.1) 


E[;£] = 0, 
or 
= baa p Px dx; — T > w, vi fx (8.2.5) 
j= j= 
and 


l 


œ 


j+1 
ba UI. De dug 


Tm = 


z (8.2.6) 
> Ww; v! Px 
j=0 
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By different selections of sequences {b,,,; j = 0, 1, 2, . . .} and (w; į =0,1,2,.. 4, 
the various benefit premium formulas can be obtained. 


If we consider the sequence (b;,,; j = 0, 1, 2, . . .} to be fixed, there remains great 
flexibility in selecting the sequence {w,; j = 0, 1, 2, . . .], which in turn determines 
the sequence [m;; j = 0, 1, 2, .. .]. There may be commercial considerations to require 
that w, = 0 for all j, but the equivalence principle does not impose this condition. 
In Example 82.1, bı = 1 for all j, but wy = Al and mw, = (A, — Aly) /a,, j = 
1, 2, . . . , and (8.2.6) is satisfied. A different application is found in Example 8.2.2. 


The annual benefit premiums for a fully discrete whole life insurance with a unit 
benefit issued to (x) are v, = mw,, where w; = (1 + r)'. The rate r might be selected 
to estimate the expected growth rate in the insured's income. 


Develop formulas for 
a. T 
b. ,V and 
c. ,V when r = i. 


Solution: 


a. Using (8.2.5), m = A,/à?, where äž is valued at the rate of interest 
* = (i — r)/(1 + r). When r = i, 3 = A,/(e, + 1). 
b. Using (8.2.4), 


= 
WV = Aw > Tien U! Pert 
j 


A, E. [41 apy 
= Ayan — ar +5 (=) Pisk 


j=0 
A, T 
= Ava ims üt (1 * "ue ss 
c. ,V = Aya, — [A (e, + 1) + re, + 1). Y 


In Example 8.2.2, negative benefit reserves are possible with higher values of r. 
See Exercise 8.32 for a variation of this policy. 


Now consider a general fully continuous insurance on (x) under which 

* The death benefit payable at the moment of death, t, is b, and 

* Benefit premiums are payable continuously at t at the annual rate, 7,. 
The prospective loss for a life insured at x and surviving at t is the present value 
at t of the future benefits less the present value at t of the future benefit premiums: 
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0 T(x) s t 


bé TG) 
lh gw e Í m, v" tdu Tix) >t. 


(8.2.7) 
The benefit reserve for this general case, which we will denote by LV, is then 


iV = ELL[TQ) > t] 
T(x) 
=E [ors pret — Í a, 0" du[T(x) > 1 
t 


TG)-t 
-E ee proces jh T V” dr|/T(x) > | (8.2.8) 


As assumed to obtain (8.2.3) for the fully discrete insurance, we assume here that 
the conditional distribution of T(x) ~ t, given T(x) > t, is the same as the distri- 
bution of T(x + t) and proceed to 


Tt) 
z= TOt) 
V = E | brgan VEP Í T,,, U' dr 


= | (».. vi Í T4, U' ir) uProe M + u) du 


cm li b. v“ uPx+t u(t P u) du =. Í Thay v” Px+t dr. (8.2.9) 


The second integral in (8.2.9) is obtained by integration by parts, or, alternatively, 
by reversing the order of integration. In other words, ,V can be expressed as the 
actuarial present value of future benefits less the actuarial present value of future 
benefit premiums. If the assumption about the conditional distribution of T(x) — f, 
given T(x) > t, does not hold, we are in the select mortality mode. 


BIRGNENEEENOEDELOUED EGET UNMESIR UUUNVCEER NOH) EE S RN EZICEC ME MMMCNCNNIC IN NEC ID GR MCN vg" UELLE VR IP T RE ZEE 
8.3 Recursion Relations for Fully Discrete Benefit Reserves 


One objective of this chapter is to explore recursion relations among the loss 
random variables, their expected values, and variances. We start with a definition 
for the insurer's net cash loss (negative cash flow) within each insurance year for 
the fully discrete model as defined for (8.2.1). Figure 8.3.1 is a time diagram that 
shows the annual cash income and cash outgo. 


Insurer's Cash Income and Outgo for General Fully Discrete Insurance 
Outgo 0 0 0 0 0 bs 0 0 


Income 7, Ti T3 Tis A Ti — Tk 0 0 0 ete. 
0 1 2 3 


K()-1 K(x) K(x) +1 K(x) +2 K(x) 43 


——— —————— r— —— ————— ——— É 
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Let C, denote the present value at h of the net cash loss during the year 
(h, h + 1). If (h, h + 1) is before the year of death [h < K(x)], then C, = —m,. If 
(h, h + 1) is the year of death [k = K(x)], then C, = v b,,, — m, And if (h, h + 1) 
is after the year of death, of course, C, — 0. Restating this definition as an explicit 
function of K(x), 


0 Kx)20,1...,h —1 
Cp, = 40 by, — m, Kx)-h (8.3.1) 
—T, Ka) =h+1,h+2,.... 


For the conditional distribution of C,, given K(x) = h, we observe that 


C, = vb, 1 — my, 


where 
I- {3 with probability q,.,, 
0 with probability p,,,. 
Therefore, 
E[CK(x) = h] = v 5, quay — Tp (8.3.2) 
and 
Var[C,|K(x) = A] = (v b, Y quas Prin (8.3.3) 
Moreover, using (2.2.10) and (2.2.11) along with (8.3.1)-(8.3.3), 
E[C,] = (v bi; Fein 7 Tr) up. (8.3.4) 
and 
Var(C,) = (v Ea dis — Ti)? pad. + U Padus Peon ipe (8.3.5) 


Finally, for j > h, C; and C, are correlated, an assertion that is left for the student 
to verify in Exercises 8.5 and 8.6. 


As previously defined in (8.2.1), ,L is the present value at h of the insurer's future 
cash outflow less the present value at = of the insurer's future cash income. By 
rearranging the terms in this definition, an equivalent one that states „L as the sum 
of the present values at h of the insurer's future net annual cash losses is obtained. 
This is 


„L = > vl. (8.3.6) 


joh 


For h < K(x), we have from (8.3.1), 


K(x) KQ)-1 
e j-h (^. à s KQ-h ET = j-h 
„l = 2 v! C rupit bk Tkw) y» v "m, 
jah j-h 
K(x) 


= K(x)-1-h a j-h 
=v beast > v” m; 
z 


as before. For h = K(x), ,L = Cka = (v bkæw+1 — Tkw) And for h > K(x), both sides 
of (8.3.6) are zero. 
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A recursion relation for the loss variables follows from (8.3.6): 


pL =C, + v D ge C = Cp +V pril. (8.3.7) 
j=h+ 
A recursion relation for the benefit reserves can be obtained from (8.3.7) by 
,V = EL,L|K(x) = h] 


E[C, + v psiL|K(x) = h] 


=U ba Geen 7 Th + v El LIKE) = A]. (8.3.8) 
Since ,,,L is zero when K(x) is h, we have 
aV = vba dus T Tp + v E[BLGL[KGQ) = h + d] pus 


= V bhir Grin 7 Th H V uuV Pore (8.3.9) 


Formula (8.3.9) is a backward recursion formula [u(h) = c(h) + d(fr) X u(h + 1)] 
for the general fully discrete benefit reserve. Note that d(h) = vp,,, again and c(h) 
= VD ys 14x44 — Tae A forward recursion formula can be obtained by solving (8.3.9) 
for ,,,V. (See Exercise 8.7.) This forward formula was used in Examples 7.4.3 and 
7AA in an aggregate mode; that is, the mortality functions were in life table form. 


Further insight to the progress of benefit reserves can be gained by rearrange- 
ments of (8.3.9). First, add m, to both sides, to see 


nV + Tp = DU dus F aV V Pern (8.3.10) 


In words, the resources required at the beginning of insurance year h + 1 equal 
the actuarial present value of the year-end requirements. The sum ,V + m, is called 
the initial benefit reserve for the policy year h + 1. In contrast, „V and ,.,V are 
called the terminal benefit reserves for insurance years h and h + 1 to indicate that 
they are year-end benefit reserves. 


Formula (8.3.10) can be rearranged to separate the benefit premium m, into com- 
ponents for insurance year h + 1, namely, 


7, = b, V Gren GuaV U Pran — QV). (8.3.11) 


The first component on the right-hand side of (8.3.11) is the l-year term 
insurance benefit premium for the sum insured b,,,. The second component, 
ati U Pran — aV, represents the amount which, if added to ,V at the beginning of 
the year, would accumulate under interest and survivorship to ,,4V at the end of 
the year. 


For the purpose of subsequent comparison with formulas for a fully continuous 
insurance, we multiply both sides of (8.3.11) by 1 + i and rearrange the formula 
to 


T, + QV + mi + paa Vgran = brai Gran + AGV). (8.3.12) 
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The left-hand side of (8.3.12) indicates resources for insurance year h + 1, namely, 
the benefit premium, interest for the year on the initial benefit reserve, and the 
expected release by death of the terminal benefit reserve. The right-hand side con- 
sists of the expected payment of the death benefit at the end of the year and the 
increment ,,,V — „V in the benefit reserve. 


An analysis different than (8.3.10)—(8.3.12) results if one considers that the benefit 
reserve „+V is to be available to offset the death benefit b,,,, and that only the net 
amount at risk, b,,,, — ,.,V, needs to be covered by 1-year term insurance. For this 
analysis we have, on substituting 1 — 4,,, for p,., in (8.3.10) and multiplying 
through by 1 + i, 


naV = GV + yd + i) — (baa — pa Vran (8.3.13) 
Corresponding to (8.3.11), we now have 
Th = (by 7 pV) dus + © nV — SV). (8.3.14) 


The first component on the right-hand side of (8.3.14) is the 1-year term insurance 
benefit premium for the net amount of risk. The second component, v pV — ,V, 
is the amount which, if added to ,V at the beginning of the year, would accumulate 
under interest to ,,, V at the end of the year. In this formulation ,,,V is used, in 
case of death, to offsel the death benefit. Consequently, the benefit reserve accu- 
mulates as a savings fund. This is shown again by the formula corresponding to 
(8.3.12), namely, 


Tp E (aV vm) = Oya — naV Gein + AGV), (8.3.15) 


which is left for the reader to interpret. 


The analysis by (8.3.11) does not use the benefit reserve to offset the death benefit, 
and consequently the benefit reserve accumulates under interest and survivorship. 
Both components of the right-hand side of (8.3.11) involve mortality risk, whereas 
in (8.3.14) only the first component does. We see in Section 8.5 that (8.3.14) is related 
to a flexible means for calculating the variance of loss attributable to the random 
nature of time until death. 


Formulas (8.3.10)-(8.3.15) are all recursion relations for the benefit reserve at 
integral durations. None of the six is written in the form of an explicit backward 
or forward formula; rather, each is written to give an insight. In Example 8.3.1, 
recursion relation (8.3.14) is used to obtain an explicit formula for the benefit pre- 
mium and benefit reserve. 


Example 8.3.1 


A deferred whole life annuity-due issued to (x) for an annual income of 1 com- 
mencing at age x + n is to be paid for by level annual benefit premiums during 
the deferral period. The benefit for death prior to age x + n is the benefit reserve. 
Assuming the death benefit is paid at the end of the year of death, determine the 
annual benefit premium and the benefit reserve at the end of year k for k = n. 
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Solution: 
Using the fact that b,., = ,.,V for h = 0, 1, 2,..., n — 1, in (83.14), we have 


T= v Q44V — ,V. 


On multiplication by v", we have 


qu^ = v"! , V — vt .V = Aw" ,V). (8.3.16) 
Summing over h = 0,1,2,...,n — 1, we obtain 
n-1 
v” V- Van > v" = mia, 
h=0 


and, since ;V = 0 and ,V = 4,,,,, it follows that 


n vin Gyan 


OT DS a EM 
a] Sal 


Thus, this annuity is identical to that described in Example 6.6.2. The benefit reserve 
at the end of k years can be found by summing (8.3.16) over h = 0,1,2,..., 
k — 1 to give 

v* A4 = Täy 5 


from which 


xV mE mög. v 


Example 8.3.2 


A fully discrete n-year endowment insurance on (x) provides, in case of death 
within n years, a payment of 1 plus the benefit reserve. Obtain formulas for the 
level benefit premium and the benefit reserve at the end of k years, given that the 
maturity value is 1. 


Solution: 
In this case b, = 1 + ,V, and the net amount at risk has constant value 1. Denoting 
the annual benefit premium by m and using (8.3.14), we have 


U pV T aV ETU Aysh h=0,1,...,n-1. 
On multiplication by v^, this becomes 
A(v* ,V) = m v* — v" ay. (8.3.17) 


Summing this over h = 0,1, 2,...,n — 1, we obtain 
n-i 

v".V = m ida — 5 as E 
A=0 


so that, with ,V = 1 (the maturity value is 1), 
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By summing (8.3.17) over h = 0,1,2,...,k — 1, and solving for ,V, we have 


k-1 


Jom o do 2 us 
=o v 


Just before Example 8.2.1 we promised to develop a retrospective formula for 
the benefit reserve of the general fully discrete insurance in this section. We start 
by rewriting recursion relation (8.3.11) in the form 

Th — Pa V duum nV V pua 7 aV 
and then multiplying both sides by v" ,p, to obtain 
T, U^ p, — b, í VT ap Gern = naV v qup, — V v Px 
= AGV v* yp), (8.3.18) 


which holds for h = 0, 1, 2,.... When we sum both sides of (8.3.18) over the 
values from 0 to k — 1, we have 

k-1 

2 (Tn v^ p, — Byer o ap, ean) = eV v* ap, — V. 

With equivalence principle premiums, ¿V = 0, so we can rewrite this last equation 
for the terminal benefit reserve of the general fully discrete insurance as 


kl h E hl 
y= 5 Tp V Pr — braa v^ Pr Verh 
KY = k 
h=0 U Px 
and then as 


k-1 (1 + ne” 


WV = 2 (m, — Ubri Iron) (8.3.19) 


k-hP x+h 

Formula (8.3.19) shows the benefit reserve at k as the sum over the first k years of 
each year’s premium less its expected death benefit accumulated with respect to 
interest and mortality to k. 
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We consider again the general fully discrete insurance of (8.2.1) on (x) for a death 
benefit of b;,, at the end of insurance year j + 1, purchased by annual benefit 
premiums of m;, j = 0, 1, . . . , payable at the beginning of the insurance year. We 
seek a formula for, and an approximation to, the interim benefit reserve, that is, 
nisV for h =0,1,2,...and0<s <1. Extending the earlier definition of the benefit 
reserve as stated in (8.2.1) and (8.2.2), we have for the interim casc 


0 RO =0,1,...,h-1 
hsl zS gs Bx 41 K(x) K@) = h 


DROIT CMD by ie », vO a Kx) =h+1,ht+2,... 
j=h+ 


(8.4.1) 
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and 
gas V = Ely £|T@) > h + s]. (8.4.2) 
From (8.4.2), 


ia cw Pepsi t0 a VD age (8.4.3) 
Now multiply both sides of (8.4.3) by v* Py, to obtain 


V, Pran hts V =U b, Gn dea) zm Vln V) Pran: (8.4.4) 


Equation (8.3.9) provides an expression for vb,,, 4, Which can be substituted into 
(8.4.4) to obtain 


s\t-s9x+h 
V° Prin nts V = (V + tt, — quu V U pus) q TU pV Pus 


xt 


which can be rearranged to 


S Pest nia = GV om) EP + GV v pu) (: = Wee) (84.5) 
xh dh 
This exact expression shows that when the interim benefit reserve at h + s is 
discounted with respect to interest and mortality to h, the result is equal to an 
interpolated value between the initial benefit reserve at h and the value of the 
terminal benefit reserve at h + 1 discounted to h. 


We emphasize that the interpolation is, in general, not linear; however, under 
the assumption of uniform distribution of deaths over the age interval the inter- 
polation weights are linear and (8.4.5) is 


UP. uas V = GV om) — s) + QaV v p.a). (8.4.6) 


By replacing i and 4,,, with zeros in (8.4.6), as an approximation, the result is linear 
interpolation between the initial benefit reserve at and the terminal benefit re- 
serve. The approximate result is 


nesV = (1 — S)GV m) + su V) (8.4.7) 
which is often written in the form 
hts V = 0 — S)GV) + Sh V) + 0 ~ s)m,. (8.4.8) 


Here the interim benefit reserve is the sum of the value obtained by linear inter- 
polation between the terminal benefit reserves, 


(1 — s)GV) + s V) 
and the unearned benefit premium (1 — sym,. In general, 


(the unearned benefit premium = (the benefit premium 
at a given time during the year) for the year) 


X (the difference between the time 
through which the premium 
has been paid and the given time). 
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Thus, on an annual premium basis, the benefit premium has been paid to the end 
of the year so at time s the unearned benefit premium is (1 — s)m,. This notion of 
an unearned benefit premium will be used in discussing approximations to benefit 
reserves when the premiums are collected by installments more frequent than an 
annual basis. 


We consider now one such case, that of true semiannual premiums with claims 
paid at the end of the insurance year of death. For 0 < s = 1/2 we could start 
with the random variable giving the present value of prospective losses as of time 
h + s and then calculate its conditional expectation given that (x) has survived to 
h + s. This is a bit more complex than it was for (8.4.4), so we start with the 
equation corresponding to (8.4.3) by noting that it is the prospective formula 


VM EE po b, a dns) * v GV) 1-sPx+hts 


T 
zz = (v )\(95-sPrsh+s)* (8.4.9) 


The first two terms of (8.4.9) can be viewed as the actuarial present value of the 
death benefit and an endowment benefit of amount equal to the reserve, and the 
third term is the actuarial present value of the future benefit premium for the 
1 — s year endowment insurance. Multiplying both sides of (8.4.9) by ,p,,,, 0°, we 
have 


sPx+n V? ja, V? = Ub, Gn sd) + Upa VP) Prin 


z a (v°°\osPr+n)- (8.4.10) 


For the semiannual premium policy the equation corresponding to (8.3.10) is also 
a prospective benefit reserve formula: 


T 
WV = b, uq + nV rin — zi (1 + vo sPrsi)- (8.4.11) 


Equation (8.4.11) provides an expression for vb,,, to substitute in (8.4.10), which 
yields 


E Tp \ s-s x+h 
Pane ga VO = (ve t 2) EU 
(xh 


+ eave Path — E (0° Yospen) | 


x (: z s (8.4.12) 


x+h 
Formula (8.4.12) corresponds to (8.4.5), which showed that the interim benefit re- 
serve at h + s, discounted with respect to interest and mortality to h, is equal to a 
nonlinear interpolated value between the initial benefit reserve at h and the dis- 
counted value to h of the terminal benefit reserve at h + 1. For the semiannual 
premium case, this terminal reserve has been reduced by the amount of the 
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discounted value of the midyear benefit premium. Under the assumption of a uni- 
form distribution of deaths over the age interval, we have linear interpolation on 
the right-hand side: 


sPx+h v? nts V” = (ve se z) (1 ER S) 


* eave Pxen T E: ww] (s). (8.4.13) 


Again setting i and 4,,, equal to zero, as an approximation, we obtain simple linear 
interpolation between the initial benefit reserve and the terminal benefit reserve 
reduced by the benefit premium due at midyear: 


ju V = (ve + z) a-9- m = a) (3. 


This formula can be rearranged as the interpolated value between the terminal 
benefit reserves plus the unearned benefit premium (7;)(1/2 — s): 


1 
js V? = [0 — 8),V + 8 p VO] + ( B ; T. (8.4.14) 


For the last half of the year when 1/2 « s x 1, we can proceed as above to 
obtain the following exact formula for the benefit reserve at h + s discounted with 
respect to interest and mortality to h: 


gi si-sdxen 
sPxth V? m = |," + = (1 + 2] dizelerk 
xn 
+ Tv. V9) p.a] (1 - d] (8.4.15) 
x+h 


Again under uniform distribution of death in the year of age, we have the linear 
interpolation 


qr 
Prah VË nts VË = (1 — 8) |, * UE (1 + Lo" 


+ s[v(, V”) p], (8.4.16) 


and with i and 4,,, set equal to zero, as an approximation, we have the simple 
linear interpolation plus the unearned benefit premium 


m VO = VOO — s) + ,,,VO(s) + q(1 — s). (8.4.17) 


(For the general result for m-thly reserves see Exercise 8.12.) 


8.5 Allocation of the Risk to Insurance Years 


In Section 8.3 recursion relations for benefit reserves are developed by an analysis 
of the insurer's annual cash income and cash outflow. Now we extend this analysis 
to an accrual or incurred basis and develop allocations of the risk, as measured by 
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the variance of the loss variables, to the insurance years. Figure 8.5.1 shows in a 
time diagram the insurer’s annual cash incomes, cash outflows, and changes in 
liability for the general fully discrete insurance of (8.2.1). The random variable C, 
is related to the cash flows of the policy year (h, h + 1). We now define a random 
variable related to the total change in liability, cash flow, and reserves. 


x 


Insurer's Cash Incomes, Outflows, and Changes in Liability 
for Fully Discrete General Insurance 


Outflow 0 0 0 basa 0 
Income To T T» Tk) 0 0 
ALiability iV 2V—-(1+i) ,V xV- Ate Vi -A+i)kayV 0 etc 


0 1 2 M K(x) K(x)41 K(x)42 


Let A, denote the present value at / (a non-negative integer) of the insurer's cash 
loss plus change in liability during the year (h, h + 1). If (h, h + 1) is before the 
year of death [h < K(x)], then 


A, = C, + v ALiability = ~n, + v pV — ,V. 
If (h, h + 1) is the year of death [h = K(x)], then 
A, = C, + vALiability = v b,,, — m, — ,V. 


And if (h, h + 1) is after the year of death, of course A, = 0. Restating this definition 
as a function of K(x), and rearranging the terms, 


0 Kx)70,1...,h —1 
A, = 4(0 b, — m) + (— V) K(x) =h (8.5.1) 
(77) + (V pV — QV) Kæ)=h+1,h+2,.... 


The definition of A, in (8.5.1) can be rewritten to display A, as the loss variable for 
a 1-year term insurance with a benefit equal to the amount at risk on the basic 
policy. See Exercise 8.31. 


It follows that 
E[A,JK(x) = h] = v byy Grin + U nV Pern — (Th + aV), (8.5.2) 
which is zero by (8.3.10). 


Since the conditional distribution of A,, given K(x) = h, h + 1,..., is a two- 
point distribution, then 


Var[A,|K(x) = A] = [Ons — na VË Peu Quan: (8.5.3) 
With j = h we can use (2.2.10) and (2.2.11) to obtain 
E[A,|K(x) = j] = 0 (8.5.4) 


and 
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Var[A,|K(x) = j] = Var[A,|K(x) = h] h—jPxtj- (8.5.5) 


Unlike the C,’s of Section 8.3, the A,’s are uncorrelated, an assertion that is 
proved in the following lemma. This fact conveys some sense of the role of reserves 
in stabilizing financial reporting of insurance operations. 


Lemma 8.5.1: 
For non-negative integers satisfying g = h < j, 


Cov[A,, AKO = g] = 0. (8.5.6) 


Proof: 
From (8.5.4), E[A,|K(x) = g] = 0; therefore, 


Cov[A;, A;[K() = g] = E[A,A,|K(@) = gl. 


From (8.5.1) we see that A, is equal to the constant (v ,,,V — „V — mp) where A, is 
nonzero. Thus, 
A, A; = © 44V — ,V — 7; for all K(x), (8.5.7) 
EIA, AJK(x) = gl = (v 44V — ,V — m)EIAKG) = g] = 0, 
and 


Cov[A,A,|K(x) = g] = 0. E 


We now express the loss variables „L in terms of the A,’s. From the definition 
of the A,’s and formula (8.3.6), 


> vi A, = Y vi [C, + vALiability (j, j + 1)] 
j=h j=h 


= ,L + M vi-**! ALiability (j, j + 1). (8.5.8) 
j-h 


Conceptually the last term will be the present value of the final liability minus the 
liability at h, that is, 0 — „V. Thus we have the relationship 


0 K(x) <h 
A E (8.5.9) 
> vit A, + ,V K(x) =h, 
J= ; 
which can be rewritten as 
0 K(x) < h 
pL = dati - (8.5.10) 
2, v^ Aj + 2, v^ Aj + Vo Kœ) z hi. 
jh j=h+i 


These relationships can be interpreted as stating that the present value of future 
losses, measured at time h following issue, is equal to the present value of future 
cash flows, adjusted for changes in reserves, plus the reserve at h. 


Using the representation of L, shown in (8.5.9), we have 
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Var[,L|K(x) = h] = >) v9 P Var[A]K(x) = h] 
j-h 


ll 
Me 


EN 
ll 
> 


vO pape Var[A|K(x) = jl 


I 
Me 


< 
Il 
m 


pum jPa; — piP Pri fxr) (8.5.11) 


In this development the first line makes use of Lemma 8.5.1, the second (8.5.5), and 
the third (8.5.3). 


Starting with (8.5.10) we can follow identical steps to obtain 


ht+i-1 


Var[,LIK(x) = h] v? Var[A|K(x) = h] 
=h 


1 


+ S 020 Var[AJKQ) = h] 


joni 
h+i-1 
E a ee EID x VP Puls 


D 


+ PE v5 9, .pa[o(ba — VIP Poreh (8512) 


j=h+i 


The second summation can be rewritten by replacing the summation variable j by 
l + h to obtain 


> v” Prnt rami = paa V Pedes 


Il 


V” Desh 2 pe IPs WO nena 7 pend VP Prstst4rtnsth 
-i 


v? pri, Varl LKE = h + il. (8.5.13) 


The main results of these developments will be summarized as a theorem. 


Theorem 8.5.1 
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Proof: 


(a) follows from (8.5.11), first line 
(b) follows from (8.5.11), third line 
(c) follows from (8.5.12) and (8.5.13). 


We refer to this theorem as the Hattendorf theorem, and we illustrate its appli- 
cation in the following two examples. Items (b) and (c) of the theorem can be used. 
as backward recursion formulas that are useful for understanding the duration 
allocation of risk and, perhaps, for computing. 


Just as the random variables C, introduced in (8.3.1), allocate each loss to insur- 
ance years, and the random variables A, introduced in (8.5.1), allocate cash loss 
and liability adjustment to insurance years, the Hattendorf theorem facilitates the 
allocation of mortality risk, as measured by Var[,L|K(x) = h] to insurance years. 
This allocation facilitates risk management planning for a limited number of future 
insurance years rather than for the entire insurance period. This option permits 
sequential risk management decisions. 


The formula Var[A,K(x) = A] = [vlbp ~ paiV) FP esrdx+, confirms that the 
amount at risk (b,,, — ,,4,V) is a major determinate of mortality risk, as measured 
by the variance. In fact if b,., = ,,,V for all non-negative integer values of h, 
mortality risk drops to zero. 


Example 8.5.1 


Consider an insured from Example 7.4.3 who has survived to the end of the 
second policy year. For this insured, evaluate 
a. Var[,L|K(50) = 2] directly 
b. Var[,L|K(50) = 2] by means of the Hattendorf theorem 
c. Var[,L|K(50) = 3] 
d. Var[,L|K(50) = 4]. 


Solution: 


a. For the direct calculation, we need a table of values for ,L. 


Conditional 
Outcome Probability 
of K(50 — 2 = į 2L of Outcome 
0 1,000v — 6.55692 ij = 936.84 ofs2 = 0.0069724 
1 1,000v? — 6.55692 fq = 877.25 1952 = 0.0075227 
2 1,000v° — 6.55692 dy = 821.04 252 = 0.0081170 
=3 0 — 6.55692 a = —18.58 aps, = 0.9773879 


Then E[,L|K(50) = 2] = 1.64, in agreement with the value shown in Example 
7.4.3 and 
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Var[,L|K(60) = 2] = E[,L7|K(60) = 2] — (E[,L|K(50) = 2]* 


ll 


17,717.82 — (1.64) 


17,7151. 

b. To apply the Hattendorf theorem, we can use the benefit reserves from Example 
7.4.3 to calculate the variances of the losses associated with the 1-year term 
insurances. 


j 52+) v? (1,000 — 1,000 2+1 V503) Posi 
0 0.0069724 6 140.842 
1 0.0075755 6 674.910 
2 0.0082364 7 269.991 


Then by (8.5.15), 
Var[,L|K(50) = 2] = 6,140.842 + (1.06) ?(6,674.910)ps; 
+ (1.06) 1(7,269.991),p,, = 17,715.1, 


which agrees with the value found by the direct calculation in part (a). 


Note that in the direct method it was necessary to consider the gain in the 
event of survival to age 55; but for the Hattendorf theorem, we need to consider 
only the losses associated with the 1-year term insurances for the net amounts 
at risk in the remaining policy years. Thereafter, the net amount at risk is 0, and 
the corresponding terms in (8.5.15) vanish. 


Also note that the standard deviation, V 17,751.1 = 133.1, for a single policy 
is more than 80 times the benefit reserve, E[,L'K(50)=2, 3, . . .] = 1.64. 


Similarly, we use (8.5.15) to calculate 
c. Var[,LIK(50) = 3] = 6,674.910 + (1.06)-(7,269.991) ps, = 13,0962 
d. Var[,L|K(50) = 4] = 7,269.991, or after rounding, 7,270.0. v 


Example 8.5.2 


Consider a portfolio of 1,500 policies of the type described in Example 7.4.3 and 
discussed in Example 8.5.1. Assume all policies have annual premiums due im- 
mediately. Further, assume 750 policies are at duration 2, 500 are at duration 3, 
and 250 are at duration 4, and that the policies in each group are evenly divided 
between those with 1,000 face amount and those with 3,000 face amount. 

a. Calculate the aggregate benefit reserve. 

b. Calculate the variance of the prospective losses over the remaining periods of 
coverage of the policies assuming such losses are independent. Also, calculate 
the amount which, on the basis of the normal approximation, will give the in- 
surer a probability of 0.95 of meeting the future obligations to this block of 
business. 

c. Calculate the variance of the losses associated with the 1-year term insurances 
for the net amounts at risk under the policies and the amount of supplement to 
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the aggregate benefit reserve that, on the basis of the normal approximation, will 
give the insurer a probability of 0.95 of meeting the obligations to this block of 
business for the 1-year period. 

d. Redo (b) and (c) with each set of policies increased 100-fold in number. 


Solution: 


a. Let Z be the sum of the prospective losses on the 1,500 policies. The symbols 
E[Z] and Var(Z) used below for the mean and variance of the portfolio of 1,500 
policies are abridged, for in both cases the expectations are to be computed with 
respect to the set of conditions given above for the insureds. Using the results 
of Example 7.4.3, we have for the aggregate benefit reserve 


E[Z] = [375(1) + 375(3)](1.64) + [250(1) + 250(3)](1.73) 
+ [125(1) + 125(3)](1.21) 


= 4,795. 
b. From Example 8.5.1, we have 


Var(Z) = [375(1) + 375(9)](17,715.1) 
+ [250(1) + 250(9)](13,096.2) 
+ [125(1) + 125(9)](7,270.0) 
= (1.0825962) x 108 


and o; = 10,404.8. 
Then, if 
Z — 47950. c — 4,795.0 
Se ey ( 10,404.8 10,404.8 ) 


the normal approximation would imply 


c — 4,795.0 


= 1.64 
10,404.8 P 


or 


c = 21,911, 


which is 4.6 times the aggregate benefit reserve, E[Z]. 

c. Here we take account of only the next year’s risk. For each policy, we consider 
a variable equal to the loss associated with a 1-year term insurance for the net 
amount at risk. Let Z, be the sum of these loss variables. The expected loss for 
each of the 1-year term insurances is 0, hence E[Z,] = 0. 


From the table in part (b) of Example 8.5.1 we can obtain the variances of the 
losses in regard to the 1-year term insurances, and hence 
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Var(Z,) = [375(1) + 375(9)](6,140.8) + [250(1) + 250(9)](6,674.9) 
+ [125(1) + 125(9)](7,270.0) 
= (4.880275) x 10’ 
and oz, = 6985.9. 


If c, is the required supplement to the aggregate benefit reserve, then 


Z,-0_ a«-0 
6985.9 ^ 6,985.9)’ 


0.05 = Pr(Z, > c) — Pr ( 


and we determine, again by the normal approximation, 
c, = (1.645)(6,985.9) = 11,492, 


which is 2.4 times the aggregate benefit reserve 4,795. 

d. In this case, E[Z] = 479,500 and Var(Z) = (1.0825962) x 10". By the normal 
approximation the amount c required to provide a probability of 0.95 that all 
future obligations will be met is 


479,500 + 1.645 V/1.0825962 x 10° = 650,659, 
which is 1.36 times the aggregate benefit reserve E[Z]. 


Also, Var(Z,) is now (4.880275) x 10°. The amount c, of supplement to the 
aggregate benefit reserve required to give a 0.95 probability that the insurer can 
meet policy obligations for the next year is 1.645 4.880275 x 1045 = 114,918, 
or 24% of the aggregate benefit reserve. v 
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Benefit Reserves 


In Section 8.2 a general fully discrete insurance and a general fully continuous 
model is developed. Section 8.3 contains the recursion relations for the fully discrete 
model. The parallel results for the fully continuous model are developed in this 
section. 


The expression for the benefit reserve at t, ,V, is given in (8.2.9) and is restated 
here: 


iV = Í b, v" uPx+t p(t + u) du — i Tiyu v“ uPx+t du. 
To simplify the calculation of the derivative with respect to t of ,V, we combine 


the two integrals, replace the variable of integration by the substitution s = t + u, 
and then multiply inside and divide outside by the factor v' p, to obtain 
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Í t wale) = de ip, ds 


V= 8.6.1 
v' Pa l ) 
Now 
AY = (-1)[b, mlt) = m] + mo == af [b, p(s) — mo spids, 
AY L m t Bi s IY — by at) (862) 


Here the rate of change of the benefit reserve is made up of three components: the 
benefit premium rate, the rate of increase of the benefit reserve under interest and 
survivorship, and the rate of benefit outgo. À rearrangement of formula (8.6.2) 
provides a formula corresponding to (8.3.12): 


m, - 8,V + V ut) = b p(t) + "d (8.6.3) 


This balances the sum of income rates to the sum of the rate of benefit outgo and 
the rate of change in the benefit reserve. 


If the benefit reserve is treated as a savings fund available to offset the death 
benefit, we have 


E 3 dV 
T, + 8,V = (b, — V) p(t) + Ur (8.6.4) 


Here the income rates are in respect to benefit premiums and to interest on the 
benefit reserve, and these balance with the outgo rate, (b, — ,V) p(t), based on the 
net amount at risk and the rate of change in the benefit reserve. Formula (8.6.4) 
corresponds to (8.3.15). Again, the left side represents the resources available, ben- 
efit premiums, and investment income, and the right side represents their allocation 
to benefits and benefit resources. 


Example 8.6.1 


Use (8.6.2) to develop a retrospective formula for the benefit reserve for the gen- 
eral fully continuous insurance. 


Solution: 

We start by moving all of the benefit reserve terms of (8.6.2) to the left-hand side 
and then multiplying both sides by the integrating factor exp{—J[5 + ,(s)] ds}. 
Thus, 


àv 
v ap, m = 7 + HOI v) = m, = b iD] v* ips, 


or 
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d " 
A Ope) = bm bs D] v! aps. 
Integration of both sides of this last equation over the interval (0, r) yields 
v” rPx jV = oV = [ [7, mH b, p. (t)] v! tPx dt. 
For equivalence principle benefit premium rates, ¿V = 0, so 


[ [7, — b, w,(E)] v* Px dt 


vr rPx 


V 


(8.6.5) 


r 


8.7 Notes and References 


Recursive formulas and differential equations for the loss variables as functions 
of duration and the expectations and variances of these loss variables provide basic 
insight into long-term insurance and annuity processes. In particular, one of these 
recursive formulas is applied to develop Hattendorf’s theorem (1868); for refer- 
ences, see Steffensen (1929), Hickman (1964), and Gerber (1976). This formula al- 
locates the variance of the loss to the separate insurance years. This discussion of 
reserves can be easily extended to more general insurances using martingales of 
probability theory; see, for example, Gerber (1979). Another application of the re- 
cursion relations is to the formulation of the interim reserves at fractional durations, 
which is discussed for the fully discrete case in Section 8.4. 
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Exercises 
Section 8.2 
8.1. Assume that ;p, = r’, bu =1j=0,1,23,...,and0<r<1. 
a. If w, = w, = w, =... = 1, use (8.2.6) to calculate « at the interest rate i. 
b. If w, = (-1), j = 0, 1, 2,..., use (82.6) to calculate a at the interest 
rate 1. 


82. Develop a continuous analogue of (8.2.6) by applying the equivalence prin- 
ciple to the loss variable of (8.2.7) with t = 0 and m, = arw(t), where w(t) is 
given. 


83. IfjL = T(x) v™ — waz and the forces of mortality and interest are constant, 
express (a) m and (b) ,V in terms of p. and 8. 


8.4. For the general fully discrete insurance of Section 82, show that for j < h, 


Cov(C;, Cy) = (m, — vb, Fern) up Az + 00:41 Pr dg). 
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Section 8.3 


8.5. 


8.6. 


8.7. 


8.8. 


8.9. 


8.10. 


Consider the life insurance policy described in Example 8.2.1. Display, for 

O<j<h: 

a. The covariance of C, and C, 

b. Repeat part (a) for C; and C,,. 

c. Give a rule for determining h such that the covariance of C; and C, is 
negative. 


Consider the deferred annuity described in Example 8.3.1. Find Cov(C; C,), 
j < h s n and, for a fixed j, determine a condition on h such that 


Cov(C;, C,) < 0. [Note that this condition on h does not depend on jl 


Show that (8.3.9), with h replaced by h + 1, can be rearranged as 


1+i p 
paV = GV + m) ba s =; 
Pr+n Pxen 
Give an interpretation in words. (This is called the Fackler reserve accumu- 
lation formula, after the American actuary David Parks Fackler.) 


For a fully discrete whole life insurance of 1 issued to (x), use recursion re- 
lations [(8.3.11) in (a) and (8.3.14 in (b)] to prove that 
k 


Ea e 
a. V, = >} = Pert 


h-0 k-hEx+h 
ki 


b. V, = > [P, — vg, (1 — na VAA + iX. 


Give an interpretation of the formulas in words. 


If 5,,, = ,,,V, oV = 0, and m, = as, for h =0,1,...,k — 1, prove that ,V = 
nöp. [Hint: Use (8.3.14).] 


Show that if ~ is the level annual benefit premium for an n-year term insur- 
ance with b, = i3 A —1,2,...,n, jV = ,V = 0, then 


n+1— 


ny xx 


LET 
b. „V z aA Arika k] UL Gk 


a. "T — 


[Hint: This can be shown directly or by use of (8.3.10).] 


Section 8.4 


8.11. 


8.12. 


Starting with (8.4.3), establish the equation 
sPxan nss V + UU? fest Dua = (1 + GV om) O<s<l. 


Explain the result by general reasoning. 


Interpret the formulas 
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h 
à. kram V” S E T V” 


h 1 
F (4 + r) gaVe + (2 a r) peo 


h 
b. cedimarV = (: T r) vin 


h 1 
+ (H+) am (E) om 


8.13. For each of the following benefit reserves, develop formulas similar to one or 
more of (8.4.8), (8.4.14), and (8.4.18). 


where 0 « r <1/m. 


a. 217V (Axm) b. 20, V (A-7) 
c. 20, V (Aa) d. 2927, V (A, ag) 
e. a9 /, V P (A ag) f. 2927, V "(À cag) 


8.14. On the basis of the Illustrative Life Table and interest of 6%, approximate 
1o, V A (As). 


Section 8.5 


8.15. For a fully discrete whole life insurance of amount 1 issued to (x) with pre- 
miums payable for life, show that 


oo 2 
a 
a. Var[L] = Y (==) vtd Py Pran Arth 


=0 x 


oo m 2 
Beet, 
b. Var[,L[K(x) = k = > ( su) pie ce Priten Axion: 


h=0 a, 
8.16. For a life annuity-due of 1 per annum payable while (x) survives, consider 
the whole life loss 
L = dg — d, K=0,1,2,... 


and the loss A, valued at time h, that is allocated to annuity year h, namely, 


0 Ksh-1 
A, 5 4 (gl) = —UP yin Geant K=h 
Väsen 7 Guy 7 1) 7 Varen ua K2h+1. 


a. Interpret the formulas for A, 
b. Show that 


b=) oF A, 
h=0 


(ii) E[A,] = 0 


(iii) Var(A,,) E v? (uy aPx Pxen x+n: 
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8.17. a. For the insurance of Example 8.3.2, establish that 
n-1 


Var(L) Fi à pora ix Px+h x+h’ 


b. If 8 = 0.05, n = 20, and p, (f) = 0.01, t = 0, calculate Var(L) for the insurance 
in (a). 


8.18. A 20-payment whole life policy with unit face amount was issued on a fully 
discrete basis to a person age 25. On the basis of your Illustrative Life Table 
and interest of 6%, calculate 


a. a9 Pos b. 3V5 c. 3V5 
d. Var[,4L|K(25) = 20] e. Var[;4L|K(25) = 18], using Theorem 8.5.1. 
Section 8.6 


8.19. Interpret the differential equations 


d . E 
a. dt V = o t [et u) VY — b, ult) 


d. E " 
b. di QV o— om, 0 84V — (b, — V) w(t). 


8.20. If b, = ,V, DV = 0, and m, = m, t = 0, show that ,V = 73}. 
8.21. Evaluate (d/dt) [1 — ,V(AJ] 4p.) 
8.22. Use (8.6.2) to write expressions for 

a. £ (p, ,V) b. V (v' ,V) c. £ (v' p, ,V) 

and interpret the results. 


Miscellaneous 


8.23. Show that the formula equivalent to (8.4.6) under the hyperbolic assumption 
for mortality within the year of age is 


ps V = Ur — SGV + m) + i) + s, V]. 
8.24. Prove that 
| [v' na P(A ag Px e(t) dt = f [1 a VP vt (Px w(t) dt 
and interpret the result. 


8.25. For a different form of the Hattendorf theorem, consider the following: 


(K-K) 
bgy V&H — y — 2 Tan ut Kx)=kk+1,...,k+m—-1 

kmb - m-1 x 
pa V 0" — V — 2, mas o" Kx) =kt+mk+m+1,..., 
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and, for h = 0,1,..., m—1, 


0 K(x) =k k4+1,...,k+h-1 
Akan = AUD aaO 7 (enV + they) K(x) =k +h 
U kanta V (kank + Tkon) Kx)=k+h+1,k+h+2,.... 


Show that 
m-l 

a. mb = > v” Arn 
h—0 


m-1 
b. Var[,,L|K(x) = k] = X, v” Var[A,,,|K(x) = k]. 
h=0 


8.26. Repeat Example 8.5.1 in terms of an insured from Example 7.4.4 who has 
survived to the end of the second policy year. 


8.27. Repeat Example 8.5.2 in terms of a portfolio of 1,500 policies of the type 
described in Example 7.4.4 and discussed in Exercise 8.26. 


8.28. In Exercise 8.27 there is no uncertainty about the amount or time of payment 
for the insureds who have survived to the end of the fourth policy year. Redo 
Exercise 8.27 for just those insureds at durations 2 and 3. 


8.29. Write a formula, in terms of benefit premium and terminal benefit reserve 
symbols, for the benefit reserve at the middle of the eleventh policy year for 
a 10,000 whole life insurance with apportionable premiums payable annually 
issued to (30). 


8.30. A 3-year endowment policy for a face amount of 3 has the death benefit 
payable at the end of the year of death and a benefit premium of 0.94 payable 
annually. Using an interest rate of 20%, the following benefit reserves are 


generated: 
End of Benefit 
Year Reserve 
1 0.66 
2 1.56 
3 3.00 
Calculate 
a. qy 
b. VEI 


c. The variance of the loss at policy issue, 4L 
d. The conditional variance, given that the insured has survived through the 
first year, of the loss at the end of the first year, ,L. 


>= auaa 
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8.31. 


a. Use (8.3.10) to transform (8.5.1) to 


0 K(x) h—1 
Ay = 4 (Py Z nV) v — (nar T aV) V deus K(x) =h 
0 — (Brat 7 aV) U deus K(x) z h * 1. 


In this interpretation A, is the loss on the 1-year term insurance for the 
amount at risk in the year (h, h + 1). 

b. Use the display in (a) to verify E[A,] = 0. 

c. Use parts (a) and (b) to obtain Var(A,). 


Computing Exercises 


8.32. 


8.33. 


8.34. 


8.35. 


Consider a variation of the insurance of Example 8.2.2 which provides a unit 
benefit whole life insurance to (20) with geometrically increasing benefit pre- 
miums payable to age 65. On the basis of your Illustrative Life Table and i 
— 0.06, determine the maximum value of r such that the benefit reserve is 
non-negative at all durations. 


Use the backward recursion formula (8.3.9) to calculate the benefit reserves 
of 

a. Example 7.4.3 [Hint: V = 0.0.] 

b. Example 7.4.4. [Hint ,V = 1.0.] 


A decreasing term insurance to age 65 with immediate payment of death 
claims is issued to (30) with the following benefits: 


For Death 

between Ages Benefit 
30—50 100,000 
50-55 90,000 
55-60 80,000 
60—65 60,000 


On the basis of your Illustrative Life Table with uniform distribution of deaths 
within each year of age and i — 0.06, determine 

a. The annual apportionable benefit premium, payable semiannually and 

b. The reserve at the end of 30 years, if benefit premiums are as in (a). 


A single premium insurance contract issued to (35) provides 100,000 in case 

the insured survives to age 65, and it returns (at the end of the year of death) 

the single benefit premium without interest if the insured dies before age 65. 

If the single benefit premium is denoted by S, write expressions, in terms of 

actuarial functions, for 

a. S 

b. The prospective formula for the benefit reserve at the end of k years 

c. The retrospective formula for the benefit reserve at the end of k years 

d. On the basis of your Illustrative Life Table and d — 0.05, calculate S and 
the benefit reserve „V. 
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8.36. In terms of P = „P(A z) and actuarial functions, write prospective and 
retrospective formulas for the following: 
a. 19V CX (Asag) 
b. 22V (Aog) 
c. On the basis of your Illustrative Life Table with uniform distribution of 
deaths within each year of age and 8 — 0.05, calculate P and the benefit 
reserves of parts (a) and (b). 


E————————————————————— 
Exercises 


MULTIPLE LIFE FUNCTIONS 


91 Introduction 


In Chapters 3 through 8 we developed a theory for the analysis of financial 
benefits contingent on the time of death of a single life. We can extend this theory 
to benefits involving several lives. An application of this extension commonly 
found in pension plans is the joint-and-survivor annuity option. Other applications 
of multiple life actuarial calculations are common. In estate and gift taxation, for 
example, the investment income from a trust can be paid to a group of heirs as 
long as at least one of the group survives. Upon the last death, the principal from 
the trust is to be donated to a qualified charitable institution. The amount of the 
charitable deduction allowed for estate tax purposes is determined by an actuarial 
calculation. There are family policies in which benefits differ due to the order of 
the deaths of the insured and the spouse, and there are insurance policies with 
benefits payable on the first or last death providing cash in accordance with an 
estate plan. 


In this chapter we discuss models involving two lives. Actuarial present values 
for basic benefits are derived by applying the concepts and techniques developed 
in Chapters 3 through 5. Models built on the assumption that the two future life- 
time random variables are independent constitute most of the chapter. Section 9.6 
introduces special models in which the two future lifetime random variables are 
dependent. Annual benefit premiums, reserves, and models involving three or 
more lives are covered in Chapter 18. 


A useful abstraction in the theory of life contingencies, particularly as it is applied 
to several lives, is that of status for which there are definitions of survival and 
failure. Two elements are necessary for a status to be defined. The general term 
entities is used in the definition because of the broad range of application of the 
concept: 

* There must be a finite set of entities, and for each member it must be possible 

to define a future lifetime random variable. 

* There must be a rule by which the survival of the status can be determined at 

any future time. 
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To compute probabilities or actuarial present values associated with the survival 
of a status, the joint distribution of the future lifetime random variables must be 
available. Some of these random variables may have a marginal distribution such 
that all the probability is at one point. 


Several illustrations of the status concept may be helpful. A single life age x 
defines a status that survives while (x) lives. Thus, the random variable T(x), used 
in Chapter 3 to denote the future lifetime of (x), can be interpreted as the period 
of survival of the status and also as the time-until-failure of the status. A term 
certain, r|, defines a status surviving for exactly n years and then failing. More 
complex statuses can be defined in terms of several lives in various ways. Survival 
can mean that all members survive or, alternatively, that at least one member sur- 
vives. Still more complicated statuses can be in regard to two men and two women 
with the status considered to survive only as long as at least one man and at least 
one woman survive. 


After a status and its survival have been defined, we can apply the definition to 
develop models for annuities and insurances. An annuity is payable as long as the 
status survives, whereas an insurance is payable upon the failure of the status. 
Insurances also can bc restricted so they are payable only if the individuals die in 
a specific order. 


9.2 
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Joint Distributions of Future Lifetimes 


The time-until-failure of a status is a function of the future lifetimes of the lives 
involved. In theory these future lifetimes will be dependent random variables. We 
will explore the consequences of that dependence. For convenience, or because of 
the lack of data on dependent lives, in practice, an assumption of independence 
among the future lifetimes has traditionally been made. With the independence 
assumption numerical values from the marginal distributions (life tables) for single 
lives can be used. 


Example 9.2.1 


While the distribution in this example is not realistic, it is offered as a vehicle to 
explore a joint distribution for two dependent future lifetimes. For two lives (x) 
and (y), the joint p.d.f. of their future lifetimes, T(x) and T(y), is 


oe -s O<s<10,0<t<10 
0 


Freory(& t) = elsewhere. 


Determine the following: 

a. The joint d.f. of T(x) and T(y) 

b. The p.d.£., d.f., Py, and u(x + s) for the marginal distribution of T(x). Note the 
symmetry of the distribution in s and t, which implies that T(x) and T(y) are 
identically distributed. 

c. The correlation coefficient of T(x) and T(y). 
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Solution: 


a. Before calculating, we look at the sample space of T(x) and T(y) in Figure 9.2.1 
and observe the region where the joint p.d.f. is positive. At points outside the 
first quadrant, the d.f. will be 0. In the first quadrant we start by calculating the 
d.f. at a point in Region I where both s and t are between 0 and 10: 


Froyrqyfs t) = Pr[T(x) = § and T(y) < t] 
s t 
= [. ere v) dv du 


s ft 
= | [ 0.0006(0 — uY dv du 


= 0.00005[s* + t* — (t — sy] 
Q<ss10,0<t<= 10. 


ii ad 
Sample Space of T(x) and T(y) 
T(y) 


T(x) 


10 


Sample Space of T(x) and T(y) 


Since the joint p.d.f. is 0 in regions II, III, and IV, we have 


Fror t) = F roro, 10) = Fræls) 


1 in Region II 
ELS + 0.00005[s* — (10 — s)*] 


= Fro (10, t) = Fry(t) 


1 in Region IV 
= 2 + 0.00005[t^ — (10 — t)] 


=1 in Region III. 
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b. Using the d.f. obtained in part (a), we have 
F Tyro) 10) = F. Tœ (S) 
=0 s=0 


1 
= 5 + 0.00005[s* — (10 — s)] 0 <s = 10 


=] s> 10 
and 
p a [0000[? + (10 - s] O<s =< 10 
frol) = Figs) = {3 elsewhere. 
The survival probability and force of mortality are given by 


Px =1- Fræ (8) 


= ; + 0.00005[(10 — s)* — s*] 0<s<=10 
210 s > 10, 
= frost) 
and p(x + t) T= Fea) 
0.0002[s? + (10 — sy] 
1/2*00005[10—3*-sj 075510 
10 
c. E[T(x)] = i s(0.0002)[s? + (10 — s] ds = 5 = E[T(y)], 
10 
E[T(x)] = i s(0.0002)[s* + (10 — sf] ds = ee = E[T(yY], 
35 
Var[T(x)] = Gem Var[T(y)], 


10 10 
EIT@T(Y)] = Í f st(0.0006)(t — sy? ds dt = >, 


25 


Cov[T(x), TG] = E[TG)T(Q)] — EITGO]E[TQ)] = — 3' 
NE CovIT@), T(y] _ —-25/3 | 5 Y 
FHT Hy) 35/3 7 
For the joint life distribution, we define the joint survival function as 
Sroyro (S, t) = Pr[T(x) > s and T(y) > t]. (9.2.1) 


Unlike the single life distribution, the d.f. and survival function do not necessarily 
add up to 1. Their relationship for the joint life distribution can be illustrated by 
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a graph of their joint sample space as shown in Figure 9.2.2. The df. 
Fry ty (8, t) gives the probability of Region A, "southwest" of the point (s, t), and 
$15 ry, t) gives the probability of Region B, "northeast" of (s, t). 


cd 


E i d 
Sample Space of Future Lifetime Random Variables T(x) and T(y) 


Sample Space of Future Lifetime 
Random Variables T(x) and T(y) 


Example 9.2.2 


For the distribution of T(x) and T(y) in Example 9.2.1 determine the joint survival 
function. 


Solution: 
For 0 « s « 10 and 0 « t « 10, 
Sroyr (Sr t) = Pr[T(x) > s N Ty) > t] 
E | i fror v) dv du 


10 f10 
= Í Í 0.0006(v — uY dv du 
s t 


0.00005[(10 — £)* + (10 — s} — (t — s)4]. 


For other points in the first quadrant, Sra 5, (s, £) will be 0 and for all points in 
the third quadrant it will be 1. In the second quadrant, where s < 0 and t > 0, 


Sti) ro t) z Sy yt) = Py 


In the fourth quadrant, where s > 0 and t « 0, 


Srey Ty f) = Sra) = Pr- 
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In Example 9.2.1 we were given the joint distribution of two dependent future 
lifetimes and then determined their marginal distributions and their correlation 
coefficient, which indicated their degree of dependence. In applications, the de- 
pendence of the time-until-death random variables may be difficult to quantify. 
Consequently, the future lifetimes are usually assumed to be independent, and then 
their joint distribution is obtained from their marginal single life distributions that 
we discussed in Chapter 3. This is illustrated in the next example. 


Example 9.2.3 


The future lifetimes T(x) and T(y) are independent, and each has the distribution 
defined by the p.d.f. 


fo = ns (10-2  0«t«10 


elsewhere. 


a. Determine the d.f., survival function, and force of mortality of this distribution. 
b. Determine the joint p.d.f., d.f., and survival function for T(x) and T(y). 


Solution: 
t 
a. Frot) = [iso ds 
0 t=0 
= 41 — 0.01(10 — t} = 0.2#- 0.01? O<t<10 
1 t 10, 
1 t<0O 
$i (f£) = 1 — Fr (t) = 4 0.01010 — t} 0 x t « 10 
0 t= 10, 
t 2 
pice py OR 0 « t « 10. 


sf) 10 — t 


b. Freyry f t) = fry t) 


= (0.02)7(10 — s)(10 — t) 0«s«100-«t«10 
0 elsewhere, 


F TOT hS, t) = Fr ls)E rua) 
= (0.2) (1 — 0.05t?)(s — 0.05s?) 0«s-10,0«tzx10 
= Fg(5) = (0.2)(s — 0.0587) 0 «5s x 10, t 7 10 
= Fyay(t) = (0.2)(t — 0.0527) s 10,0«t x 10, 


Steyr (S, £) = S15 )S c lt) 


= (0.01(10 — s)2(10 — +} 0<s<10,0<t<10 

= S(s) = (0.01)(10 — s? 0zs«10,t«0 

= suy(f) = (0.01)10 — +}? s<0,0<t<10 

=0 s=10,t = 10. v 


Section 9.2 Joint Distributions of Future Lifetimes 


9.3 The Joint-Life Status 


A status that survives as long as all members of a set of lives survive and fails 
upon the first death is called a joint-life status. It is denoted by (xy, x, .- - , Xm); 
where x; represents the age of member i of the set and m represents the number of 
members. Notation introduced in Chapters 3 through 5 is used here with the sub- 
script listing several ages rather than a single age. For example, A,, and p, have 
the same meaning for the joint-life status (xy) as A, and ,p, have for the single 
life (x). 


A joint-life status is an example of what we call a survival status, that is, a status 
for which there is a future lifetime random variable, and, therefore, a survival 
function can be defined. For the future lifetime of a survival status, the concepts 
and relationships established in Sections 3.2.2 through 3.5 (excluding the life table 
example in Section 3.3.2) apply to the distribution of the survival status. These 
concepts will be used here without new proofs. 


We now consider the distribution of the time-until-failure of a joint-life status. 
For m lives, T(x,, x, ..., x,) = min[T(x,), T(x,),..., T(x,)], where T(x, is the time 
of death of individual i. For the special case of two lives, (x) and (y), we have 
T(xy) = min[T(x), T(y)]. When clear by context, we denote the future lifetime of 
the joint-life status by simply T. The student can interpret the time-until-failure of 
the joint-life status as the smallest order statistic of the m lifetimes in the set. In 
previous studies of order statistics, the random variables in the sample have usually 
been independent and identically distributed. Here the random variables are typ- 
ically independent by assumption but are rarely identically distributed. 


We begin by expressing the distribution function of T, for t > 0, in terms of the 
joint distribution of T(x) and T(y) for the general (dependent) case: 
Fr) = qu, = Pr(T = t) 
= Primin[T(9, T(y)] = t) 
= ] — Pr{min[T(x), T(y)] > t} 
= ] — Pr{T(x) > t and T(y) > t} 
= 1 — Sry nyt, t). (9.3.1) 


Another equation can be obtained from the second line by recognizing that the 
event {min[T(x), T(y)] = t] is the union of (T(x) = t) and (T(y) = t}. Then, 


Fit) = Primin[T(x), T(y)] = tj, 
and using a basic result in probability, we have 


Fr) = Pr[T(x) = t] + Pr[T(y) = t] — Pr[T() S t Try) = t] 


= 9x + Ay 7 Fro ryt t). (9.3.2) 
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The mixture of IAN and standard probability /statistics notation in (9.3.2) dem- 
onstrates that although the IAN system may accommodate survival statuses, it does 
not provide for the joint distribution of several statuses except in the independent 
case which can be expressed in single survival status symbols. 


When T(x) and T(y) are independent, the two expressions for the d.f. of T can 
be written in terms of single life functions as: 


Fr) = Primin[TG), T(y)] = tj 


eU STe) ra t) EE Px Pyr (9.3.3) 
and 
Fr) = dq, + dy — Fro rept t) = fe + Hy T Ax Ay: (9.3.4) 
The survival function for the joint-life status, p, is obtained by subtracting the d.f. 
from 1. 


For the general case, Pa = Srey r(t t) using (9.3.1). In the independent case, we 
have by (9.3.3) 
tPrxy - Px Py- (9.3.5) 


Expression (9.3.5) is the convenient starting point for the independent case since 
the joint-life status survives to t if, and only if, both (x) and (y) survive to t. 


Example 9.3.1 


Determine the d.f., survival function, and complete expectation for the joint-life 
status, T(xy), for the lives of Example 9.2.1. 


Solution: 
For t = 0 and t > 10, the value of Frey(t) would be 0 and 1, respectively. For 
0 < t = 10, we have by the results of Example 9.2.1(a) and (b) and (9.3.2) 


Fray(t) = 2(0.5 + 0.00005[t* — (10 — t)*]} — 0.0001 t* 


1 — 0.0001 (10 — +} 
for0 « t « 10. 


Now, 
du = 1 — Fut) = 0.0001(10 — 1t) 0 x t « 10. 
From (3.5.2), 
&, = E[T(xy)] = fs Pu, dt = fy 0.0001(10 — t)* dt = 2. v 


Example 9.3.2 


Determine the d.f. and survival function and the complete expectation for the 
joint-life status, T(xy), for the distribution of Example 9.2.3. 
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Solution: 
For independent lives we use (9.3.5) and the results of Example 9.2.3 to obtain 


Pu, = 10.0110 — £P = 0.0001(10 - #)* — forü s £< 10. 
Then 
Fut) = 1 — (0.000110 — t)* = forü0c t 10 


and 


10 
&,-— | 0.0001(10 — t} dt = 2. 
0 v 


An insight can be gained from the two previous examples. Although the joint 
distributions of the two underlying future lifetime random variables of the two 
examples are not the same, the distributions of their joint-life statuses are the same. 
This is a important point in practice when only the first-to-die can be observed. In 
such case the underlying joint distribution is not uniquely determined. In statistics 
this is called nonidentifiability because of the difficulty in distinguishing among 
two or more models for the same observed data. 


The p.d.f. for T can be obtained by differentiating its d.f. as displayed in either 
(9.3.1) or (9.3.2). For (9.3.1) we will need the derivative, with respect to t, of 


Sro vut, t) = [ Í Froyr t, v) du dv. 


Using the formula from calculus in Appendix 5, we have 


d o0 oo 
dt ST rapt f) = f froryt v) dv + Í rory t) iu 


Hence, 
fro lt) = Í fror v) dv + Í FProyrg t) du. (9.3.6) 


Using (9.3.2), the reader can show that the p.d.f. of T can also be written as 


t t 
fray) = fiot) + frot) = li Frey v) dv + e t) aul, 
or with actuarial notation as 


fiy) = p, u(x + t) + Py u(y + t) 


E | Í Fresrep(t, v) dv + [ E au (9.3.7) 


When T(x) and T(y) are independent, fryyr (4, v) = Pe u(x + u) py uly + v), and 
(9.3.6) reduces directly to 


= Py Px wx + t) + uy + t)]. (9.3.8) 
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Example 9.3.3 


By use of (9.3.6) determine the p.d.f. of T(xy) for Example 9.2.1. Verify your result 
by examination of the d.f. in Example 9.3.1. 


Solution: 
Using (9.3.6) we obtain 
10 10 
Í 0.0006 (t — v dv + 0.0006 (u — ty du 
f t 


= 0.0004(10 — ty for 0 « t « 10, 
fr) i 


0 elsewhere. 


This is the derivative of the d.f. in Example 9.3.1. v 


We saw that T(xy) has the same distribution in Examples 9.3.1 and 9.32. If we 
use (9.3.8) to obtain the p.d.f. of T(xy) for Example 9.2.3, we will see this again. 
This is left as Exercise 9.8. 


As explained in Chapter 3, the distribution of T = T(xy) can also be specified by 
the force of "mortality," or more generally, the force of "failure." First we consider 
a notation for the force of failure of the status at time t. The traditional notation 
for this force is 1.,,,,,, (in analogy with p,,,), but, in preparation for discussing 
other statuses where duration must be recognized, and in accordance with the 
notational convention adopted in Chapter 3, we use the notation pF). The nota- 
tion p(t) does not necessarily mean that (x) and (y) or the survival status (xy) 
were subject to a selection process, but the status did come into existence at these 
ages. 


By analogy with the first formula of (3.2.12) and with fr (x) and Frw (x) replaced 
by fis (E) and Fro, (t), we have 


rey) (9.3.9) 
1 = F Tay) 

For dependent T(x), T(y), this expression does not simplify beyond the general 
form. However, using (9.3.3) and (9.3.8) for the independent case, we have 
pa) = p(x + E) + ply + t). 


pat) = 


In words, if the future lifetimes are independent, the force of failure for their 
joint-life status is the sum of the forces of mortality for the individuals. As in 
Chapter 3 with the single life case, we can characterize the distribution of T(xy) by 
the p.d.f., the d.f., the survival function, or the force of failure. 


Example 9.3.4 


Determine the force of failure for the joint-life statuses of (x) and (y) in Examples 
9.2.1 and 9.23. 


——— Á——Ha——— — a a 
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Solution: 

Since the joint distributions of the two examples produce the same distribution 
for T(xy), we will use the independent case. From the results of part (a) of Example 
9.2.3 and (9.3.9), 


4 
Py) = 19 —1 0 « t « 10. 


We now turn to the curtate future lifetime of the joint-life status. 
The probability that the joint-life status fails during the time k to k + 1 is deter- 
mined by 
Pr(k < Tx k +1) 2 Pr(T =k + 1) — Pr(T < k) 
= xP xy k+1P xy 


= Puy sey ek (9.3.10) 


When the future lifetimes of (x) and (y) are independent, the probability of the 
joint-life status (x + k:y + k) failing within the next year can be written in terms 
of the probabilities of independent failure of the individual lives as follows: 


key ek pues Prtky+k 


1- Px+k Py+k 
1- (1 — ga - Qu) 
= eek + Yytk mU. yk 


= (uk + 7 du) duae (9.3.11) 


From the discussion of curtate-future-lifetime of (x) in Section 3.2.3, we see that 
(9.3.10) also provides the p.f. of the random variable K, the number of years com- 
pleted prior to failure of the joint-life status; that is, fork = 0, 1, 2, ..., 


Pr(K = k) = Prk E T ck +1) 
= Prk <T=<k+1) 


Il 


WP xy x kyek 


dus (9.3.12) 


Example 9.3.5 


Determine the p.f. and curtate expectation of K(xy) using the common d.f. of 
Examples 9.3.1 and 9.3.2. 


Solution: 


From Example 9.3.2, 
p, = 0.0001(10 — K}. 
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Hence 


Pr[K(xy) = k] = 0.0001[(10 — ký — (9 — kb], 


] 
k-01,2,3,...,9. 
From (3.5.5), 


d 9 
e, = EKE] = >) Lap, = 2, 0.0001(9 — kt = 1.5333. 
k=0 k=0 
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In addition to benefits defined in terms of the time of the first death, there are 
those defined in terms of the time of the last death. In this section we will examine 
situations in which the random variable is the time of the last death. 


A survival status that exists as long as at least one member of a set of lives is 
alive and fails upon the last death is called the last-survivor status. It is denoted 
by (x; X ~" Xm) where x; represents the age of member i and m represents the 
number of members of the set. We consider the distribution of the time-until-failure 
of the last-survivor status, the random variable T = max[T(x,), Tx), .. ., T(x,)], 
where T(x) is the time-until-death of individual i. The random variable T can be 
interpreted as the largest order statistic associated with [T(x,), TG), . . . , T(x,,)]. 
Unlike the typical situation in the study of inferential statistics, the m random var- 
iables here are not necessarily independent and identically distributed. 


For the case of two lives (x) and (y), T(xy) = max[T(x), T(y)]. General relation- 
ships exist among T(xy), T(xy), T(x), and T(y). For each outcome, T(xy) equals either 
T(x) or T(y) and T(xy) equals the other. Thus, for all joint distributions of T(x) and 
T(y), the following relationships hold: 


Tay) + Tey) = TG) + TY), (9.4.1) 
Tay) T(xy) = T(x) TY), (9.4.2) 
ate) + gTG) = gl) + gTO fora > Q. (9.4.3) 


There are also some general relationships among the distributions of these four 
random variables that come from the method of inclusion-exclusion of probability; 
that is, 


Pr(A U B) + Pr(A N B) = Pr(A) + Pr(B). (9.4.4) 


Defining A as (T(x) 5 t) and B as {T(y) = tj, we have A N B = (T(xy) = tj and 
A U B = {T(xy) x t}, which lead to 


Foot) + Frag (t) = Fr (t) + Fry (t). (9.4.5) 
From this it follows that 


Pry + Py = Px + Py (9.4.6) 
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and 


frot) + fragt) = frolt) + frot). (9.4.7) 
The relationships developed above allow the distribution of the last-survivor 
status to be explored by use of the distribution of the joint-life status that is de- 
veloped in the previous section. An illustration of this fact is provided by substi- 
tuting (9.3.2) into (9.4.5) to obtain 
Fræ lt) = Frey(t) T Fryt) T Prey lt) = Fry t), 
a relationship that also follows from Fræ) = Pr[T(X) = t N TY) = t]. 


Example 9.4.1 


Determine the d.f., survival function and p.d.f. of T(xy) for the lives in Example 
9.2.1. 


Solution: 
From (9.4.5) and the solutions to part (b) of Example 9.2.1 and Example 9.3.1, 


Fræ) = 2{0.5 + 0.00005[¢4 — (10 — £)*]} — [1 — 0.0001(10 — £)4] 
= 0.0001£* = Fr st, t) 0 x t « 10, 
Pa =1— Fræ) = 1 — 0.00018  O0ctz10. 
By differentiation, 
frap(t) = 0.0004 +° 0 « t « 10. v 


Example 9.4.2 


Determine the d.f., survival function and p.d.f. of T(xy) for the lives in Example 
9.2.3. 


Solution: 
From (9.4.5) and the solutions to Examples 9.2.3 and 9.3.2 for 0 < t = 10, 


Frep(t) = 2[1 — 0.0110 — t] — [1 — 0.0001(10 — £y] 

[1 — 0.01(10 — ty? 

t*(0.2 — 0.010 = Frost, t), 
duc—d-Fug(t)-1-1*02- 001, 

frat) = 0.0442 — O.10)1 — 0.14) 0«t«10. v 


An observation derived by comparing Examples 9.3.1 and 9.3.2 with Examples 
94.1 and 9.42 is that two different joint distributions may produce the same dis- 
tribution for the joint-life status but different distributions for the last-survivor 
status. This possibility could have been anticipated by the general nature of (9.4.5). 


For applications it is preferable to rearrange and to restate (9.4.5) and (9.4.7) in 
actuarial notation: 
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Gy T Ax + hy Ay (9.4.5) restated 


iPxy wt) = Px w(x + t) + Py u(y + t) E Pry pa). (9.4.7) restated 


The force of failure for the last-survivor status is implicitly defined in this restate- 
ment of (9.4.7) as 


DE 
pt) DEC 
PENA +t) + Py vy +t)- Pry Ist) 


; (9.4.8) 
Pay 


When T(x) and T(y) are independent H(t) can be replaced by p(t) + m(t) in 
(9.4.7) and (9.4.8), and they can be rewritten as 


Pa Balt) = dy Px Wx + t) + ag. Py uy + t) (9.4.9) 
and 


Ay Pr w(x + t) + ix Py wy + t) 
hy Px T Ax Py + Px Py 


In this form the force of failure of the last-survivor status is a weighted average of 
forces of mortality. Forces of mortality are conditional p.d.f.’s, and the probability 
density that (x) and (y) will die at t is 0. As a result, the force associated with 
Px ip, in the weighted average is 0. 


Example 9.4.3 


Determine the force of failure for the last survivor of the two lives in 
a. Example 9.2.1, and 
b. Example 9.2.3. 


uat) = (9.4.10) 


Solution: 
a. Using the results of Example 9.4.1, 


0.00041? AP 
— 0.0001/^ — 10,000 — t*' 
b. Using the results of Example 9.4.2, 


0.04tQ — 0.1f)(1 — 0.1t) — 4t(20 — t)(10 — t) 
1 — £0.2 — 0.01}? 10,000 — £7(20 — ty 


pat) = 1 


B v 


Discrete analogues of relationships (9.4.1)-(9.4.3) and (9.4.5)- (9.4.7) exist for the 
curtate-future-lifetimes. These are 


Ky) + Ky) = K(x) + KY), (9.4.11) 
K(xy) K(xy) = K(x) K(y), (9.4.12) 


Er — ——— — —— 2G 
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akin) + g = gk + aX — forg > 0, (9.4.13) 


Fyayf(kK) + Fkk) = Fkk) + Fkk). (9.4.14) 
From (9.4.14) it follows that 
Jia. + fip) = fro) + fry: (9.4.15) 


The distribution of K(xy), the number of years completed prior to failure of the last- 
survivor status, that is, the number of years completed prior to the last death, can 
now be determined from these relationships and the results for the curtate-fu- 
ture-lifetime of the joint-life survivor status. From (9.4.15), 


Pr[K(xy) = k] = fag) = ips dex + Py dyek T Pay nee (9.4.16) 
For independent lives, (9.3.5) and (9.3.12) allow us to write (9.4.16) as 


Pr[K(xy) = k] = Px eek + Py Fy +k T Px Py (Qi E yk Fert Gyre) 


= a = Py) Kx xk + (1 z- Pa) Py fy+k + KP x Py xk Wy+k- 


In this last form, the first two terms are the probability that only the second death 
occurs between times k and k + 1. The third term is the probability that both deaths 
occur during that year. This expression for Pr[K(xy) = k] is analogous to (9.4.9) for 
the p.d.f. of T(xy) where, since the probability that two deaths occur in the same 
instant is 0, there are only two terms. 


9.5 More Probabilities and Expectations 


In Sections 9.3 and 9.4 we express the p.d.f.’s and the d.f.’s of the future lifetimes 
of the joint-life status and the last-survivor status in terms of the functions of the 
probability distributions for the single lives. In this section we use these expressions 
to solve probability problems and to obtain expectations, variances, and, for inde- 
pendent individual future lifetimes, the covariance of the joint-life and last-survivor 
future lifetimes. 


Example 9.5.1 


Assuming the future lifetimes of (80) and (85) are independent, obtain an ex- 
pression, in single life table functions, for the probability that their 
a. First death occurs after 5 and before 10 years from now, and 
b. Last death occurs after 5 and before 10 years from now. 


Solution: 


a. With T — T(80:85) we obtain 
Pr(5 < T < 10) = Pr(T > 5) — Pr(T > 10) 
= sPso:ss — 10P80:85 


sso sPss — 10P80 10Ps5- 


Note that the independence assumption is used only in the last step. 
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b. With T = T(80:85) 
Pr(5 < T = 10) = Pr(T > 5) — Pr(T > 10) 


= sfPs3o:85 — 10P 30:85, 


and from (9.4.6) we obtain 


= sPso — ioPso + sPss — 10Pss ~ (sPs0:85 — 10Ps0:85)+ 
Using the independence assumption, we can substitute jp; spas for sPsq.g5 and 


10Ps0 10Pss FO 10P80:85- v 


The results of Section 3.5 concerning expected values of the distribution of T, the 
time-until-the death of (x), are also valid if T — T(u) the time-until-failure of a 
survival status (u). We used some of these ideas in the previous two sections; now 
we will state them explicitly. 


From (3.5.2) we have that 2, = E[T(u)], which for a survival status (u) can be 
obtained from the formula 


8, = Í ip, dt. (9.5.1) 
0 


If (u) is the joint-life status (xy), then 


y = f Pry dt, (9.5.2) 


and for the last-survivor status (xy) we have 


p= f Pz dt. (9.5.3) 


Upon taking expectation of both sides of (9.4.1), we see that 
ba ep E rT By (9.5.4) 


From (3.5.5), the expected value of K = K(u) is 
ey = > du 


for a survival status, (u). Special cases include 


oo 


E = > Pry 
and 
fay = > Py 
It follows from (9.4.11) that 
8x =e, E, — E. (9.5.5) 


a i —————— ———————Á———— 
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The variance formulas derived in Section 3.5 can be used to calculate the variance 
of the future lifetime, or curtate-future-lifetime, of any survival status, (u). Thus, 


Var[T(xy)] = 2 f tp, dt — @,,) (9.5.6) 


and 


oo 


Var[TGy)] = 2 Í 


0 


taps; dt — (By. (9.5.7) 


In Example 9.2.1 we calculated the covariance of T(x) and T(y) for dependent 
future lifetimes. For the moment, we return to dependent future lifetimes to explore 
the covariance of T(xy) and T(xy) in the general case: 


Cov[TGxy), T(xy)] = E[T(xy) TŒ] — E[TGy)] EITE]. (9.5.8) 
On the basis of (9.4.2), 
E[T(xy) TY] = EIT) TO]. 
Using this result and (9.5.4), we can write 
Cov[T(xy), TOY] = E[T() TO] — E[T(xy)] EITO] + E[TQ2] — ELT Ga] 
which can be rewritten as 
= Cov[T(x), T(y)] + EITO] — E[TGa)H ET] — ET. (9.5.9) 
If T(x) and T(y) are uncorrelated, then 
Cov[T(xy), T(xy)] = (&, — ee = Ea): (9.5.10) 


Since both factors of (9.5.10) must be non-negative, we can see that when T(x) and 
T(y) are uncorrelated, T(xy) and T(xy) are positively correlated, except in the trivial 
case where &, or à, equals é,,. 


For T(x) and T(y) of Examples 9.2.1 and 9.2.3 determine (a) Cov[T(xy), T(xy)], 
and (b) the correlation coefficient of T(xy) and T(xy). 


Solution: 

Most of the required calculations have been done in previous examples. The 
remaining calculations can be done readily with the p.d.f.’s that were determined 
there. We will complete the calculations by displaying intermediate results in tab- 
ular form along with the number of the formula being illustrated. 
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Distribution 


Examples 9.2.1, Examples 9.2.3, 
Item 9.3.1, 9.4.1 9.3.2, 9.4.2 
a. &, = 8, = E[T@)] = E[T(y)] 5 10/3 
ey = E[TGy)] 2 2 
Cov[T(o, T(y)] —25/3 0 
Cov[T(xy), T(xy)] 2/3 16/9 
b. E[T(xyY] 20/3 20/3 
Var[T(xy)] 8/3 8/3 
EIT(xy)] 8 14/3 
E[TG3] 200/3 80/3 
Var[T(xy)] 8/3 44/9 
Prey) TH) 1/4 V8/33 
v 


9.6 Dependent Lifetime Models 


In Section 9.2 the concept of the joint distribution of [T(x), T(y)] was introduced. 
Two examples, which did not appear plausible as models for the joint distribution 
of [T(x), T(y)] for human lives, were used to illustrate the ideas. Example 9.2.1 
illustrated the ideas when T(x) and T(y) are dependent, and Example 9.2.3 provided 
similar illustrations for independent random variables. 


In this section, two general approaches to specifying the joint distribution of 
[T(x), T(y)] will be studied. The convenient independent case is included within 
each model. 


a aa aaa a aaa S a S 
9.6.1 Common Shock 


Let T*(x) and T*(y) denote two future lifetime random variables that, in the 
absence of the possibility of a common shock, are independent; that is, 


Sro r«y S, t) = Pr[T*(x) > s N T*(y) > t] 


= STS) Sylt). (9.6.1) 


In addition, there is a common shock random variable, to be denoted by Z, that 
can affect the joint distribution of the time-until-death of lives (x) and (y). This 
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common shock random variable is independent of [T*(x), T*(y)] and has an ex- 
ponential distribution; that is, 


sf{z) =e™’ z>0,r=0. 


We can picture the random variable Z as being associated with the time of a ca- 
tastrophe such as an earthquake or aircraft crash. The random variables of interest 
in building models for life insurance or annuities to (x) and (y) are T(x) = 
min[T*(x), Z] and T(y) = min[T*(y), Z]. The joint survival function of [T(x), T(y)] 
is 


Stroy (S t) = Pr{min[T*(x), Z] > s N min[T*(y), Z] > t} 
= Pr[P*(x) > s N Z > s} N[T*y)>tNZ > t] 
= Pr[T*(x) > s N T*(y) > t N Z > max(s, t)] 
= Spaa(S) Spey (E) eme, (9.6.2) 


The final line of (9.6.2) follows from the independence of [T*(x), T*(y), Z]. 


Using the joint survival function displayed in (9.6.2), we can determine the joint 
p.d.f. of [TG), T(y)]. Except when s = t, the p.d.f. can be found by partial differ- 
entiation. We have 


9? = 
freq ipe sat Sr (S) Sr«y (f) pM 
= [9«(5) Srl) — Aer lS) Sry] € "^ O<t<s  (9.63a) 
= [Sran(8) Sret) — Asr«s(S) sr, (] €" 0 «st. (9.63b) 


This display does not complete the definition of the p.d.f. When s — t, the common 
shock contribution to the p.d.f. is 


frayrey(t, E) = e^ sut) Sp« (E) tz. (9.6.3c) 


The domain of this mixed p.d.£, with a ridge of density along the line s = t, is 
shown in Figure 9.6.1. 
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Remark: 

The interpretation of the p.d.f. given in (9.6.3.a), (9.6.3.b), and (9.6.3c) requires a 
careful analysis of the distribution of [T*(x), T*(y)] and the derived distribution of 
(T(x) = min[T*(x),Z], T(y) = min[T*(y), Z]}. Table 9.6.1 facilitates this analysis. 
Because of the intervention of the common shock, realizations of T*(x) and T*(y) 
may not be observed because of the prior realization of Z. The common shock 
random variable can mask or censor observations of T*(x) and T*(y). In addition, 
events such as T*(x) < Z « T*(y) and T*(y) < Z « T*(x) can contribute to the p.d.f. 


The marginal survival functions are given by 


Sra (8) = Pri[T@ > s] N [TCy) > 0] 


Sr (s) (9.6.4a) 


and 


Stryt) = Pri[I(x) > 0] 9 To) > t] 
= sp que. (9.6.4b) 


Interpretation of p.d.f. of (T(x), T(y)), Common Shock Model 


Formula Interpretation Domain 

9.6.3a Pri[(s < T*(x) s + As)NE<T*yStt+AtHhn(Z>s))UlT 0O«t«s 
*(x) > sS) N (< Ty) E t + At) N (s < Z S s + As)]} — 
Lfr-«oX(8) frot) $z(S) + Sye (8) frry) f(s) JAsAt 

9.6.3b Pr([(s < T*(x) x s + As) N (t< Ty) =t + At) N (Z >t) U 0csc«t 
[(s < T*(x) s + ANT »^t)n(t«Zst- At)! = 
lfr lS) fr (0) Sz(£) + frs (S) Sry (EzE JAsAt 

9.6.3c Pr{(T*(x) > t) N (Ty) tn (t«Zst* M) s=t 
S70) Sr (E) J24) At 


If we are interested in the distribution of T(xy) = min[T(x), T(y)], the joint-life 
status in the common shock model, the survival function can be obtained using 
(9.3.1) and (9.6.3): 


Srt) = Sr (E) Sr) € " 0 « t. (9.6.5) 


The distribution of T(xy) = max[T(x), T(y)], the last-survivor status in the common 
shock model, can be derived by using (9.4.5), (9.6.5), (9.6.4a), and (9.6.4b): 


Srap(t) = rot) Sr) — Smart, 0] e " 0t (9.6.6) 
If the common shock parameter à = 0, formulas (9.6.5) and (9.6.6) revert to the 
form where T(x) and T(y) are independent. When à > 0 the joint-life and last- 


survivor survival functions are each less than the corresponding survival function 
when À = 0. 
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Example 9.6.1 


Exhibit p, (t) as derived from (9.6.5). 
Solution: 


d 
Meyl) = —— log [Srl Sry (t)e ™] 
dt 


p(x + t) + ply + t) +d. v 


Example 9.6.2 


The random variables T*(x), T*(y), and Z are independent and have exponential 
distributions with, respectively, parameter p, Wp and à. These three random var- 
iables are components of a common shock model. 

a. Exhibit the marginal p.d.f. of T(y) by evaluating 


f oo 
fry) = l Proyray t) ds + fraytaylt, t) + Í Freon t) ds. 
b. Exhibit the marginal survival function of T(y) by evaluating 


Sry (t) = Í fig t) du. 


c. Evaluate 


Pr[T(x) = T(y)] = Í rory, t) dt. 


Solution: 
a. We use the three elements of (9.6.3), adapted for exponential distributions, to 
obtain 
fiy = fh papas + Aye bs (att ds + peT teta 
+ SP napa, Merten! ds 
= 7 (ua *N)t — pmt —(m1+p2+A)t —(patuatNt 
(m + Aje (1 — e" + he + poe 
= (nt A)e 2M! 0 « t. 
b. sq (D = S? fuu (u) du = e 92*9* = s... (De ~, which agrees with (9.6.4.b). 
TO) TQ) TY) gr 


A 


c. Pr[T() = T = f$ Ne a tp2tyt gt = o. 
IT) = TW) = Si eae y 


9.6.2 Copulas 


The word copula means something that connects or joins together. Copula is 
used in multivariate statistical analysis to define a class of bivariate distributions 
with specified marginal distributions. 
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In this section we will illustrate actuarial applications of Frank’s copula. The 
notation will be that used in Section 9.2. It is claimed that 
(e^ Fre zu Iyer ES »| 
+ 
=A 


1 
Frey (s, t) = 4198 f (9.6.7) 


when a 7 0 is a joint d.f. with marginal distribution F,,,(s) and Frot). This claim 
can be verified by confirming that 
Froyny (0, 0) = 0, (9.6.8) 
Frei, eo) = 1, (9.6.9) 


ð? 
asdt Prayrap(S t) = fron, f) 


Oro) fro (E) e ro Prot] 
[e -= 1) + (ee Tug — 


(e — 1) 2 0, (9.6.10) 


and 
F Tcro (S æ) = F ToS), 


Fray, t) = Fig (t). 


Statements (9.6.8) and (9.6.9) are necessary for Fræro (S, £) to be a d.f. of two future 
lifetime random variables. Statement (9.6.10) exhibits the joint p.d.f. and shows that 
it is non-negative. 


The parameter a in the d.f. displayed in (9.6.7) and the p.d.f. displayed in (9.6.10) 
controls the dependence of T(x) and T(y). This can be appreciated by finding 


im Frosty D = frol) fryt) fim [A(a) Bla) con}, 


where 
A(a) = eolPreys HE rO] 
(e Da 
ecc 
and cays t 
"i qae esserci e 17 E gp 
We have 
lim A(a) = 1, 
a—0 


lim B(a) = 1, 
o0 


———————— ——————M——ÓÓ9] 
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and lim C(a) depends on the term in the denominator 


a0 
OFT xy(s) — 1WesProt) — 1 
ius E Xe | 
a0 e-—1 
= { Fro (8) ETOO eE — 1) + F re (Ber tn eF - | 
im = 
a0 € 
— 0. 
Therefore, lim C(a) = 1, and lim frei t) = frole) fr (t). This means that T(x) 
a0 o0 


and T(y) are independent in the limit as a — 0. We interpret the joint p.d.f. in this 
fashion when a = 0. 


Example 9.6.3 


Let Fi,(s) = 5,0 < s = 1, and Fryt) = t£, 0 « t x 1, in (9.67) and T(xy) = 
min[T(x), T(y)]. 
a. Find the d.f. of T(xy). 
b. Find the p.d.f. of T(xy). 


Solution: 


a. Using (9.3.2), 
Foy) F Fro Xt) + Fryt) E Froyroyt t) 
ot 2 
= 2t — Log [1 + €T 0ct«1. 
a eg = 1 
d 
fret) = dt Fray) 
2a(e* — 1)e*! / (e — 1) 
ofl + Ke — 1?/(e* — 1)] 
puel l Xe — e 


e -1) +(e -1y 


v 


=? = 


| 0<ł<1. 


9.7 Insurance and Annuity Benefits 
Insurances and annuities, previously discussed for an individual life, can be de- 
fined for the survival status, (u), and are discussed in this section. We also inves- 


tigate more complicated examples in which an annuity, payable to a survival status, 
(u), is deferred until another status, (v), has failed. 


9.7.1 Survival Statuses 


With the single-life status, (x), replaced by the survival status, (u), the models 
and formulas of Chapters 4 and 5 are applicable here. Expressions for the actuarial 
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present values, variances, and percentiles in terms of the distribution of (u) are 
immediately available. The relationships of Sections 9.3 and 9.4 can then be used 
to be these expressions in terms of functions for the individual lives of the survival 
status. 


For an insurance of unit amount payable at the end of the year in which the 
“survival” status fails, the model and formulas of Section 4.3 apply. Thus if K 
denotes the curtate-future-lifetime of (u), then the 

* Time of payment is K + 1, 

* Present value at issue of the payment is Z = vč", 


* Actuarial present value, A,, is E[Z] = >) v**! Pr(K = k), (9.7.1) 
0 


* Var(Z) = °A, — (A,Y. (9.7.2) 
As an illustration, consider a unit sum insured payable at the end of the year in 
which the last survivor of (x) and (y) dies. From (9.4.16) and (9.7.1) we have 


Agy = > oh GP Frak t kPy Hyek 7 kPuy Bee eir 
which can be used at forces of interest 8 and 28 to obtain the variance by (9.7.2). 


The numerous formulas for discrete annuities in Section 5.3 are valid when the 
annuity payments are contingent on the survival of a survival status. For example, 
if we replace x with u to emphasize that K is the curtate-future-lifetime of the 
survival status, (u), we can restate the following formulas for an n-year temporary 
life annuity in regard to (u): 


Y- um : = " ane" pu (5.3.9) restated 
n-i 
i,q = E[Y] = 5 guy ada + H3 Pur (9.7.3) 
n-1 n-1 
aya = > Eu = > uk Pur (5.3.9) restated 
0 0 
2 1 
du d (1 — Ara) (5.3.12) restated 
1 
Var(Y) = = PA,a — (A,ay]. (5.3.14) restated 
d? | | 


As an illustration, consider an annuity of 1, payable at the beginning of each 
year to which both (x) and (y) survive during the next n years. This is an annuity 
to the joint-life status (xy). By substituting Pa, or jp, py if the lifetimes are inde- 
pendent, for p, in the above formulas, we can obtain the actuarial present value 
of the annuity. For the variance as given in (5.3.14), we can use 


A od =1- di, 
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and 


"A gS 1> dd) "aa 


or we can calculate the actuarial present values directly. 


In addition, we can establish relationships among the present-value random var- 
iables for annuities and insurances on the last-survivor status and the joint-life 
status. From relationship (9.4.13), we have 


pKGW*1 4 pKe*! = yK@O+ 4 yK (9.7.4) 


tal + SE T Ëo + Sky (9.7.5) 
By taking the expectations of both sides of (9.7.4) and (9.7.5), we have 


Ag Fax Ay BA 


and 

ly d, = dy + d, 
These formulas allow us to express the actuarial present values of last-survivor 
annuities and insurances in terms of those for the individual lives and the joint- 
life status. Note that these formulas hold for all joint distributions; independence 
is not required. 


We now consider continuous insurances and annuities. If T, the future-lifetime 
random variable in Sections 4.2 and 52, is reinterpreted as T(u), the time-until- 
failure of the survival status, (u), the formulas of those sections for present values, 
actuarial present values, percentiles, and variances hold for insurances and annu- 
ities for the status (u). 


For an insurance paying a unit amount at the moment of failure of (u), the present 
value at policy issue, the actuarial present value and the variance are given by 


= HF 
Z-—v!, 


A, Í v! Pu p(t) dt, (4.2.6) restated 
0 
Var(Z) = 7A, — (AY. 


As an illustration, the restated (4.2.6) for the last survivor of (x) and (y) would be 


From (9.4.7), this is 


Ag = | vp we +) + py Wy +) 7 ay nu OD dt 


Chapter 9 Multiple Life Functions 


281 


For an annuity payable continuously at the rate of 1 per annum until the time-of- 
failure of (u), we have 


Y= an, 
a, = Í 83 Pu Mult) dt (5.2.3) restated 
E Í v' p, dt, (5.2.4) restated 
2A — (A 2 
Var(Y) — oA (5.2.9) restated 
The interest identity, 
8 aa 4 v7 — 1, (5.2.7) restated 


is also available for T — T(u) and provides the connection between the models for 
insurances and annuities. 


As an application, consider an annuity payable continuously at the rate of 1 per 
year as long as at least one of (x) or (y) survives. This is an annuity in respect to 
(xy), so we have from the above formulas with T — T(xy) 


Y = ay 


dig = | ty Le WO + D py wly +1) guis D dt 


0 


= Í v! px dt, 
Var(Y) = du ar 
Formula (9.4.3) implies that 
VTD + yY = yTO + yTH (9.7.6) 
and 
Ar + Arey = Otay + Arg (9.7.7) 


and (9.4.1) implies that 


p TG) y Te = yTO yT, (9.7.8) 


These identities can be used to obtain the relations among the actuarial present 
values, variances, and covariances of insurances and annuities for the various stat- 
uses. For example, taking the expectations of both sides of (9.7.6) and (9.7.7), we 
obtain 


Az + Ay =A,+A (9.7.9) 


aay t Ay =a (9.7.10) 
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In the same way that Cov[T(xy), T(xy)] was expressed as 
Cov[TG3), TEP] = Cov[TG9, TY] + (€, — E)E, — Ey), 
it can be shown that 
Cov(v T&9, vY) = Cov(v™, v™) + (A, — AJY(A, — A). (9.7.11) 
Both factors in the second term of (9.7.11) are nonpositive, so it will be non-negative 


and will be zero only in the trivial case where either A, or A, equals dus 


The actuarial present value of a continuous annuity paid with respect to (xy) 
where, because (x) and (y) are subject to common shock, the joint survival function 
is given by (9.6.5) can be written in current payment form as 


ha = | e OM (t) dt + i e OM g(t) dt 


-f e 9g... (E)sr« (t) dt. (9.7.12) 


Formula (9.7.12) illustrates how the common shock parameter \ can be combined 
with the force of interest in some calculations. 


a. Extend (9.7.9) to the actuarial present value of an n-year term insurance paying 
a death benefit of 1 at the moment of the last death of (x) and (y) if this death 
occurs before time n. If at least one individual survives to time n, no payment 
is made. 

b. Use the formula to calculate the actuarial present value, on the basis of 8 = 0.05, 
of a 5-year term insurance payable on the death of the last survivor of the two 
lives in Example 9.2.1. 


Solution: 


a. By restating (9.7.6) for n-year term insurance random variables and then taking 
expectation of both sides, we have 


Axa = Al; ae AS = Ama : 


The symbol Aj; represents the actuarial present value of an n-year term in- 


surance payable at the failure of the joint-life status if it occurs prior to n. 
b. From Example 9.2.1, T(x) and T(y) each has p.df. fr(t) = 0.0002 [f? + 
(10 — ty], 0 = t < 10. Therefore, 


5 

Als = Aja = if e 99510.00021:? + (10 — ty] dt 
= 0.4563. 

From Example 9.3.3, we have that frot) = 0.0004(10 — t}, 0 < t < 10, so 


5 
Aga = Í e-99510.0004(10 — t)°] dt = 0.8614. 


Chapter 9 Multiple Life Functions 


283 


Using the result from part (a), 
Ada — 2(0.4563) — 0.8614 — 0.0512. v 
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Special Two-Life Annuities 


In this section we illustrate by an example special annuities in which the payment 
rate depends on the survival of two lives. 


Example 9.7.2 


An annuity is payable continuously at the rate of 
* 1 per year while both (x) and (y) are alive, 
* 2/3 per year while one of (x) or (y) is alive and the other is dead. 
Derive expressions for 
a. The annuity's present-value random variable 
b. The annuity's actuarial present value 
c. The variance of the random variable in (a), under the assumption that T(x) and 
T(y) are independent. 


Solution: 


a. The annuity is a combination of one that is payable at the rate of 2/3 per year 
while at least one of (x) and (y) is alive—until time T(xy)]—and one that is 
payable at the rate of 1/3 per year while both individuals are alive—until time 
T(xy). The present value of the payments is 


ene 1 
Z = 3 fug) * 3 ey 


b. The actuarial present value is 


Using (9.7.10) to substitute for a, we have 


xy? 


Alternatively, from (5.3.2B) restated, we have 
2[* 1 {* 
E[Z] = T v' pa dt + : f v! Pry dt. 


Then, by considering the three mutually exclusive cases as to which of the lives 
may be surviving when (xy) is surviving at time f, we can write 


Py = tPry + (Px = Pry) s (Py zd Pry) 


Substitution of this expression into the first integral and combining the results 
with the second give 
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00 2 oo 
E[Z] = Í p Pry dt + al v' (Px an Pry) dt 


0 


2 f* 
+ 3 Í ví Gp, — Pry) dt. 


0 


This expression of E[Z] can be directly obtained by considering the three cases. 
The first term is the actuarial present value of the payments at the rate of 1 per 
year while both (x) and (y) survive. The second term is the actuarial present 
value of the payments at the rate of 2/3 per year at those times t when (x) is 
alive (with probability ,p,) but not both of (x) and (y) are alive (with probability 
ipa). The third term has a similar interpretation with x and y interchanged. 


2. L- 
c. Var(Z) = Var ( 3 dut 3 2] 


4 ts 1 = 4 = £ 
= 9 Varra + 9 Varlaam) + 9 COV Gr aTa) 


But, by Exercise 9.23, for independent T(x) and T(y), 


"e Cov(p 7&9, y Toy) 
Cova AT) B 82 


8? 


Hence 


Var(Z) — M doi 1/9 PAs S Lii di del 


9.7.3 Reversionary Annuities 


A reversionary annuity is payable during the existence of a status (u), but only 
after the failure of a second status (v). Conceptually, this is a deferred life annuity 
with a random deferment period equal to the time until failure of the second status. 
In fact, it is a generalization of the deferred life annuity, for if (v) is an n-year term 
certain, then reversionary annuity reduces to an n-year deferred annuity. If (u) is 
a term certain, the reversionary annuity reduces to a form of insurance, family 
income insurance, studied in Chapter 17. The basic notation for the actuarial pres- 
ent value of this annuity is 2,,, with adornments to indicate frequency and timing 
of payments. The concept has been useful to obtain expressions for the more com- 
plex annuity arrangements in terms of single and joint status annuities (see Ex- 
ample 9.7.3). Here we will study the present-value random variables for reversion- 
ary annuities. 
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We start with an annuity of 1 per year payable continuously to (y) after the death 
of (x). The present value at 0, denoted by Z, is 


s ICONS T(x) = Ty) (9719) 
0 T(x) > Ty). 
This can be written as 
da ae —-8g Tix) = Ty) 9.7.14) 
0 Tœ) > Ty), 
or as 
z= E = ATG) T(x) = T(y) (9.715) 
rA zi aT T(x) > T(y), 
which is the same as 
Thus, 
Ajy = E[Z] = Elaz Elana] = a, i3 Bs (9.7.17) 


Formulas (9.7.16) and (9.7.17) hold for survival statuses (u) and (v). For example, 


Haly = ay, — Hy], 


Hays] = Aya] — yg. 


We note that (9.7.17) holds for dependent future lifetimes. 


Example 9.7.3 


Calculate the actuarial present value of an annuity payable continuously at the 
rates shown in the following display. 


Case, Rate, and Condition 

1. 1 per year with certainty until time n, 

2. 1 per year after time n if both (x) and (y) are alive, 

3. 3/4 per year after time 7 if (x) is alive and (y) is dead, and 
4. 1/2 per year after time n if (y) is alive and (x) is dead. 


Solution: 
. We use the reversionary annuity idea to write the actuarial present value of this 
arrangement in terms of single-life and joint-life annuities. 

* Case 1: This is an n-year annuity-certain: 4}. 

* Case 2: This is n-year deferred joint life annuity to (xy): 


iiy dy oS 
* Case 3: This is a reversionary annuity of 3/4 per annum to x after yn: 


CR DN 
4 Ayni — 4 (4, ul A cy) 4 (a, ayy 8,3] + A gyn) 
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* Case 4: This is a reversionary annuity of 1/2 per annum to y after x:n: 


1- 1 
5 ely 75 (t, — ty — Aya F Raga 


Adding the results for the four cases together, we obtain the required actuarial 
present value, 


3 1; 34 1; gis 
n] 4“ 2 4 4 xn) 2 y:n} 4 xym|: v 


9.8 Evaluation—Special Mortality Assumptions 


In Section 9.7 the actuarial present values of a variety of insurance and annuity 
benefits that involve two lifetime random variables were developed. These devel- 
opments typically culminated in an integral or summation. In this section we study 
several assumptions about the distribution of T(u) that will simplify the evaluation 
of these integrals and summations. 


9.8.1 Gompertz and Makeham Laws 


Here we examine the assumption that mortality follows Makeham's law, or its 
important special case, Gompertz's law, and the implications for the computations 
of actuarial present values with respect to multiple life statuses. Independent future 
lifetime random variables will be assumed. 


We begin with the assumption that mortality for each life follows Gompertz's 
law, w(x) = Bc*. We seek to substitute a single-life survival status (w) that has a 
force of failure equal to the force of failure of the joint-life status (xy) for all t = 0. 
Consider 


pa) = ww +s) 8 20; (9.8.1) 
that is, 
Be**s + Bet = Bc", 
or 
C* coc! = cc”, (9.8.2) 
which defines the desired w. It follows that for t > 0, 


Pw = exp IH p(w + s) i 


= exp B Pays) às 


m (9.8.3) 


Thus for w defined in (9.8.2), all probabilities, expected values, and variances for 
the joint-life status (xy) equal those for the single life (w). For tabled values, the 
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need for a two-dimensional array has been replaced by the need for a one- 
dimensional array, but typically w is nonintegral, and therefore the determination 
of its values requires interpolation in the single array. 


The assumption that mortality for each life follows Makeham’s law (see Table 
3.6) makes the search more complex. The force of mortality for the joint-life status 
is 

Uus) = p(x + s) + u(y + s) = 2A + Be (c* + c?). (9.8.4) 
We cannot substitute a single life for the two lives because of the 2A. Instead, we 
replace (xy) with another joint-life status (ww), and then 
Wools) = 20(w + s) = 2(A + Bercy, (9.8.5) 
and we choose w such that 
2c" = c* + cV, (9.8.6) 


Unlike the Gompertz case where the one-dimensional array is based on functions 
from a single life table, this one-dimensional array is based on functions for a joint- 
life status (ww) involving equal-age lives. 


Use (3.7.1) and the à,, values based on the Illustrative Life Table (Appendix 2A) 
with interest at 6% to calculate the value of 4.44. Compare your result with the 


values of 44.4, in the table of à, s. 


Solution: 

From c = 10° and c® + c” = 2c*, we obtain w = 66.11276. Then using linear 
interpolation, dgg.79 = 0.887244... + 0.112764,,,, = 7.55637. The value by the 
G,.419 table is 7.55633. v 
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Uniform Distribution 


We retain the independence assumption, and in addition we assume a uniform 
distribution of deaths in each year of age for each individual in the joint-life status. 
With this additional assumption, we can evaluate the actuarial present values of 
annuities payable more frequently than once a year and insurance benefits payable 
at the moment of death. 


We recall from Table 3.6 that, under the assumption of a uniform distribution of 
deaths for each year of age, p, = 1 — tq, and 


d 
Px w(x + E) = dt (1 E Px) = qx- (9.8.7) 


When we apply this assumption to a joint-life status (xy), with independent T(x) 
and T(y), we obtain, for 0 =f x 1, 
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Pry Pa (E) = Px Py px + t) + wy +E) 
= Py p. Mx + 0) + py py wy tt) 
(1 — 199g. + (1 — 1924, 
—-4,*4,—94,* (1 — 2044, 
= qu + (1 — 2044, (9.8.8) 


On the basis of (4.4.1), the actuarial present value for an insurance benefit in regard 
to a survival status, (u), can be written as 


x 1 
ATS 5 pa H (1 + iis k+sPu pk + s) ds. 
k-o 0 du 


Using (9.8.8), we can rewrite this for the joint-life status, (xy), as 


oo 1 
As = > ut KPzy lies] (1 + ne ds 


k=0 0 


1 
+ ear yee |, (+ 9 - 25) a| 


= A H h = - H 2) 2 yi Pry dex VETE (9.8.9) 
To interpret the right-hand side of (9.8.9), we see from (4.4.2) that the first term 
is equal to A,, if T(xy), the time-until-failure of (xy), is uniformly distributed in each 
year of future lifetime. Such is not the case for T(xy) = {min[T(x), T(y)]} when T(x) 
and T(y) are distributed independently and uniformly over such years. Under this 
latter assumption, the conditional distribution of T(xy), given that T(x) and T(y) are 
in different yearly intervals, is also uniform over each year of future lifetime. How- 
ever, given that T(x) and T(y) are within the same interval, the distribution of their 
minimum is shifted toward the beginning of the interval (scc Exercise 9.38). A 
consequence of this shift is to require the second term in (9.8.9) to cover the ad- 
ditional expected costs of the earlier claims in those years. The second term, which 
is the product of an interest term that is close to i/6 (see Exercise 9.39) and a 
actuarial present value for an insurance payable if both individuals die in the same 
future year, is very small. The actuarial present value A,, is often approximated by 
ignoring the small correction term, thereby simplifying (9.8.9) to 


(9.8.10) 


which is exact, as noted previously, if T(xy) is uniformly distributed in each year 
of future lifetime. 


To evaluate a 


xy! 


we have from (5.2.8), with survival status (x) replaced by (xy), 


* 1 
Ayy E $ (1 7 Axy) 


and, on substitution from (9.8.9), obtain 
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_ 1 i 2 2 = 


Now, on the basis of (5.3.7) for the status (xy), we substitute 1 — dä, for A,, and 
use (5.4.12) and (5.4.13) to write 


= & : DE 2) Do yy eek fy+k' (9.8.11) 


Formula (9.8.11) follows from the assumption that T(x) and T(y) are distributed 
independently and uniformly over future years. If we assume that T(xy) itself 
is uniformly distributed over each future year, then from the continuous case of 
(5.4.11), m = v, we would have immediately 


à, = Adi, — BŒ). (9.8.12) 


Formula (9.8.12) differs from (9.8.11) by a small amount, which approximates the 
product of i/(63) and the actuarial present value for an insurance payable if both 
individuals die in the same future year. 


To use the same approach to evaluate the actuarial present value of an annu- 
ity-due payable m-thly, we need an expression for A“? under the assumption of a 
uniform distribution of deaths for each of the individuals in each year of age. In 
analogy to the continuous case, we start with 


AM > on Puy > pi" (j-1 )/mP x+key+k T jb etkgax): (9.8.13) 


In Exercise 9.40 this expression, under the assumption that T(x) and T(y) are in- 
dependently and Pe distributed over each year of age, is reduced to 


i 1 
AM i? Ary jo? TIE Spec t j3 > p uro Qux Qyek- (9.8.14) 


As m — c, the expression in (9.8.14) approach their counterparts in (9.8.9). To 
interpret the right-hand side of (9.8.14), we see by analogy to (9.8.9) that the first 
term is the usual approximation for A% and is exact if T(xy) is uniformly distrib- 
uted in each year. Then, 


i quib Dee 12 ar ced 
KV m d ij 6m" 


which is less than i/6. 


By substituting (9.8.14) into (5.4.4) restated for (xy) and replacing A,, by 
1 — di, we obtain the formula for a? that is analogous to (9.8.11). If the second 
term of (9.8.14) is ignored, the formula for i? reduces to 


i = o(n)i,, — Bn). (9.8.15) 


Again by (5.4.11), this is exact under the assumption that the distribution of T(xy) 
is uniform over each year of future lifetime. 
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9.9 Simple Contingent Functions 


In this section we study insurances that, in addition to being dependent on the 
time of failure of the status, are contingent on the order of the deaths of the indi- 
viduals in the group. In this section we will assume that T(x) and T(y) have a 
continuous joint d.f. This is done to exclude the common shock model of Section 
9.6.1. 


We begin with an evaluation of the probability that (x) dies before (y) and before 
n years from now. In IAN this probability is denoted by ,g,, where the 1 over the 
x indicates the probability is for an event in which (x) dies before (y), and n indi- 
cates that the event occurs within n years. Then ,4;, equals the double integral of 
the joint p.d.f. of T(x) and T(y) over the set of outcomes such that T(x) = T(y) and 
T(x) zm: 


fey = i [ froytray t) dt ds 
z l [ Fiir tle) at fi (S) ds 


B f Pr[T(y) > s|T(x) = s] frs) ds 


= [ Pr[T(y) > s|T(x) = s] py w(x + s) ds. (9.9.1) 


For the independent case, Pr[T(y) = s|T(x) = s] = py, so 


ec Í Py Px W(x + 8) ds. (9.9.2) 


0 


An interpretation of (9.9.2) involves three elements. First, because s is the time of 
death of (x), the probability P, p, indicates that both (x) and (y) survive to time s. 
Second, p(x + s) ds is the probability that (x), now age x + s, will die in the interval 
(s, s + ds). Third, the probabilities are summed for all times s between 0 and n. 


Example 9.9.1 


Calculate qi, for the lives in Example 9.2.1. 


Solution: 
From (9.9.1), 


5 10 
shy = | : 0.0006(t — s)? dt ds 


5 
= Í 0.0002(10 — s} ds = 0.46875. 
0 
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We can also evaluate the probability that (y) dies after (x) and before n years 
from now. This probability is denoted by ,q,;, the 2 above the y indicating that (y) 
dies second and n requiring that this occurs within n years. To evaluate (flo, We 
integrate the joint p.d.f. of T(x) and T(y) over the event [0 < T(x) < T(y) = n]: 


n t 
nA - | li fron, t) ds dt 
Fz Í Í fale ds fryt) dt 
E | Pr[TG) = HT) = t faut) di 


= i Pr[T(x) = tTO) = t] Py u(y + t) dt. (9.9.3) 


Again in the independent case, we have 


Oey TR Í Ax Py u(y + t) dt 


0 


magum fe (9.9.4) 


If the integration of (9.9.3) is set up in the reverse order, we have 


nay E f Í frora (s t) dt ds 
i I i fror (tls) dt fias) ds 


= [ Pr[s < T) = n[T(X) = s] p, w(x + s) ds. 


Making the assumption of independence for T(x) and T(y), we can rewrite this as 


ey = I (Py d nPy) sPx u(x + s) ds 


= ally ~ onuPy nfx- (9.9.5) 


In (9.9.5) the integrand is interpreted as the probability that (x) dies at time s, with 
0 « s « n, and (y) survives to time s but not to time n. Moreover, we now have 
that 


Teen 2 
nl]xy ~ nay + nPy nx: 


This implies 


iy = us 
Similar integrals can be written for the actuarial present values of contingent 
insurances, but some do not simplify to the same extent. Consider the actuarial 
present value of an insurance of 1 payable at the moment of death of (x) provided 


that (y) is still alive. This actuarial present value, denoted by Ab. is E[Z] where 


——n————————————————— —————— Ue 
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pn tee T(x) = TO) 
0 T(x) > T). 


Since Z is a function of T(x) and T(y), the expectation of Z can be obtained by using 
the joint p.d.f. of T(x) and T(y): 


Al, = Í [ v? fron uS, £) dt ds 
= Í I V? frora tlo) dt fr ($) ds 


7: Í ll Freir (tls) a| v? py w(x + s) ds. (9.9.6) 
In the case of independent future lifetimes, T(x) and T(y), we can simplify (9.9.6) 


and express it in IAN as 


0 


Ay = Í n Py ny + t) J v* p, p(x + s) ds 
= f v? Py Py W(x + s) ds. (9.9.7) 
5 i 
The final expression can be interpreted as follows: If (x) dies at any future time s 


and (y) is still surviving, then a payment of 1, with present value v?, is made. When 
8 = 0, Al, = aq}, 
pUxy — Hxy 


Example 9.9.2 


Determine the actuarial present value of a payment of 1,000 at the moment of 
death of (x) providing that (y) is still alive for (x) and (y) in Example 9.2.3 and on 
the basis of 8 = 0.04. 


Solution: 
Since T(x) and T(y) are independent in Example 9.2.3, we can use the results of 
that example in (9.9.7) to have 


1,000 AL = 1,000 f e70.04s Py Pe u(x EX S) ds 


10 
1,000 i e 94 0.01(10 — s)? 0.02(10 — s) ds 


10 
- 02 Í e-?95 (10 — s}? ds = 462.52. 
0 


Example 9.9.3 


a. Derive the single integral expression for the actuarial present value of an insur- 
ance of 1 payable at the time of death of (y) if predeceased by (x). 
b. Simplify the integral under the assumption of independent future lifetimes. 
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c. Obtain a second answer for part (b) by reversing the order of integration in the 
part (b) double integral. 


Solution: 


a. The actuarial present value, denoted by A,j, is E[Z] where 


z-|v" = Te) Ss TY) 
0 T(x) > Ty). 


Again, Z is a function of T(x) and T(y), so we write an integral for the expectation 
of Z by using the joint p.d.f. of T(x) and T(y), 


o ri 
AS = Í Í U' fran y (S t) ds dt 


= Í v" from (sit) ds fit) dt 


0 


= i v! Pr[T(x) = tT) = t] fy, (1) dt. 


b. Invoking the independence assumption and writing in IAN we have 


As Ex Í v' Ax Py wy + t) dt 


0 


= i v'(1 — P) p, aly + t) dt 


= Ay = A 
We note for the independent case that we can express the actuarial present value 
for a simple contingent insurance, payable on a death other than the first death, 
in terms of the actuarial present values for insurances payable on the first death. 
This is the initial step in the numerical evaluation of simple contingent insur- 


ances for independent lives. 
c. We have 


Ag = ! Í v' p, w(x + s) p, u(y + t) dt ds. 


To simplify we replace t with r + s in the inner integral and rewrite the 
expression 


Ag = f Í uns risPy M +r +s) ap, w(x + s) dr ds 


0 0 


= V? Py Px w(x + s) |f U" Pyrs WY + s +r) J ds 


= | u° Aye Py Px W(X + s) ds. 


This last integral is an application of the general result given in (2.2.10), 
E[W] = E[E[W|V]]. Here V = T(x), W = Z, and we see that the conditional 
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expectation of Z, given T(x) = s, is the actuarial present value, v? P; A, 4s, Of the 
pure endowment for an amount A,,, sufficient to fund a unit insurance on 


(y + s). v 


9.10 Evaluation—Simple Contingent Functions 


We now turn to the evaluation of simple contingent probabilities and actuarial 
present values, noting the effects of assuming Gompertz’s law, Makeham's law, 
and a uniform distribution of deaths. The ubiquitous assumption of independence 
will be made. 


Example 9.10.1 


Assuming Gompertz’s law for the forces of mortality, calculate 

a. The actuarial present value for an n-year term contingent insurance paying a 
unit amount at the moment of death of (x) only if (x) dies before (y) 

b. The probability that (x) dies within n years and predeceases (y). 


Solution: 


a. Ae | v! Puy BCX + f) dt. 


0 
Under Gompertz’s law, 
Aya = f v' Pey Bc* ct dt 
c* 


Ex md t 
ec | v’ Pry Bic + c^)! dt 


ce n 
gc i v Puy pas (E) dt 


= L, Ama: (9.10.1) 
Furthermore, if (9.8.2) holds, then 
Ama = Ava 
and 
Ala = Ala. (9.10.2) 


b. Referring to (9.9.2) we see that „q4, is A1 


1,5 with v = 1. Thus, it follows from 
(9.10.2) that, under Gompertz's law, 


GF 
ny = To rlo? (9.10.3) 


where c" = c* + œ. v 
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Example 9.10.2 __ 


Assuming Makeham’s law for the forces of mortality, repeat Example 9.10.1. 


Solution: 


a. Aa = Í U! Pu (A + Ber!) dt 


0 


n c* n 
=A [ v! Pry dt + | v! Pry B(c* + c¥)c! dt 


i a i v Pr [2A + B(c* + )c'] dt 


= 2c* = EI ag 
cl A 1 p c* + c! Axy: + ce + cy Saal 


Then by using (9.8.6), we obtain 


2 GEN e. e*- x 
ALG =A E = z) Arowa) + ac? A jews (9.10.4) 
b. Again, we set v = 1 in the result of part (a) to have 
CoV s G 
„izy = A ( = =) Cwn E nu ifo (9.10.5) 


M 


The actuarial present value for a contingent insurance payable at the end of the 
year of death is 


Ay = 25 pe kPxy Ia Fky+k (9.10.6) 
Under the assumption of a uniform distribution of deaths for each individual and 


independence between the pair of future lifetime random variables, we have 


1 
[ku a f sPr+ky+k w(x Fkt s5) ds 


1 
= i Jarl — $0, 44) ds 


1 
= eek ( 75 m (9.10.7) 


We can now rewrite ,p,,,,,, w(x + k + s) in terms of Gaius 
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Pr+ky+k p(x + k +s) = gal Sq, +x) 


1 
= Ax+k (: F 2 avs) 
"TE 
2 E Wath y+k 


1 
= TT + G = s) Wx ek4ytk- (9.10.8) 


When the benefit is payable at the moment of death, the actuarial present value is 


m 1 
Ai, ra 2 v* kPxy | v* Prtkeytk u(x Toe s) ds 


0 


oo 1 
Am 2 pe kPxy EZ l e T i ds 


1 Nu 1 
F odo dysk if aor G E s) J 


i li NES S ees 
S Al, + zh (: sh ] > presb aed (9.10.9) 


The second term (9.10.9) is very small relative to the total amount. It is 1/2 of the 
second term in (9.8.9). 


9.11 Notes and References 


The concept of the future-lifetime random variable, developed for a single life in 
previous chapters, has been extended to a survival status, particular cases of which 
are statuses defined by several lives. Probability distributions, actuarial present 
values, variances, and covariances based on these new random variables were ob- 
tained for statuses defined by two lives by adaptation of the single life theory. 
These concepts are developed for more than two lives in Chapter 18. 


Discussions of the ideas of this chapter without the use of random variables can 
be found in Chapters 9-13 of Jordan (1967) and Chapters 7-8 of Neill (1977). A 
general analysis of laws of mortality, which simplify the formulas for actuarial 
functions based on more than one life, is given by Greville (1956). Exercise 9.36 
illustrates Greville's analysis. 


Marshall and Olkin (1967, 1988) contributed to the literature on families of bi- 
variate distributions. In particular, they wrote about the common shock model. 
Frank's family of bivariate distributions is named for M. J. Frank, who developed 
it. This family is reviewed by Genest (1987). 


Frees, Carriere, and Valdez (1996) used Frank's copula to analyze data from last- 
survivor annuity experience. They assumed that the marginal distributions belong 
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to the Gompertz family. The estimation process yielded an estimate of a of ap- 
proximately —3.4. Comparing this estimate with the approximate standard error of 
the estimate leads to the conclusion that T(x) and T(y) were dependent in that 
experience. 


The parameter a is not a conventional measure of association. The value —34 is 
associated with a positive correlation between T(x) and T(y). This might have been 
expected because in practice lives receiving payments until the last survivor dies 
live in the same environment. 


Frees et al. also found that the assumption of independence between T(x) and 
T(y) resulted in higher estimated last-survivor annuity actuarial present values than 
those estimated using a model that permits dependence. The difference was in the 
range of 3% to 5%. 


Exercises 


Unless otherwise indicated, all lives in question are subject to the same table of mortality 
rates, and their times-until-death are independent random variables. 


Section 9.2 
9.1. The joint p.d.f. of T(x) and T(y) is given by 


(n — (n — 2) 


Fin, t) = (s y O0<s,0<in > 2. 


Find: 

a. The joint d.f. of T(x) and T(y). 

b. The p.d-f., d.f., and p(x + s) for the marginal distribution of T(x). Note the 
symmetry in s and t which implies that T(x) and T(y) are identically 
distributed. 

c. The covariance and correlation coefficient of T(x) and T(y), given that 
n > 4. 


9.. Display the joint survival function of [T(x), T(y)] where the distribution is 
defined in Exercise 9.1. 


9.3. The future lifetime random variables T(x) and T(y) are independent and iden- 
tically distributed with p.d.f. 


n—2 


AO) = ql mo 


n>3,t> 0. 


Determine the joint d.f. and the joint survival function. 


AS 
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Exercises 


Section 9.3 


9.4. In terms of the single life probabilities „p, and ,p,, express 

. The probability that (xy) will survive 1 years 

. The probability that exactly one of the lives (x) and (y) will survive n years 
. The probability that at least one of the lives (x) and (y) will survive n years 
. The probability that (xy) will fail within n years 

. The probability that at least one of the lives will die within n years 

The probability that both lives will die within n years. 


woan o 


9.5. Show that the probability that (x) survives n years and (y) survives n — 1 
years may be expressed either as 


aPxy-1 
Py-1 


or as 


Px n- My: 


9.6. Evaluate 


ors 


9.7. Using the distribution of T(x) and T(y) shown in Exercise 9.1 display (a) the 
d.f., (b) the survival function, and (c) E[T(xy)] for T(xy). Assume n > 3. 


9.8. Use (9.3.8) to obtain the p.d.f. of T(xy) for the joint distribution of T(x) and 
T(y) given in Example 9.2.3. 
Section 9.4 
9.9. Show 
du = Pry + Px (1 — Py) + Py (L — Px) 


algebraically and by general reasoning. 


9.10. Find the probability that at least one of two lives (x) and (y) will die in the 
year (n + 1). Is this the same as ,|q;;? Explain. 


9.11. The random variables T(x) and T(y) have the joint p.d.f. displayed in Exercise 
9.1. Find (a) the d.f. and the p.d.f. of T(xy), (b) E[T(xy)] for n > 3, and (c) 
pa). 


Section 9.5 


9.12. Given that 955.5) = 0.2 and ;4p;; = 0.9, calculate the probability that a person 
age 40 will survive to age 75. 
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9.13. 


9.14. 


9.15. 


9.16. 


9.17. 


If p(x) = 1/(100 — x) for 0 = x < 100, calculate 

a. 10P40:50 b. oP 30356 

C. £49.5p d. ês 

e. Var[T(40:50)] f. Var[T(40:50)] 

g. Cov[T(40:50), T(40:50)] h. The correlation between T(40:50) and 
T(40:50). 


o 


d 
Evaluate Dua 
dx 


Show that the probability of two lives (30) and (40) dying in the same year 
can be expressed as 


l + €59:49 — Pooll + 631.40) — Pao(1 + 6351) + Pso:4o(1 + 31.41). 


Show that the probability of two lives (30) and (40) dying at the same age 
last birthday can be expressed as 


10P30(1 + £49.49) — 2 uso (L + 645,4) + Pao Pao (1 + eay-41)- 


Assume that the forces of mortality that apply to individuals I and IL, re- 
spectively, are 


u(x) = log R for all x 


and 
M = (10 — x)! for0 x x < 10. 


Evaluate the probability that, if both individuals are of exact age 1, the first 
death will occur between exact ages 3 and 5. 


Section 9.6 


9.18. 


9.19. 


9.20. 


This is a continuation of Example 9.6.3. Exhibit (a) the d.f. and (b) the p.d.f. 
of T(xy). 


If 44, = 0.05 and sq, = 0.03, calculate the corresponding value of Froyry (5, 5) 
using (9.6.7). Your answer will depend on the parameter a. 


Use the result of Exercise 9.19 to evaluate fq for (a) a = 0, (b) a = 3, and 
(c) a = —3. [Hint: Recall (9.4.5) and (9.3.2).] 


Section 9.7 


9.21. 


Show that 


Giga = Gq + ny + 


Describe the underlying benefit. 
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Exercises 


9.22. For an actuarial present value denoted by Aj, describe the benefit. Show that 


AG = Ay Awa py, 


9.23. For independent lifetimes T(x) and T(y), show that 
Cov(v 7*9, vT) = (A, — A,,)(A, — Ay). 


9.24. Express, in terms of single- and joint-life annuity values, the actuarial present 
value of an annuity payable continuously at a rate of 1 per year while at least 
one of (25) and (30) survives and is below age 50. 


9.25. Express, in terms of single- and joint-life annuity values, the actuarial present 
value of a deferred annuity of 1 payable at the end of any year as long as 
either (25) or (30) is living after age 50. 


9.26. Express, in terms of single- and joint-life annuity values, the actuarial present 
value of an n-year temporary annuity-due, payable in respect to (xy), provid- 
ing annual payments of 1 while both lives survive, reducing to 1/2 on the 
death of (x) and to 1/3 on the death of (y). 


9.27. An annuity-immediate of 1 is payable to (x) as long as he lives jointly with 
(y) and for n years after the death of (y), except that in no event will payments 
be made after m years from the present time, m > n. Show that the actuarial 
present value is 


Aya + QE. 


x #x+ny:m—=n 


9.28. Obtain an expression for the actuarial present value of a continuous annuity 
of 1 per annum payable while at least one of two lives (40) and (55) is living 
and is over age 60, but not if (40) is alive and under age 55. 


9.29. A joint-and-survivor annuity to (x) and (y) is payable at an initial rate per 
year while (x) lives, and, if (y) survives (x), is continued at the fraction p, 
1/2 = p = 1, of the initial rate per year during the lifetime of (y) following 
the death of (x). 

a. Express the actuarial present value of such an annuity-due with an initial 
rate of 1 per year, payable in m-thly installments, in terms of the actuarial 
present values of single-life and joint-life annuities. 

b. A joint-and-survivor annuity to (x) and (y) and a life annuity to (x) are 
said to be actuarially equivalent on the basis of stated assumptions if they 
have equal actuarial present values on such basis. Derive an expression for 
the ratio of the initial payment of the joint-and-survivor annuity to the 
payment rate of the actuarially equivalent life annuity to (x). 


9.30. Show that 


a. a = As, — $a, [This exercise depends on material in Section 9.9.] 


de _ = 
b. PL HO) Ayx — Ay 


pU V. aa 
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Section 9.8 


9.31. When, under Makeham’s law, the status (xy) is replaced by the status (ww), 
show that 


pe log(c^ + 1) — log 2 


v log c 


where A = x — y = 0. (This indicates that w can be obtained from the younger 
age y by adding an amount that is a function of A = x — y. Such a property 
is referred to as a law of uniform seniority.) 


9.32. On the basis of your Illustrative Life Table with interest of 6% calculate 
fisy.e0:79 In your solution, use 
a. Values interpolated in the 4,, table 
b. Values from the 4,.,..19 table. 


9.33. Given a mortality table that follows Makeham's law and ages x and y for 
which (ww) is the equivalent equal-age status, show that 
a. Pu is the geometric mean of p, and p, 
b. Py + Py > 2, Pu for x # y 


C. ayy > Hg; for x + y. 


9.34. Given a mortality table that follows Makeham's law, show that fy is equal 
to the actuarial present value of an annuity with a single life (w) where c" = 
C* + c¥ and force of interest 8' = 8 + A. Further, show that 


A,, = Ai, An, 
where the primed functions are evaluated at force of interest 8’. 


9.35. Consider two mortality tables, one for males, M, and one for females, F, with 


3b 
uM(z) = 3a + = and u'(z) =a bz. 


We wish to use a table of actuarial present values for two lives, one male and 
one female, each of age w, to evaluate the actuarial present value of a joint- 
life annuity for a male age x and a female age y. Express w in terms of x 
and y. 


9.36. From Section 9.5 we know that if T(x) and T(y) are independent, 


ü - | e fie wets) tuyts)ids ge 
ü 


If we could find 8’, k, and w such that 
ò + p(x + f) + uly + f) = 8’ + kuw + t) (*) 


we would have 
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mI 
I 


" f v'(p,) dt 


= nays 
where the prime on the discount factor indicates that it is valued at force of 


interest 3’ and w(k) indicates a joint-life status with k "lives" (k is not neces- 
sarily an integer). 


If w(x + £) = a  b(x + t) + c(x + t}, confirm that (*) is satisfied if 
k= 2, 


w= , 
8 — 8 + c( + y? — 2w?). 


9.37. Find @,, if q, = q, = 1 and the deaths are uniformly distributed over the year 
of age for each of (x) and (y). 


9.38. Let T(x) and T(y) be independent and uniformly distributed in the next year 
of age. Given that both (x) and (y) die within the next year, demonstrate that 
the time-of-failure of (xy) is not uniformly distributed over the year. [Hint: 
Show that Pr[T(xy) = t\(T(x) = 1) n (T(y) = 1)] = 2t - #2] 


9.39. Show 


1 
il — (i/2 — 2/3 + 2/4 — 14/5 +-- ] 


Hence, show 


9.40. Show that if deaths are uniformly distributed over each year of age, then 


1 "m --1-2j 
(-1)/mPxy jtmP xy i m xy + 2 x d, 


m 
for any x and y and j = 1, 2, 3,..., m. Hence, verify (9.8.14). 

Section 9.9 

9.41. Show by general reasoning that 


Mucha F nfa Py 


When n — ~, what does the equation become? 
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9.42. Show that the actuarial present value for an insurance of 1 payable at the end 
of the year of death of (x), provided that (y) survives to the time of payment, 
can be expressed as UpPyfyys1 — dy. 


9.43. Show that Al, — AZ = Ay T A,. 

9.44. Express, in terms of actuarial present values for single life and first death 
contingent insurances, the net single premium for an insurance of 1 payable 
at the moment of death of (50), provided that (20), at that time, has died or 
attained age 40. 


9.45. Express, in terms of actuarial present values for pure endowment and first 
death contingent insurances, the actuarial present value for an insurance of 1 
payable at the time of the death of (x) provided (y) dies during the n years 
preceding the death of (x). 


9.46. If w(x) = 1/(100 — x) for 0 = x < 100, calculate 55955. 5. 


Section 9.10 


9.47. In a mortality table known to follow Makeham's law, you are given that 
A = 0.003 and c"? = 3. 
a. If 49.59 = 17, calculate ..44):50- 
b. Express Å,}.s in terms of Ajg.59 and 445.5. 


9.48. Given that mortality follows Gompertz’s law with p(x) = 1074 x 2"? for 
x > 35 and that by (9.10.2) 


Anasii = fla , 


calculate f and w. 
Miscellaneous 


9.49. The survival status (nl) is one that exists for exactly n years. It has been used 
in conjunction with life statuses, for example, in Aya, Ala, Ajay day Aus. 
Simplify and interpret the following: 
acu 


b. A. 
9.50. Use the probability rule Pr(A U B) = Pr(A) + Pr(B) — Pr(A N B) to obtain 
(9.4.6). 


9.51. Evaluate a £2: 


9.52. The random variables T*(x), T*(y), and Z are independent and have expo- 
nential distributions with, respectively, parameters p, p and à. These three 
random variable are components of a common shock model. 
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a. Exhibit the marginal p.d.f. of T(y) by evaluating 


t oo 
fryt) ES Tros t) ds + Frey t) + i Frey t) ds. 


b. Exhibit the marginal survival function of T(y) by evaluating 


Sry (t) = Í frot) du. 


Compare the result with (9.6.4b). 
c. Evaluate 


Pr[T(x) = T(y)] = f Frei, £) dt. 


Chapter 9 Multiple Life Functions 305 


MULTIPLE DECREMENT MODELS 


10.1 introduction 


In Chapter 9 we extended the theory of Chapters 3 through 8 from an individual 
life to multiple lives, subject to a single contingency of death. We now return to 
the case of a single life, but here subject to multiple contingencies. As an application 
of this extension, we observe that the number of workers for an employer is re- 
duced when an employee withdraws, becomes disabled, dies, or retires. In man- 
power planning, it might be necessary to estimate only the numbers of those pres- 
ently at work who will remain active to various years into the future. For this task, 
the model for survivorship developed in Chapter 3 is adequate, with time-until- 
termination of employment rather than time-until-death as the interpretation of the 
basic random variable. Employee benefit plans, however, provide benefits paid on 
termination of employment that may depend on the cause of termination. For ex- 
ample, the benefits on retirement often differ from those payable on death or dis- 
ability. Therefore, survivorship models for employee benefit systems include ran- 
dom variables for both time-of-termination and cause of termination. Also, the 
benefit structure often depends on earnings, which is another and different kind 
of uncertainty that is discussed in Chapter 11. 


As another application, most individual life insurances provide payment of a 
nonforfeiture benefit if premiums stop before the end of the specified premium 
payment term. A comprehensive model for such insurances incorporates both time- 
until-termination and cause of termination as random variables. 


Disability income insurance provides periodic payments to insureds who satisfy 
the definition of disability contained in the policy. In some cases, the amount of 
the periodic payments may depend on whether the disability was caused by illness 
or accident. A person may cease to be an active insured by dying, withdrawing, 
becoming disabled, or reaching the end of the coverage period. A complete model 
for disability insurance incorporates a random variable for time-until-termination, 
when the insured ceases to be a member of the active insureds, as well as a random 
variable for the cause of termination. 
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Public health planners are interested in the analysis of mortality and survivorship 
by cause of death. Public health goals may be set by a study of the joint distribution 
of time-until-death and cause of death. Priorities in cardiovascular and cancer re- 
search were established by this type of analysis. 


The main purpose of this chapter is to build a theory for studying the distribution 
of two random variables in regard to a single life: time-until-termination from a 
given status and cause of the termination. The resulting model is used in each of 
the applications described in this section. Within actuarial science, the termination 
from a given status is called decrement, and the subject of this chapter is called 
multiple decrement theory. Within biostatistics it is referred to as the theory of 
competing risks. 


It is also possible to develop multiple decrement theory in terms of deterministic 
rates and rate functions. There is some recapitulation of the theory from this point 
of view in Section 10.4. 


10.2 Two Random Variables 
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Chapter 3 was devoted in part to methods for specifying and using the distri- 
bution of the continuous random variable T(x), the time-until-death of (x). The same 
methods can be used to study time-until-termination from a status, such as em- 
ployment with a particular employer, with only minor changes in vocabulary. In 
fact, we use the same notation T(x), or T, to denote the time random variable in 
this new setting. 


In this section we expand the basic model by introducing a second random vari- 
able, cause of decrement, to be denoted by J(x) = J. We assume that J is a discrete 
random variable. 


The applications in Section 10.1 provide examples of these random variables. For 
employee benefit plan applications, the random variable J could be assigned the 
values 1, 2, 3, or 4 depending on whether termination is due to withdrawal, disa- 
bility, death, or retirement, respectively. In the life insurance application, J could 
be assigned the values 1 or 2, depending on whether the insured dies or chooses 
to terminate payment of premiums. For the disability insurance application, J could 
be assigned the values 1, 2, 3, or 4 depending on whether the insured dies, with- 
draws, becomes disabled, or reaches the end of the coverage period. Finally, in the 
public health application, there are many possibilities for causes of decrement. For 
example, in a given study, J could be assigned the values 1, 2, 3, or 4 depending 
on whether death was caused by cardiovascular disease, cancer, accident, or all 
other causes. 


Our purpose is to describe the joint distribution of T and J and the related 


marginal and conditional distributions. We denote the joint p.d.f. of T and J by 
fr, (t, j), the marginal p.f. of J by f(/), and the marginal p.d.f. of T by f;(t). Figure 
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10.2.1 illustrates these distributions. They may seem strange at first because J is a 
discrete random variable and T is continuous. 


FIGURE 10.2.1 


Graph of f, ,(t, j) 


The joint p.d.f. of T and J, f; (t, j), can be pictured as falling on m parallel sheets, 
as illustrated in Figure 10.2.1 for three causes of decrement (m — 3). There is a 
separate sheet for each of the m causes of decrement recognized in the model. In 
Figure 10.2.1 the following relations hold: 


3 
fd) =1 
j"1 

and 


ITE 


The p.d.f. fr;(t, j) can be used in the usual ways to calculate the probabilities of 
events defined by T and J. For example, 


fri) dt» Pri « Tstd)nqo-j (10.2.1) 


expresses the probability of decrement due to cause j between t and t + dt, 


f aedd- Po «Ts000-j (10.2.2) 


expresses the probability of decrement due to cause j before time t, and 
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Hn 


b 
> Í frt, p dt = Pr(a <T< b} 
jai ja 
expresses the probability of decrement due to all causes between a and b. 


The probability of decrement before time t due to cause j given in (10.2.2) has 
the special symbol 


t 
gP = f fiends è t=0j=1,2,...,m, (10.2.3) 


which is illustrative of the use of the superscript to denote the cause of decrement 
in multiple decrement theory. 


The use of information given at age x to select a distribution is similar to the 
concepts in Chapter 3. If being in the survival status at age x is the only information 
available, then an aggregate distribution would be used. On the other hand, if there 
is additional information, then the distribution would be a select distribution and 
the age of selection would be enclosed in brackets. 


By the definition of the marginal distribution for J, appearing as f;(j) in the (j, 2) 
plane of Figure 10.2.1, we have the probability of decrement due to cause j at any 
time in the future to be 


fD = Í frs ds = AP j=1,2,..., m. (10.2.4) 


This is new and without a counterpart in Chapter 3, unlike the marginal p.d.f. for 
T, fr(t) in the (t, z) plane of Figure 10.2.1. For f;(#), and the d.f., F(t), we have for 
tz0 


ft = X fee (10.2.5) 
jel 


and 


r.c) = | f) ds 


The notations introduced in Chapter 3 for the functions of the distribution of the 
future-lifetime random variable, T, can be extended to accommodate those of the 
time-until-decrement random variable of the multiple decrement model. Using the 
superscript (1) to indicate that a function refers to all causes, or total force, of 
decrement, we obtain 


gP = Pr{T = t} = F(t) = | fr (s) ds, (10.2.6) 


© = Pr(T > t}=1— 49, (10.2.7) 


Wx 
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frit) 1 d 


(t) = = — gt 
Hy ( ) 1 d F (t) po dt x 
apart. d. d (T) 
po dt^* 
TE log p? (10.2.8) 
dac ES 
and 
qo = efe wre) ds, (10.2.9) 


Mathematically, these functions for the random variable T of this chapter are 
identical to those for the T of Chapter 3; the difference is in their interpretation in 
the applications. The choice of the symbol j£" (t) for the force of total decrement is 
influenced by these applications. For example, in pension applications (x) is an age 
of entry into the pension plan, and although no special selection information may 
be available, subsequent causes of decrement may depend on this age. 


As with the applications in previous chapters, the statement in (10.2.1) can be 
analyzed by conditioning on survival in the given status to time t. In this way, we 
have 

fr (E j) dt = Pr(T > t} Pelit < T =t + dt) N (J= MIT > t. (102.10) 


By analogy with (3.2.12) this suggests the definition of the force of decrement due 
to cause j as 


E frt, J D = frst p 
1- Fret) pp 


ut) (10.2.11) 
The force of decrement at age x + t due to cause j has a conditional probability 
interpretation. It is the value of the joint conditional p.d.f. of T and J at x + t and 
j, given survival to x + f. Then (10.2.10) can be rewritten as 


frt D) dt = pP? wt) dt jf = 1,2,...,m,t2= 0. (10.2.10) restated 
Restated in words, 


(the probability of decrement between _ (the probability, p©, that (x) remains 
t and t + dt due to cause j) in the given status until time f) 


X (the conditional probability, p(t) 
that decrement occurs between t 
and t + dt due to cause j, given 
that decrement has not occurred 
before time t). 


It follows, from differentiation of (10.2.3) and use of (10.2.11), that 


d F 
— Af) 
zp ap (10.2.12) 


Ot) = 
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Now, from (10.2.6), (10.2.5), and (10.2.3), 


t m 
qP = = [ hs) ds = f È futs p ds 


m 


m t 
- 2, | firs, j) ds = 2, a. (10.2.13) 
= 2 


That the first and last members of (10.2.13) are equal is immediately interpretable. 
Combining (10.2.8), (10.2.13), and (10.2.12), we have 


wort) = D>) ut); (10.2.14) 
j=l 


that is, the force of total decrement is the sum of the forces of decrement due to 
the m causes. 


We can summarize the definitions here by expressing the joint, marginal, and 
conditional p.d.f.’s in actuarial notation and repeating the defining equation 
numbers: 

fry ) = pO uo), (10.2.11) restated 
A) = A, (10.2.4) restated 


Fat) = pe w(t). (10.2.8) restated 


The conditional p.f. of J, given decrement at time f, is 


. EU n SN Pe w(t) p Xt) 
fil mE frt) EE po p(t) 


_ BPE) 
= py (10.2.15) 


Finally, we note that the probability in (10.2.3) can be rewritten as 


t 
d = Í P? uis) ds. (10.2.16) 


| Example 10.2.1 | 10.2.1 


Consider a multiple decrement model with two causes of decrement; the forces 
of decrement are given by 


pt) = 5 im, 


pt) = T ium. 


For this model, calculate the p.f. (or p.d.f.) for the joint, marginal, and conditional 
distributions. 
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Solution: 
Since 
s+] 
(1) ws) + p(s) = ——— 
urs) = uis) + us) 100 ' 


the survival probability ,p™ is 


‘s+ 
(1) — = 
pO = exp ( | 100 is) 


—(#2 + 


and the joint p.d.f. of T and J is 


t —(t? + 2t) Dl 
"rl 200 l POM 


— (#2 
( SU E20,j =2. 


fry Ie 
100 P | 200 


The marginal p.d.f. of T is 


Fia [25:90 


and the marginal see of J is 


| f(t&1dt jul 
fo = 
f fi glt, 2) dt j=2 


It is somewhat easier to evaluate f,(2). In the following development, ®(x) is the 
d.f. for the standard normal distribution N(0, 1). By completing the square we have 


= 1 0.005 i — + 1? 
T da E me Pla 
— J- 1 (t + 1 
w^ Masi] oma T |. "000 


We now make the change of variable z = (t + 1)/10 and obtain 
1l oos / f ” 1 IE 
i0 © 27 PREY exp (75 dz 


Z eos V2a [1 — (0.1)] 


fO 


0.1159. 


Therefore f,(1) = 0.8841. Finally, the conditional p.f. of J, given decrement at t, is 
derived from (10.2.15) as 
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t 
fy llt) = PE 


and 


1 
fu lb = rename v 


| Example 10.2.2 | 10.2.2 


For the joint distribution of T and J specified in Example 10.2.1, calculate E[T] 
and E[T|] = 2]. 


Solution: 
Using the marginal p.d.f. f(t), we have 


zem -I + 2t) 
E[T] = ! j| 100 exp E || dt. 


Integration by parts, as in (3.5.1), yields 


—(f? + 2t) ||” 
200 


E[T] = -t exp | 


u 


j z- ES ED) 
+ i exp RE | dt 


= 0 + 100f(2), 
hence 
E[T] = 11.59. 
Using the conditional p.d.f. f; ,(t, 2)/f,(2), we have 


E[T|] = 2] = in t fio exp 5 hons dt. 


This integral may be evaluated as follows: 
BET = 2] = ET + 1) = 1|J = 2] 


“t+1 —(t? + 2t) 
= -1 ——— ———————— == 
(0.1159) Í 100 €P | 200 | dt- 1 
- (£ + 2t) ||" 
= — 1 — rl S 
(0.1159) ! exp | 200 f 1 


= 7.63. 


The point of Examples 10.2.1 and 10.2.2 is that once the joint distribution of T and 
J is specified, marginal and conditional distributions can be derived, and the mo- 
ments of these distributions determined. v 


In some instances, a particular application may require a modification of the 
above model. A continuous distribution for time-until-termination, T, is inadequate 
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in applications where there is a time at which there is a positive probability of 
decrement. One example of this is a pension plan with a mandatory retirement 
age, an age at which all remaining active employees must retire. A second example 
is term life insurance in which there is typically no benefit paid on withdrawal. 
Thus, after a premium is paid, none of the remaining insureds withdraw until the 
next premium due date. Here we do not attempt to extend the notation to cover 
such situations. However, in Section 10.7 we describe extended models for each of 
these examples. 


The random variable K, the curtate-future-years before decrement of (x), is de- 
fined as in Chapter 3 to be the greatest integer less than T. Using (10.2.1) and 
(10.2.11), we can write the joint p.f. K and J as 


Pr(K-En(J-j-Pr(k«Tsk-0)n(J2py) 


Ik 


k+1 
i po p(t) dt. (10.2.17) 


Rewriting ,pY) of the integrand in the exponential form of (10.2.9) and factoring it 
into two factors changes (10.2.17) to 


k+1 
= po i eit wl du uoo) qr, 


Changing the variables of the integrations by r = u — k and s = t — k yields 
1 
= p? i g fo |n dr Uk + s) ds. 


Thus far we have done manipulations that hold in all tables. If we are using an 
aggregate or ultimate (a nonselect) table where the forces of decrement depend on 
an initial age and the duration only through their sum, that is, the attained age, 
then for 7 and all j, 


pa (Kk + 8) = pns) for all x, k, and s = 0, 
and (10.2.17) may be written 


1 
aro |p uuo ds = utt d (10.2.18) 


The probability of decrement from all causes between ages x + k and x + k 
+ 1, given survival to age x + k, is denoted by $7, and it follows that 


1 


( = 7. ( 
d. = [om Mo) ds 
1 nm 
= oc X ete ds 
j=l 


= ad. (10.2.19) 
j=l 


Chapter 10 Multiple Decrement Models 


315 


An examination of (10.2.18) and (10.2.19) discloses why multiple decrement theory 
is also called the theory of competing risks. The probability of decrement between 
ages x + k and x + k + 1 due to cause j depends on ,pt?),, 0 = s = 1, and thus on 
all the component forces. When the forces for other decrements are increased, 
po, is reduced, and then q¥), is also decreased. 
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Let us consider a group of 1P lives age a years. Each life is assumed to have a 
distribution of time-until-decrement and cause of decrement specified by the p.d.f. 


fat ) = pe P(E) tz0,j-12,...,m. 


We denote by „29 the random variable equal to the number of lives who leave the 
group between ages x and x + n, x = a, from cause j. We denote E[,50/] by „dY? 
and obtain 


„AP = ELM] 


(10.3.1a) 
xtn-a 
=i [pe wo at. 
As usual, if n = 1, we delete the prefixes on „^? and ,d!?. We note that 
wo =D ap 
n"? e 3 
and define 
JO = ELV] = > dt. (10.3.1b) 
j=l 
Then, using (10.3.1a), we have 
PIT 2, Pa? p(t) at 
j= P 
X+H-a 
= EP i Di? we t) dt. (10.3.2) 


If (x) is defined as the random variable equal to the number of survivors at 
age x out of the /™ lives in the original group at age a, then by analogy with (3.3.1) 
we can write 


I = E[e0(x)] 
alt RN (10.3.3) 


We recognize the integral of (10.3.1a) with n = 1 as the integral of (10.2.17) with 
x — a and k = x — a. Thus for a nonselect table, we have from (10.2.18) 


dcl pape qu (10.3.4) 
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This result lets us display a table of pẸ and 4f? values in a corresponding table of 
I and d values. Either table is called a multiple decrement table. 


| Example 10.3.1 — | 10.3.1 


Construct a table of 1P? and d? values corresponding to the probabilities of dec- 
rement given below. 


(0 (2) 
x Ix 4x 


65 0.02 0.05 
66 0.03 0.06 
67 0.04 0.07 
68 0.05 0.08 
69 0.06 0.09 
70 0.00 1.00 


Although this display is designed for computational ease, it may be roughly sug- 
gestive of a double decrement situation with cause 1 related to death and cause 2 
to retirement. It appears that, in this case, 70 is the mandatory retirement age. 


Solution: 
We assume the arbitrary value of /£2 = 1,000 and use (10.3.4) as indicated below. 


(1) (2) 


E.M di qo PÈ IPPP de I GP dR a I ge 
65 002 0.05 007 0.93 1 000.00 20.00 50.00 
66 003 006 009 091 930.00 27.90 55.80 
67 004 007 011 089 846.30 33.85 59.24 
68 005 0.08 013 087 75321 37.66 60.26 
69 006 0.09 015 085 655.29 39.32 58.98 
70 000 100 100 000 557.00 0.00 557.00 


Note, as a check on the calculations, that /(?, — 1% — d? — d®, except for rounding 
error. 


We continue this example with the evaluation, from first principles, of several 
probabilities: 


PP = pR pR = (0.93)(0.91) = 0.8463, 
1950 = PS PE) ae = (0.91)(0.89)(0.05) = 0.0405, 
298 = 48 + pY q@ = 0.07 + (0.89)(0.08) = 0.1412. 


The last three columns of the above table may be used to obtain the same proba- 
bilities. The answers agree to four decimal places: 
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, Ig _ 846.30 


Q = = = 0.84 
e 719719990 946» 
(D 
g = Seb 9766 _ 6 ons, 


aie = T ~ 930.00 


dg +d2 5924 + 60.26 
i Aa OP ETUR 
2467 ig 846.30 " Y 
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The total force of decrement can also be viewed as a total (nominal annual) rate 
of decrement rather than as a conditional probability density. In this view, where 
we assume a continuous model, a group of 1P? lives advance through age subject 
to deterministic forces of decrement p(y — a), y = a. The number of survivors to 


a 


age x from the original group of /?? lives at age a is given by 


* 
I? = 1P exp IH u(y — a) a|, (10.4.1) 
and the total decrement between ages x and x + 1 is 


dP = I) — Ty 


C 

ec) 
x1 

nea] 


= eq = pe) 


= 1g. (10.4.2) 
Further, by definition or from differentiating (10.4.1), we have 
1 dit? 
wx — a) = - I9 dx (10.4.3) 


These formulas are analogous to those for life tables in Section 3.4. Here q,” is the 
effective annual total rate of decrement for the year of age x to x + 1 equivalent 
to the forces p(y — a, x Sy € x * 1. 


Consider next m causes of decrement and assume that the I? survivors to age x 
will, at future ages, be fully depleted by these m forms of decrement. Then the 
I survivors can be visualized as falling into distinct subgroups 1%, j = 1,2,..., 
m, where 19 denotes the number from the I? survivors who will terminate at future 
ages due to cause j, so that 


n 


I = WI), (10.4.4) 
jl 
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We define the force of decrement at age x due to cause j by 


19 — Ion, 

Mx — a) = lim ——— 

pa (x — a) = lim 5 
h0 hit 


where 19, not I9, appears in the denominator. This yields 


1 dit? 
px — a) = - IT p (10.4.5) 
From (10.4.3)-(10.4.5) it follows that 
w(x — a) = x n pp I = X, we — a). (10.4.6) 
ze 
Formula (10.4.5), substituting y for x, can be written as 
| =al) = I wy — a) dy, 
and integration from y = x to y = x + 1 gives 
x+1 
19 - 1. = a = S 1P wy - a) dy (0.47) 
Summation over j = 1,2, . . . , m yields 
x1 
i» — JO) = dP = | I? wiry — a) dy. (10.4.8) 
Further, from division of formula (10.4.7) by 1, we have 
do x1 
Tc f yP? uy = a) dy = q. (10.4.9) 


Here q% is defined as the proportion of the [{? survivors to age x who terminate 
due to cause j before age x + 1 when all m causes of decrement are operating. 


As was the case for life tables, the deterministic model provides an alternative 
language and conceptual framework for multiple decrement theory. 


10.5 Associated Single Decrement Tables 


For each of the causes of decrement recognized in a multiple decrement model, 
it is possible to define a single decrement model that depends only on the particular 
cause of decrement. We define the associated single decrement model functions as 


follows: 
t 
pi^ = exp |- Í Js) 1 
0 


go = 1 pi. (10.5.1) 


Quantities such as ,gi" are called net probabilities of decrement in biostatistics 
because they are net of other causes of decrement. However, many other names 
have been given to the same quantity. One is independent rate of decrement, chosen 
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because cause j does not compete with other causes in determining ,q/’. The term 
we use for q\ is absolute rate of decrement. The use of the word rate in describing 
(d. stems from a desire to distinguish between q and q'. The symbol ,q{ denotes 
a probability of decrement for cause j between ages x and x + t, and we will show 
that it differs from ,4;. In addition, jp;?, unlike ,p'?, is not necessarily a survivor- 
ship function, because it is not required that lim, ,p/ = 0. 


While 


| 
8 


| utt) dt = æ, 
0 


we can conclude from (10.2.14) only that 
[wow at = 
0 
for at least one j. There may be causes of decrement for which this integral is finite. 


We seldom have an opportunity to observe the operation of a random survival 
system in which a single cause of decrement operates. In an employee benefit plan, 
retirement, disabilities, and voluntary terminations make it impossible to directly 
observe the operation of a single decrement model for mortality during active ser- 
vice. In biostatistical applications random withdrawals from observation and ar- 
bitrary ending of the period of study may prevent the observation of mortality 
alone operating on a group of lives. 


As we see in Section 10.6, a usual first step in constructing a multiple decrement 
model is to select absolute rates of decrement and to make assumptions concerning 
the incidence of the decrements within any single year of age to obtain probabilities 
q\. The converse problem of obtaining absolute rates from the probabilities also 
involves assumptions about the incidence of the decrements. These assumptions 
are implicit in statistical methods for estimating absolute rates and will be discussed 
in Section 10.5.5. 


In the next subsection we examine a number of relationships between a multiple 
decrement table and its associated single decrement tables. Then we examine a 
number of special assumptions about incidence of decrement over the year of age 
and note some implied relationships. In Section 10.5.5 some of the statistical issues 
in estimating a multiple decrement distribution are examined. 


E 


10.5.1 


Basic Relationships 


First, note that since 


t 
PL = exp [- i [uL (s) + as) + +++ + ut£"(s)] ish 


we have 


Sea 
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po = H pe. (10.5.2) 


This result does not involve any approximation. It is based on the definition of an 
associated single decrement table where the sole force of decrement is equal to the 
force for that decrement in the multiple decrement model. We require that it hold 
for any method used to construct a multiple decrement table from a set of absolute 
rates of decrement. 


Now compare the size of the absolute rates and the probabilities. From (10.5.2) 
we see, if some cause other than j is operating, that 


pi^ = pr. 
This implies 
pe? Wt) = p? WO, 


and if these functions are integrated with respect to t over the interval (0, 1), we 
obtain 


1 1 
gi? = Í pe p(t) dt = | p? p(t) dt = qp. (10.5.3) 
0 ü 


The magnitude of other forces of decrement can cause p; to be considerably 
greater than ,p??, and thus there can be corresponding differences between the ab- 
solute rates and the probabilities. 


10.5.2 Central Rates of Multiple Decrement 


There is one function of the multiple decrement model that is quite close to the 
corresponding function for an associated single decrement model. To introduce this 
function, we return to a mortality table and recall the central rate of mortality, or 
central-death-rate at age x, denoted by m, and defined in (3.5.13) by 


1 1 
l Px pst) dt f ls; u(t) dt d, 
m, = i = mS (10.5.4) 


x Nr SPEED OM EE 
Í Px dt | laa dt 


Thus, m, is a weighted average of the force of mortality between ages x and 
x + 1, and this justifies the term central rate. 


Such central rates can be defined in a multiple decrement context. The central 
rate of decrement from all causes is defined by 


1 
f pO BE) dt 


1 
Í po dt 


m? = 


(10.5.5) 
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and is a weighted average of w(t), 0 = t < 1. Similarly, the central rate of dec- 
rement from cause j is 


1 
C WOE) dt 
" f Px M (t) 
m) = — ——— (10.5.6) 
| py dt 


and is a weighted average of w(t), 0 = t < 1. Clearly, 


mo = > mP. 
j=1 
The corresponding central rate for the associated single decrement table is given 
by 


1 
Í pe? pt) dt 


1 
Í py? dt 


0 


mio = (10.5.7) 


This is again a weighted average of w(t) over the same age range, the weight 
function now p,” rather than ,p™. If the force p(t) is constant for 0 € t < 1, we 
have mj? = m;? = wP(0). If w(t) is an increasing function of t, then p’? gives 
more weight to higher values than does jp??, and mO > m. If P(t) is a decreasing 
function of t, then mi? < m. See Exercise 10.33 for a more formal treatment of 
these statements. 


Central rates provide a convenient but approximate means of proceeding from 
the qi? to the q, j = 1, 2, ... , m, and vice versa. This is illustrated in Exercise 
10.18. 


TETE EO ri OE EAT RRR n —— 
10.5.3 Constant Force Assumption for Multiple Decrements 


Let us examine specific assumptions concerning the incidence of decrements. 
First, let us use an assumption of a constant force for decrement j and for the total 
decrement over the interval (x, x + 1). This implies 


ut) = (0) 
and 
w(t) = pO) OSt<1. 


Then, for 0 = s = 1, we have 
Ay = i p? W(t) dt 


— nO) f BPO 
KO) Jo * LOO 5^ 


But also for any r in (0, 1), under the constant force assumption, 


© Wt) dt = (10.5.8) 


eee 
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rj (0) = -log p? 
and 
ru(0) = -log pi, 
so that from (10.5.8), 
. 1 up 
Equation (10.5.9) can be rearranged as : 
p= (pela 


and then in the limit as r goes to 1 can be solved for q,’ to give 

gi? = 1 (prea? (10.5.10) 
If the constant force assumption holds for all decrements (and then automatically 
for the total decrement), (10.5.9), as r and s approach 1, together with (10.5.2), can 
be used for calculating q% from given values of q;?, j = 1, 2, . . . , m. Also, (10.5.10) 
is useful for obtaining absolute rates from a set of probabilities of decrement. Note 
that for (10.5.9) and (10.5.10) special treatment is required if p,” or p? equals 0. 


—Á———— —— ———á———— Í——————]——dÓ— P" —————Ónná——ná1iü 
10.5.4 Uniform Distribution Assumption for Multiple Decrements 


Formula (10.5.10) holds under alternative assumptions. One of these is that both 
decrement j and total decrement, in the multiple decrement context, have a uniform 
distribution of decrement over the interval (x, x + 1). Thus we assume that 


ag ata? 
and 
ar = tgp. 
Also under the given assumption, we see from (10.2.12) that 
pO wt) = g? (10.5.11) 
and 
qi q? 
OME) = = k 
O = paT Fg 
Then 


P” = exp |- f PPE) ar| 
[ e 
OP Ite sg 


D 
exp E log (1 — «| 


li 


= (py (10.5.12) 
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At s = 1, (10.5.10) and (10.5.12) yield the same equation relating q,” with q9 and 
qO. As a result, (10.5.9) with r = 1 can be used to obtain q9. Exercise 10.22 provides 
additional insights into the connection between the developments in Sections 10.5.3 
and 10.5.4. : 


Example 10.5.1 


Continue Example 10.3.1 evaluating qi and q,” by (10.5.10). 


Solution: 
By (10.5.10), the following results are obtained. 


(1) Q (1) *(2) 


x x qx d. qx 

65 0.02 0.05 0.02052 0.05052 
66 0.03 0.06 ' 0.03095 0.06094 
67 0.04 0.07 0.04149 0.07147 
68 0.05 0.08 0.05215 0.08213 
69 0.06 0.09 0.06294 0.09291 
70 0.00 1.00 -— — 


At age 70, the rates depend on mandatory retirement, and there is no particular 
need for qP, qj? although they could be identified, respectively, using q% 
and q%. Y 
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Estimation Issues 


The definition of the absolute rate of decrement given in (10.5.1) depends on the 
force of decrement in multiple decrement theory as defined in (10.2.11). From def- 
inition (10.5.1), the developments in this section and their application in construct- 
ing multiple decrement distributions from assumed absolute rates of decrement 
follow. Questions remain, however, about the interpretation and estimation 
of pl. 


If the joint p.d.f. f; ;(t, j) is known, then the survival function and forces of dec- 
rement are determined using the formulas of Section 10.2. For example, (10.2.13) 
follows as a consequence of the assumption that decrements occur from m mutually 
exclusive causes. The issue is, under what conditions can information obtained in 
a single decrement environment be used to construct the distribution of (T, J)? 


We will illustrate this issue by considering two causes of decrement. Each as- 
sociated single decrement environment has its time-until-decrement random vari- 
able T(x) and its survival function Srt) = Pr{T(x) > t}, j = 1, 2. The joint survival 
function of T(x) and T;(x) is given by 


Sz, 7, (ty t) = Pr((T4(x) > 4) à (7x) > £l. 


In this context, the time-until-decrement random variable T equals the minimum 
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Estimation Issues 
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inition (10.5.1), the developments in this section and their application in construct- 
ing multiple decrement distributions from assumed absolute rates of decrement 
follow. Questions remain, however, about the interpretation and estimation 
of pl. 


If the joint p.d.f. f; ;(t, j) is known, then the survival function and forces of dec- 
rement are determined using the formulas of Section 10.2. For example, (10.2.13) 
follows as a consequence of the assumption that decrements occur from m mutually 
exclusive causes. The issue is, under what conditions can information obtained in 
a single decrement environment be used to construct the distribution of (T, J)? 


We will illustrate this issue by considering two causes of decrement. Each as- 
sociated single decrement environment has its time-until-decrement random vari- 
able T(x) and its survival function Srt) = Pr{T(x) > t}, j = 1, 2. The joint survival 
function of T(x) and T;(x) is given by 


Sz, 7, (ty t) = Pr((T4(x) > 4) à (7x) > £l. 


In this context, the time-until-decrement random variable T equals the minimum 
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of T,(x) and T,(x) and, in accordance with Section 9.3, (9.3.1), its survival function 
is 


Sr(t) = Sp, m, (t, t). 


If T,(x) and T,(x) are independent, 
srt) = Sy (E)sr (t) E Sr, rt, 0)5;. 4. (0, D, 


and 


d 
pet) = - di log $7, (£)s,. (t) 


p(t) + PD. (10.5.13) 
On the other hand, if T,(x) and T,(x) are dependent, 


d 
w(t) = — 5 log Srn #) 


d d 
= di log $5, r(t, 0) — di log $1, 7,(0, t). (10.5.14) 
The two terms on the right-hand side of (10.5.13) are called marginal forces of 
decrement associated, in order, with T,(x) and T.(x). 


If T,(x) and T,(x) are independent, then the marginal forces of decrement from a 
single decrement environment can be used with (10.5.2) to determine pe. E T 
and T,(x) are dependent, we have no assurance that assuming (10.5.2) yields the 
survival function of time-until-decrement in a multiple decrement environment. 


Example 10.5.2 


This example builds on Examples 9.2.1, 9.2.2, and 9.3.1. The dependent random 
variables T,(x) and T,(x) have a joint p.d.f. given by 


fis, t) = 0.0006(s — ty, 0«s«100«t «10 
=0 elsewhere. 


The joint survival function is exhibited in Example 9.2.2, and the survival function 
of T = min|T,, T,] is exhibited in Example 9.3.1. 


Show that 
E 1 log s(t) # — log Sr, r(t, 0) — - log sr, 7,(0, t). 
Solution: 
- $ logs = G5 0 « t « 10, 
and 
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4,000 — 1,200f + 1208? 
20,000 — 4,000¢ + 600£? — 408? 


_ 00 308 + 3t? 
500 — 100 + 15¢? — £ 


100 — 30t + 3t? 
(10 — #)(50 — 5t + #2)’ 


d 
i log sp, (t, 0) = 


d 
which by symmetry is also equal to — di log $7, 7. (0, t). Therefore 


E RE 1 {200 — 60t + 6€ 
dt 08r 10 c2: 40 — 24 Waser 


Example 10.5.3 


This example builds on Examples 9.2.3 and 9.3.2. The independent random var- 
iables T, (x) and T,(x) have a joint p.d.f. given by 


fos S, t) = [0.02(10 — s)][0.02(10 — £)] ; E à E 2 
Show that 
= £ log Srt) = — P log sy, 7,(t, 0) — - log Sr, 1.(0, t). 
Solution: 


The survival function of T = min[T,(x), T,(x)] is displayed in Example 9.3.2. 
Therefore, 


d 

es = efe 
di log s,(t) TET Oct 0, 
d 2 

x log sz, 7,(t,0) = 10553 0 « t « 10, 

and by symmetry 

d 2 

= 3; 198 Sr, 7 (0, t) = 10-1 0 « t « 10. 


As a result, 


d d d 
d log srt) = — z log s7,7,(t, 0) — di log 5; r,(0, t). y 


An interesting but distressing aspect of Examples 10.5.2 and 10.5.3 is that two 
dependent time-until-decrement random variables and two independent time-until- 
decrement random variables yield the same distribution of T = min[T,(x), T4()]. 
Values of T can be observed, but without additional information it is impossible 
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to select between the two models that may be generating the data. This, as in 
Section 9.3, is an example of nonidentifiability. Henceforth, in this chapter when 
constructing multiple decrement distributions from associated single decrement 
distributions, we assume that the component random variables are independent. 


Remark: 

The correspondence between the theory for the joint life model and the theory 
for the multiple decrement model can provide insights, but it is not complete. The 
difference between the two models centers on two facts that were identified in the 
discussion of (10.5.2) and Example 10.5.2. Realizations of both T(x) and T(y) can, 
at least in theory, be observed, while only the minimum of T,(x) and T,(x) and 
which one is the minimum can be observed. The corresponding problem in esti- 
mating joint life models was mentioned in Section 9.3. In addition, lim,» P, = 
lim,» py whereas there is no assurance that 


lim, pL = 0 j=1,2. 


10.6 Construction of a Multiple Decrement Table 


In building a multiple decrement model it is best if data, including that on age 
and cause of decrement for the population under study, can be used to estimate 
directly the probabilities q¥. Large, well-established employee benefit plans may 
have such data. For other plans, such data are frequently not available. An alter- 
native is to construct the model from associated single decrement rates assumed 
appropriate for the population under study. The adequacy of the model should 
then be tested by reviewing data as they become available. l 


Once satisfactory associated single decrement tables are selected, the results of 
Section 10.5 can be used to complete the construction of the multiple decrement 
table. The availability of a set of p;®, for j = 1,2, ..., m and all values of x, will 
permit the computation of p? by (10.5.2) and of 4? by q = 1 — p. The remaining 
step is to break 4(? into its components q9 for j = 1, 2, . . . , m. If either the constant 
force or the uniform distribution of decrement assumption is adopted in the model, 
(10.5.9) can be used for the calculation of the 49. 


Example 10.6.1 


Use (10.5.2) and (10.5.9) to obtain the multiple decrement table corresponding to 
absolute rates of decrement given below. Presumably the actuary has examined the 
characteristics of the participant group and has decided that associated single dec- 
rement tables yielding these rates are appropriate for the group under study. It is 
also assumed that cause 3 is retirement that can occur between ages 65 and 70 and 
is mandatory at 70. 
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"(2) "(3) 


x q Ix Ix 
65 0.020 0.02 0.04 
66 0.025 0.02 0.06 
67 0.030 0.02 0.08 
68 0.035 0.02 0.10 
69 0.040 0.02 0.12 


rD 
x 


Solution: 
The table below contains the results of the calculation of the probabilities of 
decrement. Formula (10.5.2) can be rewritten as 


3 
g =1- [10 - 49. 
j=l 


In this equation the assumed independence among the three causes of decrement 
is apparent. Formula (10.5.9), and the mandatory retirement condition, yield the 
multiple decrement probabilities. The multiple decrement table is constructed as in 
Example 10.3.1. 


" qt? qe q? qe je do d?» | go 
65 0.07802 0.01940 0.01940 0.03921 1 000.00 19.40 19.40 39.21 
66 0.10183 0.02401 0.01916 0.05867 921.99 22.14 17.67 54.09 
67 0.12545 0.02851 0.01891 0.07803 828.09 23.61 15.66 64.62 
68 0.14887 0.03290 0.01866 0.09731 724.20 23.83 13.51 70.47 
69 0.17210 0.03720 0.01841 0.11649 616.39 22.93 11.35 71.80 
70 1.00000 0.00000 0.00000 1.00000 510.31 0.00 0.00 510.31 
v 


It has been noted that (10.5.9) and (10.5.10) will not be used if pi or pt? = 0; 
some alternative device will be necessary. One such method, which handles this 
indeterminacy and lends itself to special adjustments, is based on assumed distri- 
butions of decrement in the associated single decrement tables rather than on as- 
sumptions about multiple decrement probabilities as in Section 10.5. We first ex- 
amine an assumption of uniform distribution of decrement (in each year of age) in 
the associated single decrement tables. We restrict our attention to situations with 
three decrements, but the method and formulas easily extend far m > 3. Under the 
stated assumption, 


pgOo-1-tq? j51250ztz1 (10.6.1) 


and 


pi? uP) = = (=p) = gh, (10.6.2) 
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It follows that 


1 
p= [ pp uto at 
i 4 
= | po ut) e p dt 
1 
= a Í (1 — EgO — £q;9) dt 


= q” E - : (gi? + gi) + T! (10.6.3) 


Similar formulas hold for q®, q®, and it can be verified that 


qe + qP duc dU HgO eum 


ES (0,09; + gq? + gge) 


1 2 3 
+ Pe ha 


=1 -= (ge apu aeq (10.6.4) 


Example 10.6.2 


Obtain the probabilities of decrement for ages 65-69 from the data in Example 
10.6.1, under the assumption of a uniform distribution of decrement in each year 
of age in each of the associated single decrement tables. 


Solution: 
This is an application of (10.6.3). 


T (3. T (2) (3) 
x qe qo qo jt q? 


65 0.020 0.02 0.04 0.01941 0.01941 0.03921 
66 0.025 0.02 0.06 0.02401 0.01916 0.05866 
67 0.030 0.02 0.08 0.02852 0.01892 0.07802 
68 0.035 0.02 0.10 0.03292 0.01867 0.09727 
69 0.040 0.02 0.12 0.03723 0.01843 0.11643 


These probabilities are close to those obtained by (10.5.9), displayed in Example 
10.6.1. v 


We conclude this section with another example illustrating the use of a special 
distribution for one of the decrements. Special distributions are sometimes required 
by the facts of the situation being modeled. 


| Example 10.5.3 — | 10.6.3 


Consider a situation with three causes of decrement: mortality, disability, and 
withdrawal. Assume mortality and disability are uniformly distributed in each year 
of age in the associated single decrement tables with absolute rates of g/" and 
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q., respectively. Also assume that withdrawals occur only at the end of the year 
with an absolute rate of 41. 
a. Give formulas for the probabilities of decrement in the year of age x tox + 1 
for the three causes. 
b. Reformulate the probabilities under the assumptions that 
(i) In the associated single decrement model, withdrawals occur only at the 
age’s midyear or year end, and 
(ii) Equal proportions, namely (1/2), q;9), of those beginning the year withdraw 
at the midyear and at the year end. 


Remark: 

Until now our multiple decrement models have been fully continuous, except 
possibly to recognize a mandatory retirement age. Moreover, our theory began with 
a multiple decrement model and after defining the forces pY(t), j = 1,2,...,m 
proceeded to the associated single decrement tables. In this example we start with 
the single decrement tables, and in one of these tables the decrement takes place 
discretely at the ends of stated intervals. We do not attempt to define a force of 
decrement for this discrete case but proceed by direct methods to build, from the 
single decrement tables, a multiple decrement model possessing the relationships 
(10.2.19) and (10.5.2) established in our prior theory. 


Solution: 


a. Figure 10.6.1 displays survival factors for the given single decrement tables and 
for a multiple decrement table where 


T) — 1 
pE = p® pe p 


for nonintegral t = 0. At t = 1, pi and p? are discontinuous, so we 
consider 


lim pp = guo qu 
is 


and 
p? = ppd — gO). 
We also require that, for our multiple decrement table, 
4? = a) + qP + qP = 1 — pP = 1 ORAA - qo, 
We set 


1 
p= Í Pe wit) dt 
1 
= |, POPOLO at 


1 
= go f 0- gO) at 


i 1 
= gi E a TO) 


Section 10.6 Construction of a Multiple Decrement Table 


|: Di, j = 1, 2, 3, and p? 


,0 (2) AC) 


thx tPx thx 


c» 


dos py PE PE aca 


Similarly, we set 


qP = gq E = ia) 
Then 
qi = qP [qe + qP) 
= 1 = pp OI - gO) e que eque + gge, 
and, since 
pog gee gg = pop 
qP = a a 

Note that 


lim pp — lim p? = p; Up, O49 = qP; 
I21- fo1+ 
that is, the discontinuity at t = 1 equals 49. 
b. Here p” and ,p) are as in Figure 10.6.1, but ,p/? and jp© now have discon- 
tinuities at ¢ = 1/2 and t = 1, as shown in Figure 10.6.2. 
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Survival Eo / and ,p® 
t Px 


(3) 


tPx p, 


,0) (2) 1 10) 
ree sé siut) 
l 


CORE) 
=pl 


iPx (1- g”) 
t 


Proceeding as in (a), but taking account of the intervals [0, 1/2) and [1/2, 1), we 
set 


1/2 
qP = Gg | (1 — tq) dt 


ize 1 , : f 
+ 4g E E a) i 40 7 tama 


= qo ( = TORE Zgo — : & amu). 


Similarly, we set 


1 3 
2) = g” "0 (3) 4 DB |. 
di = d. E z 4: i4 16 4: 4 ) 


Then, 


gÈ = 1 = p? -gP — q? 
= 1- p marec gos qe 


which reduces to 


qp - am (: — Fa? -Fq + 5 gogo), Y 


10.7 Notes and References 


The history of multiple decrement theory was reviewed by Seal (1977). Chiang 
(1968) developed the theory using the language of competing risks. The foundation 
for the actuarial theory of multiple decrement models was built by Makeham 
(1874). Menge (1932) and Nesbitt and Van Eenam (1948) provided insight into the 
deterministic interpretation of forces of decrement and of increment. Bicknell and 
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Nesbitt (1956) developed a very general theory for individual insurances using a 
deterministic multiple decrement model. Hickman (1964) redeveloped this theory 
using the language of the stochastic model, and this redevelopment is the basis for 
much of this chapter. The analysis of life tables by cause of death is the subject of 
papers by Greville (1948) and Preston, Keyfitz, and Schoen (1973). 


The perplexing estimation issues that arise when the times-until-decrement are 
not independent are discussed by Elandt-Johnson and Johnson (1980). Promislow 
(1991b) makes the excellent point that in practice multiple decrement models 
should be select in the sense of Chapter 3. He developed a theory and associated 
notation for select multiple decrement models. Exercises 10.3 and 10.24 are built 
on a discussion by Robinson (1984). 


Carriere (1994) applied copulas, discussed in Section 9.6.2, to create multiple 
decrement distributions that incorporate dependent component random variables. 
Carriere also discusses the problem of identifiability and reviews the condi- 
tions under which it is possible to identify a unique joint survival function 


STi) mU t). 
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Exercises 
Section 10.2 


10.1. Let p(t) = pY(0), j = 1,2,...,m,t = 0. Obtain expressions for 
a fil) b f) c fr. 
The functions called for in (a) and (c) are p.d.f.’s, and the function in (b) is 
a p.f. Show that T and J are independent random variables. 


10.2. A multiple decrement model with two causes of decrement has forces of 
decrement given by 


1 
0) —— an 
be = 100— (x 5 
and 
p2(t) = aee a Pes ear 
g 100 — (x + f) 


If x = 50, obtain expressions for 


a. frt j) b. fj(f) c. Ai) d. fol. 
10.3. Given the joint p.d.f. 
frt f) = pu, e ^! + (1 — pu, e tono 0=£t4j=1 
= pv, g (itope 4 (1 = pv, g 2tva)t 0x Lj =? 


where 0 <p < 1 and 0 < u, 15, Vi, Va, 
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find 
a. The marginal p.d.f.s f(t) and fG) 
b. The survival function s(t). 


Section 10.3 


10.4. Using the multiple decrement probabilities given in Example 10.3.1, evaluate 
the following: 


a. p8 b. EP € g8. 


10.5. The following multiple decrement probabilities apply to students entering a 
4-year college. 


Probability of 


Curtate 
Duration, Survival 
at Beginning Academic Withdrawal for through the 

of Academic Failure, All Other Academic 

Year j=1 Reasons, j = 2 Year 

0 0.15 0.25 0.60 

1 0.10 0.20 0.70 

2 0.05 0.15 0.80 

3 0.00 0.10 0.90 


An entering class has 1,000 members. 

a. What is the expectation of the number of graduates? What is the variance? 

b. What is the expected number of those who will fail sometime during the 
4-year program? What is the variance of the number of students who will 
fail? 


10.6. Construct a multiple decrement table on the basis of the data in Exercise 
10.5 and use it to exhibit 
a. The marginal distribution of the random variable J (mode of exit), which 
takes on values for academic failure, withdrawal, and graduation 
b. The conditional distribution of the mode of termination, given that a 
student has terminated in the third year. 


Section 10.4 


10.7. Given that p(x) = 1/(a — x), 0 = x < a, and p®(x) = 1, derive expressions 
for 
a. © b d? e dQ9. 
Assume If? = a, 


10.8. Given pO(x) = 2x /(a — x7), 0 € x = Va, and w(x) = c, c > 0, and If? = 
1,000, derive an expression for 2. 


10.9. Derive expressions for the following derivatives: 


d d d, 
— g0) — A” — gO 
a. PES b. di Je c. di uq. 
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Section 10.5 


10.10. 


10.11. 


10.12. 


10.13. 


10.14. 


10.15. 


10.16. 


10.17. 


10.18. 


Using the data in Exercise 10.5, and assuming a uniform distribution of 
all decrements in the multiple decrement model, calculate a table of qj", 
j=1,2,k = 0,1, 2, 8 (where k is the curtate duration). 


If w(t) is a constant c for 0 = t = 1, derive expressions in terms of c and 
pO for 
a. g” b. m? c. qO. 


Show that under appropriate assumptions of a uniform distribution of 
decrements 


"m 


"o 
c. mi x 


i e : qo 
a. m. a c 1 — (1/2) qi 


so NET P ROADS 
1—- (172) q? UR 71-072) © 
and, conversely, 
(1) = kd I) = x à (n m X e 
4d -rlg/mup © © -ixa/5mp fE 71x0/2m9 


Order the following in terms of magnitude and state your reasons: 
qx, qP, mp. 


Given, for a double decrement table, that gif? = 0.02 and qj? = 0.04, 
calculate 4$ to four decimal places. 


For a double decrement table you are given that m9 = 0.2 and qi = 0.1. 

Calculate qi? to four decimal places assuming 

a. Uniform distribution of decrements in the multiple decrement model 

b. Uniform distribution of decrements in the associated single decrement 
tables. 


Using the data in Exercise 10.5 and assuming a uniform distribution of dec- 
rements in the multiple decrement model, construct a table of m®, j = 1, 2, 
k = 0, 1, 2, 3 (where k is the curtate duration). Calculate each result to five 
decimal places. 


Given that decrement may be due to death, 1, disability, 2, or retirement, 3, 
use (10.5.9) to construct a multiple decrement table based on the following 
absolute rates. 


Age x qi? qi qj? 
62 0.020 0.030 0.200 
63 0.022 0.034 0.100 
64 0.028 0.040 0.120 


Recalculate the multiple decrement table from the absolute rates of decre- 
ment in Exercise 10.17 by means of the central rate bridge. [Hint: To use the 
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central rate bridge, first calculate m;? by the formula 


q, 20 
mio = j-1,2,8, 
= a Jas! 
which holds if there is a uniform distribution of decrement in the associated 
single decrement tables. Next, assume m? = mi), j = 1, 2, 3, and proceed 
to q? by 


oi a9 mo 
qx © 1) — (1/2) d® + 072) do 15:(172) qp" 


This second relation holds if there is a uniform distribution of total decre- 
ment in the multiple decrement table. But then 


pore ea a po 


under the condition of a uniform distribution in the associated single dec- 


rement tables. Thus there is an inconsistency in the stated conditions, but 
the calculations may be accurate enough for this purpose.] 


10.19. Indicate arguments for the following relations: 
a. m; = m 
q; a o) 


b. TaD 0D 


Show that these lead to 


Lu - 0/2 £] 
1 = 0/2) qi? 
o) 
- (1/2) [ -4) 


c qg? = 


d. qi? = 


Compare (c) and (d) to (10.5.9) and (10.5.10). 


10.20. Use the values of qf, q/ from Example 10.5.1 to calculate values of mf, 
m0, j = 1,2, x = 65, . . . , 69, under appropriate assumptions of uniform 
distribution of decrements (see Exercise 10.12). 


10.21. Which of the following statements would you accept? Revise where 
necessary. 
m 
Q = —— X 
a Fe = 1r0/2m? 


Io 
5 J E dt = 10/2 mp 


c. f = goj — (1/24;9] in a double decrement table where there is a 


ee M MEUU MM. n JUAN RR 
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uniform distribution of decrement for the year of age x to x + 1 in each 
of the associated single decrement tables. 


10.22. a. For a certain age x, particular cause of decrement j, and constant K, show 
that the following conditions are equivalent: 
© 4? = K; qe O=f=1 


G) KP = K uPA Ostsl 
(ii) 1- g® = - gS OstS1. 
[Hint: Show (i) > (ii) > (iii) > (ii) = (i).] 
b. Verify that, in a multiple decrement table, where either 
we) = pP0) Osts1,j=1,2,...,m 


(the constant force assumption for each cause of decrement) or 


gP = ta 0sts1,j=1,2,...,m 
(the uniform distribution for each cause of decrement), then 
qg =K qg 0sts1,j=1,2,..., m. 
c. Assume that in part (a), condition (ii), u(t), 0 = t « 1, is given by 
(i) ke" k>0,n >0 (Weibull) 
(i) Bc' B>0c>1 (Gompertz) 
and for each example find the corresponding expressions for ,j and 
Der it 
10.23. a. Prove that 

pP Kp) 0st, j=1,2 
where 

K, = fo pP aA dt j=1,2, 


if and only if the random variables T and J are independent. 
b. If T(x) and T,(x) are independent and J and T are independent, show 
that i 


poU j=1,2 
[Remark: Note that Ki — fi).] 

10.24. This exercise is a continuation of Exercise 10.3 and uses the notation of Sec- 

tion 10.5.5. The joint survival function is given by 

Sz hub) 5 pe th ae + (1 qa eem 
0 S ty, ty, Uy, Us, Vy, 0; 
O<p<l. 
Confirm that 
S5 vL t) # Sy, rÁL, 0) $5, 7(0, t) 


and 


Chapter 10 Multiple Decrement Models 


337 


338 


. 9 log sr, i (tu t) e d log Sr, 7,(t, 0) 


at, dt 


ty=to=t 


Section 10.6 


10.25. 


10.26. 


10.27. 


10.28. 


10.29. 


Redo Exercise 10.10 by use of the formula for q in Exercise 10.19. 


Show that p2(1/2) = m9, under the assumption of a uniform distribution 
of each decrement in each year of age in a multiple decrement context. 


How would you proceed to construct the multiple decrement table if the 
given rates were those given below? 

a. q,, a, a? 

b. a, q8, Ie 


In Example 10.6.2 suppose that decrement 3 at age 69 is not uniformly dis- 
tributed but follows the pattern 


Pe ™ lo pedi 


In words, the cause 3 absolute rate is 0.12 during the year. Then, just before 
age 70, all remaining survivors terminate due to cause 3. This is consistent 
with an assumption that qi = 1. What then is the value of 4$? 


In a double decrement table where cause 1 is death and cause 2 is with- 

drawal, it is assumed that 

* Deaths in the year from age h to h + 1 are uniformly distributed, 

e Withdrawals in the year from age h to age h + 1 occur immediately after 
the attainment of age h. 

From this table it is noted that, at age 50, 1S = 1,000, 42) = 0.2, and d{} = 

0.06 d2. Determine gi. 


Miscellaneous 


10.30. 


10.31. 


10.32. 


On the basis of a triple decrement table, display an expression for the prob- 
ability that (20) will not terminate before age 65 for cause 2. 


a. You are given qi, q, m®, m®. How would you proceed to construct a 
multiple decrement table where active service of an employee group is 
subject to decrement from death, 1, withdrawal, 2, disability, 3, and re- 
tirement, 4? 

b. On the basis of the table in (a), give an expression for the probability that, 
in the future, an active member age y will not retire but will terminate 
from service for some other cause. 


Prove and interpret the relation 


1 
qoum Í PE UPE ge dt. 
kaj 40 


Exercises 


10.33. Let 


(1) 
we) = er 
, 95 dt 


and 


; p; 
wt) = =**— O081t=1. 
3 p; dt 


Assume that j and at least one other cause have positive forces of decrement 
on the interval 0 = t = 1. 
a. Show that 
(i) wO) > w 9X0) 
(ii) w1) < w%(1) 
(iii) There exists a unique number r, 0 < r < 1, such that w™(r) = wr). 
b. Let 


-I = Í [w9t) — wt. 
Show that 


I= Í i [wH — wXt)lat. 


c. Assume that p(t) is an increasing function on the interval 0 = t < 1. 
Use the mean value theorem for integrals to establish the following 
inequalities: 


1 
mO — m = | [9t — wo ar 


[to — wO at 


1 
+ [| fw - wwe at 
= p(t) I + w(t) T O0<t<r<tij<1 


=I [P(t d ut] > 0. 


Chapter 10 Multiple Decrement Models 


339 


10.34. The joint distribution of T and J is specified by 


a—1 p~ 
uot = o. 0«0«1 
S97! e Begs a0 
t 
P B>0 
(1 — 0)t^ ! eB 
p(t) = ^ t=0. 
S* 1 g Bs ds 


t 
a. Obtain expressions for f; (t, j), fG), and f(t). 
b. Express E[T] and Var(T) in terms of a and B. 
c. Confirm that J and T are independent. N 


9A ^ ————————————M——————— 
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APPLICATIONS OF MULTIPLE 


DECREMENT THEORY 


111 Introduction 


The multiple decrement model developed in Chapter 10 provides a framework 
for studying many financial security systems. For example, life insurance policies 
frequently provide for special benefits if death occurs by accidental means or if the 
insured becomes disabled. The single decrement model, the subject of Chapters 3 
through 9, does not provide a mathematical model for policies with such multiple 
benefits. In addition, there may be nonforfeiture benefits that are paid when the 
insured withdraws from the set of premium-paying policyholders. The determi- 
nation of the amount of these nonforfeiture benefits, and related public policy is- 
sues, are discussed in Chapter 16. The basic models associated with these multiple 
benefits are developed in this chapter. 


Another major application of multiple decrement models is in pension plans. In 
this chapter we consider basic methods used in calculating the actuarial present 
values of benefits and contributions for a participant in a pension plan. The par- 
ticipants of a plan may be a group of employees of a single employer, or they may 
be the employees of a group of employers engaged in similar activities. A plan, 
upon a participant’s retirement, typically provides pensions for age and service or 
for disability. In case of withdrawal from employment, there can be a return of 
accumulated participant contributions or a deferred pension. For death occurring 
before the other contingencies, there can be a lump sum or income payable to a 
beneficiary. Payments to meet the costs of the benefits are referred to as contribu- 
tions, not premiums as for insurance, and are payable in various proportions by 
the participants and the plan sponsor. 


A pension plan can be regarded as a system for purchasing deferred life annuities 
(payable during retirement) and certain ancillary benefits with a temporary annuity 
of contributions during active service. The balancing of the actuarial present values 
of benefits and contributions may be on an individual basis, but frequently it is on 
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some aggregate basis for the whole group of participants. Methods to accomplish 
this balance comprise the theory of pension funding. Here we are concerned with 
only the separate valuation of the pension plan’s actuarial present value of benefits 
and contributions with respect to a typical participant. Aggregate values can then 
be obtained by summation over all the participants. The basic tools for valuing the 
benefits of, and the contributions to, a pension plan are presented here, but their 
application to the possible funding methods for a plan is deferred to Chapter 20. 


In Section 11.6 we study disability benefits commonly found in conjunction with 
individual life insurance. The benefits include those for waiver of premium and 
for disability income. There is a discussion of a widely used single decrement ap- 
proximation for calculating benefit premiums and benefit reserves for these disa- 
bility coverages. 


11.2 Actuarial Present Values and Their 
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Numerical Evaluation 


Actuarial applications of multiple decrement models arise when the amount of 
benefit payment depends on the mode of exit from the group of active lives. We 
let BY, denote the value of a benefit at age x + t incurred by a decrement at that 
age by cause j. Then the actuarial present value of the benefits, denoted in general 
by A, will be given by 


A=> Í BY, v' pE MPC at. (11.2.1) 
j=1 


If m = 1 and BẸ, = 1, A reduces to A,, the actuarial present value for a unit of 
whole life insurance with immediate payment of claims. 


More appropriate for this chapter is the example of a double indemnity provision, 
which provides for the death benefit to be doubled when death is caused by ac- 
cidental means. Let J = 1 for death by accidental means and J = 2 for death by 
other means, and take BC), = 2 and B®), = 1. The actuarial present value for an 
n-year term insurance is given by 


A=2 | v! pu Of) dt + Í vt p? pH) dt. |. (1122) 
0 0 


For numerical evaluation, the first step is to break the expression into a set of 
integrals, one for each of the years involved. For the first integral, 


n n-1 1 
2 ['v gp uiae 2 S vr uto [vr ptt ace ds 
0 k=0 0 


If now we assume, as for (10.5.11), that each decrement in the multiple decrement 
context has a uniform distribution in each year of age, we have 


Section 11.2 Actuarial Present Values and Their Numerical Evaluation 


2 [^v peo w(t) d DE k+1 7 M qu Ji (1 + i: ds 


pitt pe qË 


xck: 


Applying a similar argument for the second integral and combining, we get 


Au i be k*1 pO (gt, + q8 i» 


k E 
u pP (qo + qeu 


= ALD + Aia, (11.2.3) 


where ALG ' is the actuarial present value of term insurance benefits of 1 covering 
death in accidental means and A1 is the actuarial present value for term insur- 
ance benefits of 1 covering death from all causes. Here ,p could be taken as the 
survival function from a mortality table. If values of gf), are available, it would be 
unnecessary to develop the full double decrement table in order to calculate (11.2.3) 
under the assumption that each decrement has a uniform distribution in each year 
of age. 


This example is simple because the benefit amount does not change as a function 
of age at decrement, and, in particular, it does not change within a year of age. For 
a contrasting S we take BY, = t and e = 0 for t > 0. In this case, 


A= * v! p? pt) dt = > v. ,p? E + s) pp, wO(k + s) ds. 
px kPx sP 


We again make the assumption that each decrement in the multiple decrement 
context has a uniform distribution in each year of age, and we obtain 


A= X v pO qu [ (k + s)\(1 + i^ ds 


k=0 
< 1 1 
= 2, up. aC gus 1) (11.2.4) 


In practice, BY), is often a complicated function, possibly requiring some degree of 
approximation. For such a case, if we apply the uniform distribution assumption 
to the j-th integral in (11.2.1), we obtain 


oo 1 
Y vt spl? d. f onus a e onn as 


Then, use of the midpoint integration rule yields 


oo 


S pee uma BU cus (11.2.5) 


as a practical formula for the evaluation of the integral. 
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As an example, we return to (11.2.4) where the quantity 


1 1 

ksELI- 

ô i 
can be viewed as an effective mean benefit amount for the year k + 1, and the 
familiar 7/8 term can be viewed as the correction needed to provide immediate 


payment of claims. The value given by (11.2.4) is closely approximated by 


E 1 
È v2 pO qo. (: + 3), (11.2.6) 


which makes use of the midpoint rule for approximate integration to evaluate 


[ (k + s)\(1 + 2^5 ds. 


In Section 10.6 we discussed situations where a uniform distribution of decre- 
ment assumption was not appropriate. For such situations, special adjustments to 
the actuarial present value should be made. We reexamine Example 10.6.3 where, 
in the associated single decrement model for decrement (3), one-half the expected 
withdrawals occur at midyear and the other half occur at year end. The actuarial 
present value for withdrawal benefits is given by 


«€ 1 1, 1, 
Am 2 pe E a 0? BO ( | TOE - jm) 


+3 5 4 v Ba 0 = gS — ra| 


Here we are dealing with the distribution of decrement in the context of the as- 
sociated single decrement tables, rather than in the multiple decrement context. A 
possible approximation would be to use a geometric average value of the interest 
factor in the year of withdrawal, such as v?⁄4, and the arithmetic average value of 
the withdrawal benefit, such as 


^ 1 
BO, = 2 (seus + Ba) 


Thus, 
E i 1 
A = > UERBO, E qe E - hat) (1 - y 
l ie go 2) 
+ 54:8) 1 - qu - 4:2) 


— k3/4 7 Q40) RE 
= x Ue m qo BE 
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Remark: 

In this section we have not used the format employed in Chapter 6 to state 
premium determination problems. This was done to achieve brevity. The premium 
problems of this section could have been approached by formulating a loss function 
and invoking the equivalence principle or some other premium principle. 


Assume, for example, an insurance to (x) paying 
a. 2B upon death due to an accident before age r 
b. B upon death due to all other causes before age r, and 
c. B upon death after age r. 
Two causes of decrement are recognized, J = 1, the accidental cause, and J = 2, 
the nonaccidental cause. The loss function is 


2B|/-«- J=1 O<Tsr-x 
L-—-4Bv!—-m- J=2 O0<Tsr-x 
Boi ^a J=1,2 T>r-x. 


The equivalence principle requires that E[L] = 0, or 
a= B | Í v' pO pO(E) dt + Í v' po pOW a 
0 0 


A measure of the dispersion due to the random natures of time and cause of death 
is provided by Var(L) = E[L’]. One can verify that, for this case, 


Var(L) = E? |: Í v? pP uP(t) dt + Í v^ pO poet) «| a, 
0 0 


In the general case, with actuarial present value given by (11.2.1), we have 
Vart) = BIL = Y, [ Yu v — AY p WO dt 
ji ^o 
which can be reduced to 


Vari) = Y. f Be, v^? p? ntl at — AP. (1127) 


11.3 Benefit Premiums and Reserves 


We examine, in this section, a method of paying for benefits included in a life 
insurance policy in a multiple decrement setting. Often these extra benefits are 
included in life insurance contracts on a policy rider basis; that is, a specified extra 
premium is charged for the extra benefit, and a separate reserve is held for this 
benefit. The extra premium is payable only for as long as the benefit has value. In 
the case of double indemnity it is common to pay the extra amount only for death 
from accidental means before a specific age, such as 65, and thus the specified extra 
premiums would be payable only until that age. 


We henceforth consider the double indemnity benefit as such a benefit. The 
model is not complete because the possibility of withdrawal, with a corresponding 
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withdrawal benefit, is not included. We consider withdrawal benefits in Section 
11.4, but most of this subject is discussed in Chapters 15 and 16. 


Consider the fully discrete model for a whole life policy to a person age 30 with 
a double indemnity rider. The benefit amount is one for nonaccidental death, dec- 
rement J = 1, and is two for death by accidental means, decrement J = 2. The 
principle of equivalence is now applied twice, once for the premium payable for 
life for the policy without the rider and once for the premium payable to age 65 
for the extra benefit payable on accidental death before age 65. 


For the policy without the rider the benefit level is one under either decrement 
1 or 2 and the premium is payable for life. Thus 


k T, T 
2; per iPS Pork 


k T 
2v PR 
k=0 


(11.3.1) 


The benefit premium for the rider reflects that the premium is payable through age 
64, and its benefit amount, payable under decrement 2 only, is unity. It is given by 
34 
v^ p diia 
sP% = oH : (11.3.2) 


k Q0 
Xv KP30 


k=0 


We now display the benefit reserve for the policy with the rider for years prior to 
attaining age 65: 

e 34-k 
n4 = » poa TM Jorr + » p^ Pak Qi 


p, BA—k 
(7) h yo (2) h Q0 
z (ra 2 U" „Paok + asPao 2. U Ha) 


This reserve is the sum of a reserve on the base policy plus a reserve on a policy 

that pays only on failure through decrement 2. The reserve on the base policy is a 

Chapter 7 benefit reserve for a fully discrete whole life insurance with g, = q9 = 
(1) (2) 

qx + Px’ 
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Evaluating Premiums and Reserves 


A single decrement model for an individual life insurance benefit with annual 
premiums and reserves was built in Chapters 6 through 8. In that model the timing 
and, perhaps, the amount of benefit payments are determined by the time of death 
of the insured, and premiums are paid until death or the end of the premium 
period as specified in the policy. In practice, there is no way to prevent the cessation 
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of premium payments by the policyholder before death or the end of the premium 
period. In this situation an issue arises about how to reconcile the interests of the 
parties to the policy for which a model derived from multiple decrement theory is 
appropriate. Public policy considerations that should guide the reconciliation of the 
interests of the insurance system and the terminating insured have been subject to 
discussion since the early days of insurance. 


Before premiums and reserves can be determined, a guiding principle must be 
adopted. A guiding principle is required as well in the determination of nonfor- 
feiture benefits, those benefits that will not be lost because of the premature ces- 
sation of premium payments. In this section we adopt a simple operational prin- 
ciple, one that is, in effect, close to that adopted in U.S. insurance regulation. The 
principle is that the withdrawing insured receives a value such that the benefit, 
premium, and reserve structure, built using the single decrement model, remains 
appropriate in the multiple decrement context. 


This principle is motivated by a particular concept of equity about the treatment 
of the two classes of policyholders, those who terminate before the basic insurance 
contract is fulfilled and those who continue. Clearly several concepts of what con- 
stitutes equity are possible, ranging from the view that terminating policyholders 
have not fulfilled the contract, and are therefore not entitled to nonforfeiture ben- 
efits, to the view that a terminating policyholder should be returned to his original 
position by the return of the accumulated value of all premiums, perhaps less an 
insurance charge. The concept of equity, which is the foundation of the principle 
adopted in the United States, is an intermediate one; that is, withdrawing life 
insurance policyholders are entitled to nonforfeiture benefits, but these bene- 
fits should not force a change in the price-benefit structure for continuing 
policyholders. 


To illustrate some of the implications of this principle, we will develop a model 
for a whole life policy on a fully continuous payment basis with death and with- 
drawal benefits. The force of withdrawal is denoted by p(t) with pO) = pO@ 
+ p(t). For multiple decrement models, it is required that 


i pis dt = oo 


so that 
lim ,p = 0, 
fo 
but it is not necessary for u. 2 (f) and the derived ,p/? to have these properties. 
We assume that the introduction of withdrawals into the model does not 


change the force of mortality, which is labeled for this development p(t) in both 
the single and double decrement models. In other words, time-until-death and 
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time-until-withdrawal will be assumed to be independent, but this assumption may 
not be realized in practice. This issue was discussed in Chapter 10. 


We start our model by specializing (8.6.4) to the case of a whole life insurance 
and single decrement premiums and reserves: 


Z AD = P(A) + 8 ,V(A) — uO D — VAD. (11.4.1) 
Recalling from Section 10.2 that 
= p= = — pw) + POL 
we can express the following derivative as 
5 v PY VAJ = v' prt{P(A) + 8 VAY — POL — VAD] 


— v! pO VAI + LPE) + & 20] 
=v! pP(A,) — LOH — pt) WAY]. (11.4.2) 


The progress of the reserves for a whole life insurance that includes withdrawal 
benefit ,V(A,) using premiums and reserves derived from a double decrement 
model is analogous to (11.4.1) and is shown in (11.4.3). In this expression, the 
superscript ^ denotes premiums and reserves based on the double decrement 
model: 


Es 


- WOO — WAY - uPXOLVQL - WA — 0143) 


The last term in (11.4.3) is the net cost of withdrawal when the reserve ,V(A,¥ is 
treated as a savings fund available to offset benefits [see (8.4.5)]. Thus, 


T v! p? WADA = vf pO IPLE + 8 UE = PON - VOL] 
= MEVA) - VIII 
= v' p? V(A [8 + pOW) + peH 


=u! pO[P(A,)? — ut) — 9t) (AI. (114.4) 
Combining -i and (11.4.4), we obtain 


= dv POLVAJ — VAI} = v!  p[P(A,)?2 — PAD. (114.5) 


We now integrate (11.4.5) from t = 0 to f = œ to obtain 
0 = a[P(A,)? — P(A], (11.4.6) 
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which implies that 
P(A,? = PA). 
Thus (11.4.5) reduces to 


d t QOL Y(A M — UL À — 
ae POLV(A,? — ,V(A)]) = 0, 


which, with the initial condition that 
V(A,P = oV(A,), 
implies that 
VA = VA) — for all t = 0. (11.4.7) 


Therefore, if the withdrawal benefit in a double decrement model whole life in- 
surance, fully continuous payment basis, is equal to the reserve under the single 
decrement model, the premium and reserves under the double decrement model 
are equal to the premium and reserves under the single decrement model. This 
result is not directly applied to the practical problem of defining nonforfeiture 
benefits. However, it does suggest the basic idea of how to minimize the impact 
of withdrawal or nonforfeiture benefits on premiums and reserves (determined 
under a single decrement model). These ideas are developed further in Chapter 16. 


The ideas of this section are closely related to Example 6.6.2, where it was dem- 
onstrated that if the death benefit during the premium-paying period for a deferred 
life annuity is the accumulated value of the premiums, then the premium does not 
depend on the mortality assumption during the deferral period. This idea is elab- 
orated in Example 11.4.1. 


Example 11.4.1 


A continuously paid life annuity issued on (x) provides an income benefit com- 
mencing at age x + n at an annual rate of 1. The benefit for death (decrement 
J = 1) or withdrawal (decrement J = 2) during the n-year deferral period, paid at 
the moment of death, will be the accumulated benefit premiums with interest at 
the rate used in the premium. calculation. Premiums are paid continuously from 
age x to x + n or to the age of decrement, if less than x + n. Assume that there 
are no withdrawals after the commencement of the annuity payments. 

a. Formulate a loss variable. 
b. Determine the annual benefit premium rate m using the principle of equivalence. 
c. Determine the benefit reserve at time t, 0 < f x n. 


Solution: 
? L- T U Sg — T AF 0zTzn, J=1,2 
: U" pay — ^T Ay Tn, J=1 


b. Applying the principle of equivalence, we obtain 


E[L] = Í (U" i — T us) pO pP) dt. 
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This yields 


= e v" a 
v" PO d, = Tig pE and mw —— = 
c. The reserve at time t, t x n, viewed prospectively, is given by 


n—t 
[| smi) ph + 9) as 


ES Í (V i — 7 8:33) PST uP + s) ds 


=T sj(1 x mu» sb n- (flt T f. abr 
seme 8j. 


The simplification of the last term comes from the definition of « in part (b). 
The benefit premium and reserve during the deferred period can be viewed as 
derived from a zero decrement model. v 


11.5 Valuation of Pension Plans 


Two sets of assumptions are needed to determine the actuarial present values of 
pension plan benefits and of contributions to support these benefits. These sets can 
be identified as demographic (the service table and survival functions for retired 
lives, disabled lives, and perhaps lives who have withdrawn) and economic (in- 
vestment return and salary scale) assumptions. 


11.5.1 Demographic Assumptions 


A starting point for the valuation of pension plan benefits is a multiple decrement 
(service) table constructed to represent a survivorship group of participants subject, 
in the various years of active service, to given probabilities of 

* Withdrawal from service 

* Death in service 

* Retirement for disability, and 

* Retirement for age-service. : 

The notations for these probabilities for the year of age x to x + 1 are q@™, q®, q®, 
and qf), respectively. These are consistent with the notations developed in Chapter 
10. Also, we use the survivorship function / from Chapter 10, which satisfies 


Qu = PL — GP tg + a? + gh) = 1 pp. 
This function can be used to evaluate such expression as ,p‘”, thus, 


(7) = Why 
kP = jo 
bu 
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One can also proceed by direct recursion, namely, 


PP Sate ue 
The forces of decrement related to a service table will be continuous at most ages. 
They will be denoted by p(t), P(t), aO), and p(t). At some ages, disconti- 
nuities may occur. This occurs most frequently at age a, the first eligible age for 
retirement. We generally assume that decrements are spread across each year of 
age. 


In the early years of service, withdrawal rates tend to be high, and the benefit 
for withdrawal may be only the participant’s contributions, if any, possibly accu- 
mulated with interest. After a period of time, for example, 5 years, withdrawal 
rates will be somewhat lower, and the withdrawing participant may be eligible for 
a deferred pension. If these conditions hold, it may be necessary to use select rates 
of withdrawal for an appropriate number of years. Conditions for disability retire- 
ment may also indicate a need for a select basis. The mathematical modifications 
to a select basis are relatively easy to make, and the theory is more adaptable if 
select functions are used. In this chapter we denote the age of entry by x, but we 
do not otherwise indicate whether an aggregate table, select table, or select-and- 
ultimate table is intended. 


The Illustrative Service Table in Appendix 2B illustrates a service table for entry 
age 30, earliest age for retirement o = 60, and with no probability of active service 
beyond age 71. Here 19 = 0. 


As noted earlier, the principal benefits under a pension plan are annuities to 
eligible beneficiaries. For the valuation of such annuity benefits, it is necessary to 
adopt appropriate mortality tables that will differ if retirement is for disability, for 
age-service, or perhaps withdrawal. The corresponding annuity values will be in- 
dicated by post-fixed superscripts. The continuous annuity value is used as a con- 
venient means of approximating the actual form of pension payment that usually 
is monthly, but may have particular conditions as to initial and final payments. 


DT 
11.5.2. Projecting Benefit Payment and Contribution Rates 


A common form of pension plan is one that defines the rate of retirement income 
by formula. These plans are called defined benefit plans. Some pension plans define 
benefit income rates as a function of the level of compensation at or near retirement. 
In these cases, it is necessary to estimate future salaries to value the benefits. Spon- 
sor contributions are also often expressed as a percentage of salary, so here too 
estimation of future salaries is important. To accomplish these estimations, we de- 
fine the following salary functions: 


(AS),., is the actual annual salary rate at age x + Ji, for a participant who entered 
at age x and is now at attained age x + h, 


(ES), +14, is the projected (estimated) annual salary rate at age x + h + t. 


Further, we assume that we have a salary scale function S, to use for these projec- 
tions, such that 


———————M—— ÀÁÓÉÉÉÉ——M—M———À 
Chapter 11 Applications of Multiple Decrement Theory 351 


(ES)... = (A9), EB. (1151) 
x+h 

The salary functions S, may reflect merit and seniority increases in salary as well 
as those caused by inflation. For example, in the Illustrative Service Table, S, = 
(1.06)/ *° s,, where the s, factor represents the progression of salary due to individ- 
ual merit and experience increases, and the 6% accumulation factor is to allow for 
long-term effects of inflation and of increases in productivity of all members of the 
plan. As was the case of the I? function, one of the values of S, can be chosen 
arbitrarily. For instance, in the Illustrative Service Table, 54, is taken as unity. The 
S, function is usually assumed to be a step function, with constant level throughout 
any given year of age. 


We now move to the problem of estimating the benefit level for a pension plan. 
For this purpose, we introduce the function R(x, h, f) to denote the projected annual 
income benefit rate to commence at age x + h + t for a participant, who entered 
h years ago at age x. Both x and h are assumed to be integers. We assume that the 
income benefit rate remains level during payout so that when we come to express- 
ing the actuarial present value of the benefit at time of retirement, it will simply 
be R(x, h, t)@,.,4; As stated in the previous section, the post-fixed superscript r 
indicates that a mortality table appropriate for retired lives should be used. 


We now consider several common types of income benefit rate functions 
R(x, h, t). The estimation procedure falls into two groups. First, there are functions 
that do not depend on salary levels. For other types of benefit formulas, which 
depend on future salaries, the projected annual income rate must be estimated. 
There are those that depend on either the final salary rate or on an average salary 
rate over the last several years prior to retirement. There are also formulas that 
depend on the average salary over the career with the plan sponsor. The following 
are examples of the more common types of benefit formula together with their 
estimation. 


a. Consider an income benefit rate that is a fraction d of the final salary rate. Thus 
R(x, h, t) = d(ES),,,,,. Here we estimate the final salary from the current salary 
at age x + h by (ESL4,, = (ASLA(G.uu/5,,,) so that R(x, h, t) = 
AAS) anl Srne Sus). 

b. A final m-year average salary benefit rate is a fraction d of the average salary 
rate over the last m years prior to retirement. We illustrate this in the common 
case where m = 5, In this case, if t > 5, an estimate of the average salary over 
the last 5 years is given as 


0.5 Set htk-5 + Sythtk—4 + Sethtk-3 + Srthtk-2 + Sue + 0.5 Syirik 
xih 5 Saan 


where k is the greatest integer in t. 


(AS) 


The thinking behind this expression is that if retirement occurs at midyear, 
the current year’s salary is earned only for the last half year of service. A no- 
tation in common usage for the above average is 5Z,.;,;;/ 5,,,. If the participant 
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is within 5 years of possible retirement, account could be taken of actual rather 
than projected salaries. 


The above formulas do not reflect the amount of service of the participant at 
retirement. We now look at three formulas where the benefits are proportional 
to the number of years of service at retirement. 

c. Consider an income benefit that is d times the total number of years of service, 
including any fraction in the final year of employment. In this case R(x, h, t) = 
d(h + t). If only whole years of service are to be counted, then R(x, h, t) = 
d(h + k), where k is the greatest integer in f. 

d. Consider an income benefit rate that is the product of a fraction d of the final 
5-year average salary and the number of years of service at retirement. A typical 
formula would be, where d is a designated fraction, 


= a(t + (AS), , nt 
Again, if the participant is within 5 years of possible retirement, account could 
be taken of actual rather than projected salaries. 
e. Consider an income benefit rate that is d times the number of years of service 
times the average salary over the entire career. Such a benefit formula is called 
a career average benefit. This formula is equivalent to a benefit rate of a fraction 
d of the entire career earnings of the retiree. 


x+h 


The analysis of career average retirement benefits breaks naturally into two 
parts, one for past service for which the salary information is known and one 
for future service where salaries must be estimated. Here past salaries enter into 
the valuation of benefits for all participants and not just for those participants 
very near to retirement age. If the total of past salaries for a participant at age 
x + h is denoted by (TPS),,,, the benefit rate attributed to past service is 
d(TPS),,,. The retirement income benefit rate based on future service is given 


by 


Sua t Speg T 77 + Spite + 05 Sua 

Ss ‘ 
where k is the greatest integer in ¢ and retirements are assumed to occur at 
midyear. 


d(AS),., 


Finally, we display one benefit formula where the service component for par- 
ticipants with a large number of years of service at retirement is modified. 

f. Consider an income benefit rate that is the product of the 3-year final average 
salary and 0.02 times the number of years of service at retirement for the first 
30 years of service with an additional 0.01 per year of service above 30 years. 
Following (d), 


Z 
= 0.02 (h + t) (AS),,, 55 h+t=30 


Sa 


= [0.30 + 0.01 (h + B] (AS), 3Taxthtk + t > 30. 
* S 
x+h 
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11.5.3 Defined-Benefit Plans 


We now seek to develop formulas for actuarial present values of such benefits 
and of the contributions expected to be used to fund the promised benefits. We do 
so first for a general case of a defined-benefit plan and then examine a specific 
example that includes a typical pattern of defined benefits. 


Let us first look at the evaluation of, and approximation to, the actuarial present 
value for an age-retirement benefit. Assume that the benefit rate function has been 
found as R(x, h, f) and that the benefit involves life annuities with no certain period. 
We can then write an integral expression for the actuarial present value of the 
retirement benefit as 


ON | , U iP. WO + f) R(x, h, t) Deans dt. (11.5.2) 


As in Section 112, we approximate the integral for practical calculation of the ac- 
tuarial present value. To do so, we write 


2o 1 

APY = > v* Piha [ * Ea MPG + k + s) Rx, h, k + s) aries ds. 
k-a-x-h 0 

By assuming a uniform distribution of retirements in each year of age, we can 

rewrite this as 


oo 


1 
APV = = pm. thua | v? R(x, h, k + s) aisi, ds. 


k-a-x-h 


Using the midpoint approximation for the remaining integrals gives 


œ% 


APV= $ A pO gra RÆ, h, k + 1/2) Bansi (115.3) 
k=a-x-h 
Formula (11.5.3) is the general means by which we calculate the actuarial present 
value of retirement and, by extension, other benefits of a pension plan. 


We now present an example that shows the types of calculations that might be 
used for the valuation of the several benefits of a hypothetical defined-benefit pen- 
sion plan. 


Example 11.5.1 


Find the actuarial present values of the following benefits for a participant who 
was hired 3 years ago at age 30 and who currently has a salary of $45,000. 

a. Retirement income for any participant of at least age 65 or whenever the sum 
of the attained age and the number of years of service exceeds a total of 90. The 
benefit is in the form of a 10-year certain and life annuity, payable monthly, at 
an annual rate of 0.02 times the final 5-year average salary times the total number 
of years of service, including any final fraction. 


i es = 
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b. Retirement income for any participant with at least 5 years of service upon 
withdrawal. The benefit and income benefit rate formula is as for age retirement. 
However, the initial payment of the annuity is deferred until the earliest possible 
date of age retirement had the participant continued in the active status. 

c. Retirement income for those disabled participants too young for age retirement. 
The income benefit rate is the larger of 50% or the percentage based on years of 
service, uses the average salary over the preceding 5 years, and is for a 10-year 
certain and life annuity. 

d. Lump sum benefit for those participants who die while still in active status. The 
benefit amount is two times the salary rate at the time of death. 


Solution: 

The participant was hired at age 30 and so is eligible for retirement at age 60 
[60 + (60 — 30) = 90]. Assuming midyear retirements, the income benefit rate is 
given by 


Z 
0.02 (h + t) (AS), p, = 
Sorn 


= 0.02 (3 + k + 0.5) (45,000) Lasn 


30+3 


for retirements starting in the year following age 33 + k. The actuarial present value 
of age-retirement benefits is approximated by 


= k+1/2 4) (r) 
APV = 900 2 vti pea 43013+k 


Z 

5É30+3+k QF 

x (3.5 + k) S = Area" 
30+3 


Benefits are paid for those withdrawing from active status between ages 35 and 
60. After attaining age 60, the withdrawals are classified as retirements. The income 
benefit rate is again given by 


= 0.02 (h + f) (AS), 4) Sams 


x+h 


Z 
= 0.02 (3 + k + 0.5) (45,000) A 


30+3 


For withdrawals at ages 35 through 37, adjustments using actual wage data rather 
than the Z function could be made. The actuarial present value of the withdrawal 
benefits is approximated by 


26 
APV = 900 Yo? pis doses 


Z 

54304 34k c. sola 

x (3.5 + k) S 27-k-1/2| P 33k 1/230] 
3043 
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For the disability benefit the income benefit rate function makes a distinction 
between disabilities starting before and after the participant has worked for 25 
years. Thus the income benefit rate is 


= 0.5 (AS),,, oa = 0.5 (45,000) ? at for 0 =k = 21 
x+h 


30+3 


= 0.02 (h + t) (AS. irm = 0.02 (3 + k + 0.5) (45,000) ? aed 
*h 


3043 


for 22 =k = 26. 


Thus, the actuarial present value of the disability benefits is approximated by 


21 
Z 
= + : s430+3+k ai 
APV = 22,500 > pre Pu TUE kg uu 
k=0 30+3 
26 Z 
" 4 54 30434K 
+ 900 È gx Paa glise r (3.5 + k) sd 
- 3043 


For the death benefit, the projected lump sum benefit amount is 


S, 
= 2 (AS). 45 2 n" 


x+h 


= 2 (45,000) Sna, 


3043 


Thus, the actuarial present value of the death benefits is approximated by 


= S 
APV = 90,000 bj gres Es Boom e 
k=0 539 +3 E v 


There are many funding or budgeting methods available to assure that contri- 
butions are made to the plan in an orderly and appropriate manner. An overview 
of these methods is presented in Chapter 20. 


Loci E o a eee 
11.5.4 Defined-Contribution Plans 


The principal benefit under a pension plan is normally the deferred annuity for 
age-service retirement. In defined-contribution plans, the actuarial present value is 
simply the accumulation under interest of contributions made by or for the partic- 
ipant, and the benefit is an annuity that can be purchased by such accumulation. 
The accumulated amount is typically available upon death and, under certain con- 
ditions, upon withdrawal before retirement. We examine the interplay between the 
rate of contribution and the rate of income provided to the participant in the fol- 
lowing example. The defined-contribution rate can be determined with a retirement 
income goal. The risk that the goal will not be achieved is held by the participant 
of the plan, not the sponsor. Budget constraints on the sponsor may, of course, 
restrict the amount of the contributions. 
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Example 11.5.2 


Find the contribution level for the sponsor to provide for age-retirement at age 
65 that has as its objective a 10-year certain and life annuity with an initial benefit 
rate of 50% of the average salary over the 5 years between ages 60 and 65. The 
contribution rate, which is to be applied as a proportion of salary, is calculated for 
a new participant at age 30. Assume that there are no withdrawal benefits for the 
first 5 years but after that the contributions accumulated with interest are vested, 
that is, become the property of the withdrawing participant, and will be applied 
toward an annuity to start no earlier than age 60. (An active participant who be- 
comes disabled is treated as a withdrawal and is covered by a separate disability 
income coverage for the period between the date of disability and age 65 at which 
time a regular age retirement commences.) Upon death after the end of the 5-year 
vesting period but before retirement income has commenced, the accumulated con- 
tributions are paid out. 


Solution: 
We start by calculating the actuarial present value of a contribution rate of c 
times the annual salary rate, assumed for convenience to be 1, at age 30: 


3 EM S... pg 
APV = c > pS (Bis + dio | o vi? Ss on 
z j-0 Sap 2549 
34 
S 
uz 2 poe Sea} (11.5.4) 
= 30 


In (11.5.4) contributions are assumed to occur at midyear, and the projected salary 
rate at age 30 + k is (544, / 5439) times 1, the initial salary at age 30. 


We now estimate the desired benefit payment rate at age 65 as the first step in 
estimating the actuarial present value of the target benefits. The average salary 
projected to be earned between the ages of 60 and 65 is (Sq, + Sa + S, + Se + 
S64) / (5 Szo). The desired benefit rate is one-half of this, and the actuarial present 
value of the target benefit is given by 


Seo + 9g + 55 +563 + Seg or 
5 Sa a 65:10)" 


APV = pR v? (0.5) 


(11.5.5) 


This expression is the actuarial present value at age 30 of the new participant's 
target income benefit. 


The actuarial present value of the vested benefit is given by 


34 k 
aw = e [S ve pit ut eoo [E 0 + oh Sau — S08] ms 
k-5 j-0 30 30 


The expression for the actuarial present value of contributions, (11.5.4), less the 
expression for the actuarial present value of vested benefits, (11.5.6), is 
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Me 


0 


The benefits in this plan, after the 5 years when vesting occurs, are similar to those 
discussed in Example 11.4.1. 


k 
r S 
S30 30--k 
PS GS + Worx P E See 
j=0 Szo 2549 


JS V k+1/2 EN 
» v E (11.5.7) 


30 


We now equate the two actuarial present values from (11.5.4) and (11.5.7) to 
solve for c, the sponsor's contribution rate, which will be applied to all future salary 
payment in accordance with the plan to achieve the stated retirement income 


goal. v 


Some plans of this type have both sponsor and participant contributions. It is 
common here for some kind of matching between the size of the sponsor contri- 
bution and the size of the participant contribution. 


11.6 Disability Benefits with Individual Life Insurance 


In Section 11.5.3 we discuss disability benefits included in pension plans. We 
now turn to disability benefits commonly found with individual life insurance. 
Provision can be made for the waiver of life insurance premiums during periods 
of disability. Alternatively, policies can contain a provision for a monthly income, 
sometimes related to the face amount, if disability occurs. The multiple decrement 
model is appropriate for studying these provisions. 


The usual disability clause provides a benefit for total disability. Total disability 
can require a disability severe enough to prevent engaging in any gainful occu- 
pation, or it can require only the inability to engage in one's own occupation. Total 
disability that has been continuous for a period of time specified in the policy, 
called the waiting or elimination period, qualifies the policyholder to receive ben- 
efit payments. The waiting period can be 1, 3, 6, or 12 months. In policies with 
waiver of premium, it is common to make the benefits retroactive, that is, to refund 
any premiums paid by the insured during the waiting periods. Coverage is only 
for disabilities that occur prior to a disability benefit expiry age, typically 60 or 65. 
However, benefits in the form of an annuity, either as disability income or as waiver 
or premiums, will often continue to a higher age, typically the maturity date or 
paid-up date of the life insurance policy. 
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Disability Income Benefits 


Let us start by expressing the actuarial present value of a disability income ben- 
efit of 1,000 per month issued to (x) under coverage expiring at age y and with 
income running to age u. We assume that the waiting period is m months. Using 
notation from Chapter 10 and earlier sections of Chapter 11, we can express the 
actuarial present value as a definite integral as 
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yx E H n 
A= f v! pO BOH v", opis (12,000 fhinn) at. (11.6.1) 


The i superscript on ,,/12Pi,+4 indicates a survival probability for a disabled life. We 
now break up the integral into separate integrals for each year. Upon making the 
assumption of uniform distribution for the disability decrement within each year 
of age and replacing t by k + s, we obtain an expression for the actuarial present 
value much like (11.2.5): 


—x-1 


y 
A = 12,000 > v pp q@, vm? 
k=0 


1 
sis 
x | U^ mp 2Pierk+s) Aerk+s|+m/12: wacko) AS (11.6.2) 


A simplification of this formula occurs when the decrement i (disability) is defined 
to occur only if the person who is disabled survives to the end of the waiting period 
of m months. If death occurs during the waiting period, the decrement is regarded 
as death. This means that the disabled life survivorship factor, ,,,;pp, 4... is un- 
necessary as it has been taken into account in the definition of q{,,. We note that 
it also means that the attained age at entry into the disabled life state is reached at 
the completion of the waiting period and is so indicated in the select age of the 
disabled life annuity function. 


By the midpoint method the integrals in (11.6.2) are evaluated as 


1/2 äl 


1 
„(12)i E 120 
i V* Uo csemiayucx-k-s- m d$ = UO ameter (11.63) 


With these two changes (11.6.2) can be written as 


y-x-1 
= 5 (120 
A= 12000 2, v7 ppp w" Maen rime: (11.6.4) 


11.6.2  Waiver-of-Premium Benefits 


Let us go through the same process for a waiver of premium benefit. We assume 
that the premium, P, to be waived is payable 2 times per year for life. The primary 
difference between this and the disability income benefit is that the waiver benefit 
is a g-thly payment annuity starting at the first premium due date after the end of 
the waiting period. 


We start with a special case with its actuarial present value written with the 
definite integrals already broken down to individual years of time of disablement. 
The case chosen is the waiver of semiannual premiums, payable for life, in the 
event of a disability occurring prior to age y and continuing through a 4-month 
waiting period. We further assume that the benefits are retroactive by which we 
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mean that for a premium paid to the insurer on a due date during the waiting 
period, reimbursement with interest at the valuation rate will be made. This will 
increase the number of integrals within each year of age because disabilities that 
start within the first 2 months of each half year do not have premiums due during 
the waiting period: 


y-x-1 1/6 
À z ; „(Di 
A=P 2, v* xpo li v prs w(K iz 8) vail ds 
UE (2x 1 
j PI9A j bas 
+ | é v? pol, WO(K + s) 1-slËfz+k+s] + 4/12Plx+k+s] ges 2 ds 
2/3 
] „(Di 
+ Í v? spel p(k + 8) buie ds 


l a | 1 
* Í v* pS, MOC + s) (nuts + g2Piceneg V. * 2 ds}. (11.6.5) 
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If we incorporate the assumption of a uniform distribution of disability within each 
year of age and include only those disabilities that survive the waiting period as 
disabilities, (11.6.5) becomes 


-x- 1/6 
A — k i +4/12 5 03i 
A=P » U PO". | ji p 1/2-s-4/12/ ks 4/12] ds 


1/2 1 
4/12 Di 1/2 
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4/12 +3 (2)i 
+ Í pete 1-s-A/ 12 oie A712] ds 
1 
+ s+4/12 5 Qi 1 d , 11.6.6 
U 3/2-s-A/12l x-+kes+4/12) T U 5 4S |- (11.6.6) 
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We now use the midpoint approximate integration method for each of the several 
integrals within each year of age to obtain 


y-x-1 1 
A = k i Zo 445/12 a Qi 
A=P 2 v* pE gar E U 1712 [x+k+5/12] 
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11.6.3 Benefit Premiums and Reserves 


Equivalence principle benefit premiums for disability income and waiver of pre- 
mium benefits are found by equating the actuarial present value of benefits to the 
actuarial present value of premiums. For the waiver benefit discussed in Section 
11.62, the annual benefit premium, ,_,II,, equals A of (11.6.7) divided by ao. 


T, 
sya] 


360 Section 11.6 Disability Benefits with Individual Life Insurance 


Active life benefit reserves, that is, the reserve when premiums are not being 
waived, are most conveniently expressed by a premium difference formula: 


KV = GM x yzl) a yk (11.6.8) 
The terminal reserve for a disabled life is the actuarial present value of future 
disability benefits, calculated on the assumption that the insured has incurred a 
disability. The amount of premium waived, or disability income rate, is multiplied 
by the actuarial present value of an appropriate disabled life annuity. This value 
takes into account the age at disablement, the duration since disablement, and the 
terminal age for benefits. 


———————————————————Ó 
11.7 Notes and References 


We have not defined insurer's losses and studied their variances in this chapter. 
Formula (11.2.7) gave a means of doing so if we consider the total benefits for all 
causes of decrements. If we consider only a single benefit, such as the retirement 
benefit, there is more than one way of defining losses. The usual concept is that 
premiums and reserves, for a benefit in regard to a particular cause of decrement, 
apply only to that decrement. Thus, if decrement due to a second cause occurs, 
then, with respect to the first cause, there is zero benefit and a gain emerges. An 
insurer's loss based on this concept would lead, for example, to (11.4.3). However, 
losses defined in this way may have nonzero covariances, so that the loss variance 
for all benefits is not the sum of the loss variances for the individual benefits. 


Alternatively, one may consider that when a particular cause of decrement oc- 
curs, the reserves accumulated for the benefits in regard to all the other causes are 
released to offset the benefit outgo for the given cause. In this case, the loss random 
variables defined for the benefits for the several causes of decrement have zero- 
valued covariances, and the loss variance for all benefits is the sum of the loss 
variances for the individual benefits. However, the premiums and reserves for the 
individual benefits are more difficult to compute on this second basis and individ- 
ually differ significantly from those on the usual basis. For insights into these mat- 
ters, see Hickman (1964). 


The result stated in Section 11.4 concerning the neutral impact on premiums and 
reserves when a withdrawal benefit equals the reserve on the death benefit does 
not hold for fully discrete insurances. This was pointed out by Nesbitt (1964), who 
reported on work by Schuette. The problem results from the fact that, in the discrete 
model, the probability of withdrawal 


0 


1 t 
gf = Í exp |- Í p(k + s) is pork +f) dt 
depends on the force of mortality. 


While there are many papers and a number of books dealing with pension fund 
mathematics, it seems useful for the purposes of this introductory treatment to refer 
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only to other actuarial texts with similar chapters; see, for example, Hooker and 
Longley-Cooke (1957), Jordan (1967), and Neill (1977). These authors stress the 
formulation of actuarial present values in terms of pension commutation functions 
and the use of tables of such functions to carry out computations. 


In contrast, a major portion of our presentation has been in terms of integrals 
and approximating sums, with the integrands or summands expressed in terms of 
basic functions. These approximating sums can be computed by various processes 
that may or may not make use of commutation functions. For pension benefits 
determined by complex eligibility or income conditions, it can be more flexible 
and efficient to calculate by processes not requiring extensive formulation by 
commutation functions. An opposing view, indicating the power of commutation 
functions for expressing actuarial present values and controlling their computation, 
is given by Chamberlain (1982). 


There is an alternative foundation for constructing a model for disability insur- 
ance. In Section 11.6 we used a multiple decrement model that did not explicitly 
provide for recovery from disability. Models with several states of disability, with 
provision for transition from state to state, have been developed. These models are 
frequently the foundation of long-term care insurance. Hoem (1988) provides an 
introduction with valuable references to these ideas. 


The multiple decrement model developed in Chapter 10 and applied in this chap- 
ter can be viewed as being made up of m + 1 states; m are called absorbing states 
in that it is impossible to return from them to the active state. These m states are 
associated with the m causes of decrement, and the remaining state is associated 
with continuing survival. If some of the m decrements are not absorbing, but are 
such that transition to the active state or one of the other nonabsorbing states is 
possible, a more complex but possibly more realistic model results. Estimation of 
the probabilities of transition among the states can be difficult because the proba- 
bilities can depend on the path followed to the current state. 
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Section 11.2 


11.1. Employees enter a benefit plan at age 30. If an employee remains in service 
until retirement, the employee receives an annual pension of 300 times years 
of service. If the employee dies in service before retirement, the beneficiary 
is paid 20,000 immediately. If the employee withdraws before age 70 for any 
reason except death, the member receives a deferred (to age 70) life annuity 
of 300 times years of service. Give an expression, in terms of integrals and 
continuous annuities, for the actuarial present value of these benefits at 
age 30. 


11.2. Let] = 1 represent death by accidental means and J = 2 represent death by 
other means. You are given that 


OO 
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(i) è = 0.05 
(ii) pF) = 0.005 for t = 0 where p(t) is the force of decrement for death 
by accidental means. 

(iii) p(t) = 0.020 for t = 0. 

A 20-year term insurance policy, payable at the moment of death, is issued 
to a life age (x) providing a benefit of 2 if death is by accidental means and 
providing a benefit of 1 for other deaths. Find the expectation and variance 
of the present value of benefits random variable. 


Section 11.4 


113. A double decrement model is defined by pP) = P4) = 1/(a - t, 0 x 
t<a. 
a. In the single decrement model with decrement (1) only, the prospective 
loss variable at duration t is given by 


LA = pot 0<fsT(x),J/ = 1. 
Confirm that 


b. In the double decrement model, the prospective loss variable at duration t 
is given by 


age 0<t=T(x),J=1 


= pT VE O<t = T(x), J = 2. 
Confirm that E[I2|T = t] = V+. 
Section 11.5 


11.4. A pension plan valuation assumes a linear salary scale function satisfying 
Sa = 1. If (ES), = 2(AS),5, find S, for x = 20. 


11.5. A new pension plan with two participants, (35) and (40), provides annual 
income at retirement equal to 2% of salary at the final rate times the number 
of years of service, including any fraction of a year. If 

(i) Salary increases occur continuously, 
(ii) For (40), (AS) y = 50,000 and S494; = 1 + 0.06t, and 
(iii) For (35), (AS); = 35,000 and S4,,, = 1 + 0.10t, 
calculate the maximum value of [R(40, 0, t) — R(35, 0, £)] for t = 0. 


11.6. It is assumed that, for a new participant entering at age 30, there will be 
annual increases in salary at the rate of 5% per year to take care of the effects 
of inflation and increases in productivity. In addition, it is assumed that 
promotion raises of 10% of the existing salary will occur at ages 40, 50, and 
60. 

a. Construct a salary scale function, 53),,;, to express these assumptions. 
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b. Write an expression for the actuarial present value of contributions of 
10% of future salary for a new entrant with annual salary 24,000 and with 
increases in salary according to the scale constructed in (a). 


11.2. Every year, a plan sponsor contributes 10% of that portion of each partici- 
pant's salary in excess of a certain amount. That amount is 15,000 this year 
and will increase by 5% annually. Express the actuarial present value of the 
sponsor's contribution for a participant entering now at age 35 with a salary 
of 40,000. 


11.8. A plan provides for an income benefit rate, payable from retirement to age 
65, of 2% of the final 3-year average salary for each year of service. After 
age 65 the income benefit rate is 1-1/3% of the final 3-year average salary 
for each year of service. 

a. For a participant age 50, who entered service at age 30 and currently has 
a salary of 48,000, express the actuarial present value of the participant’s 
benefit if the earliest retirement age is 55 and there is no mandatory re- 
tirement age. 

b. If the maximum number of years to be credited in the plan is 35, express. 
the actuarial present value of the benefit for the above participant. 

c. Give an expression for the actuarial present value of the income benefit 
associated with past service for the above participant. 


11.99. A career average plan provides a retirement income of 2% of aggregate sal- 
ary during a participant's years of service. The earliest age of retirement is 
58, and all retirements are completed by age 68. For a participant age 50 
who entered service at age 30 and has 450,000 total of past salaries with a 
current salary of 42,000, write expressions for 
a. The participant's total income benefit rate in case of retirement at exact 
age 65 

b. The participant's midyear total income benefit rate in case of retirement 
between ages 65 and 66 

c. The actuarial present value of this participant's retirement benefit for past 
service 

d. The actuarial present value of this participant's retirement benefit for fu- 
ture service. 


11.10. A new participant in a pension plan, age 45, has a choice of two benefit 

options: 

(1) A defined-contribution plan with contributions of 20% of salary each 
year. Contributions are made at the beginning of each year and earn 5% 
per year. Accumulated contributions are used to purchase a monthly life 
annuity-due. 

(2) A defined-benefit plan with an annual benefit, payable monthly, of 40% 
of the final 2-year average salary. 

You are given that (a) 4$ = 10 and (b) S45, = (1.05)* for k = 0 where S, is 

a step function, constant over each year of age. Assuming that retirement 
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11.11. 


11.12. 


occurs at exact age 65 and that the participant survives to retirement, cal- 
culate the ratio of the expected monthly payment under the defined-contri- 
bution plan to that under the defined-benefit plan. 


Display definite integrals for the actuarial present values of the following 

possible benefits of an employee benefit package. Assume that the employee 

is currently age 40 and earning 40,000 annually. This employee was hired at 

age 25 and has received a total of 320,000 in salary since hire. Retirement 

benefits are available only after age 55, and withdrawal benefits are only 

available before age 55 in the form of an annuity with payments deferred 

until the employee reaches age 55. 

a. A retirement benefit at the annual benefit rate of 50% of the final salary. 

b. A retirement benefit at the rate of 0.015 times the product of the final 
salary rate multiplied by the exact number of years (including fractions) 
of service at the moment of retirement. 

. A withdrawal benefit using the benefit income formula in (b). 

d. A retirement benefit at the rate of 0.025 times the total salary paid over 

the whole career to the employee. 
e. A withdrawal benefit using the benefit income formula in (d). 


a 


A retirement benefit consisting of a continuous annuity, payable for life, is 
part of an employer’s benefit package. The annual benefit income rate is 60% 
of the salary rate applicable at the moment of retirement for retirements 
between ages 60 and 70. For retirements after attaining age 70, the benefit 
rate is 60% of the salary rate applicable between ages 69 and 70. Give an 
approximating sum for the actuarial present value of this benefit for a person 
age 30 who has just been hired at a salary of 35,000. 


Section 11.6 


11.13. 


a. Give an expression for the annual benefit premium, payable to age 60, 
for a disability income insurance issued to (35) of 2,000 per month payable 
to age 65 in case (35) becomes disabled before age 60 and survives a 
waiting period of 6 months. 

b. Give an expression for the active life benefit reserve at the end of 10 years 
for the insurance in (a). 


Miscellaneous 


11.14. 


The Hattendorf theorem for the fully continuous model as stated in Exercise 
8.24 can be restated in the definitions and notation of this chapter for the 
fully continuous multiple decrement model: 


Var, = > i [v' (B2, — VP pP ut) dt. 


Confirm that this result holds for the fully continuous whole life insurance 
discussed in Section 11.4. 
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Outline of solution: 
a. Confirm that the loss random variable for this insurance is 
po [v PARS 0sT]-1 
9 v 4V(A,) — P(A, a7 0zxT,J-2 
b. Use (11.4.6) and (11.4.7) to rewrite the differential equation (11.4.3) and 
then employ the integrating factor e ?' to obtain the solution 
t 
vt UA) = PAD ay - [| e ife D - WOOL ds. 
c. Use the result of part (b) to modify both lines of the definition of 4/2 in 
part (a) and then show that 


oo 


Var(y2) = Í 


0 


fon - WADI 
t 2 
- [ewe n - VAD is} Perr di 


+ |. t U? p (s) n a VAN is} i 9 peH) dt. 


d. Perform the indicated squaring operation on the factor in the integrand 
of the first integral in part (c) and combine the two integrals that include 
US ve wy(s) [1 — ,V(À,)] ds}? as a component of the integrand. Then use 
integration by parts to obtain 


Var = f° tu" VIP uf? woe dt 


This result provides a reduction of variance argument for establishing the 
withdrawal benefit as ,V(A,). 
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Exercises 


COLLECTIVE RISK MODELS 


FOR A SINGLE PERIOD 


1231 Introduction 


In Chapters 3 through 11 we considered models for long-term insurances. The 
inclusion of interest in these models was essential. In this chapter we return to a 
topic introduced in Chapter 2, namely, short-term insurance policies. Consequently 
interest will be ignored. The purpose of this chapter is to present an alternative to 
the individual policy model discussed in Chapter 2. 


The individual risk model of Chapter 2 considers individual policies and the 
claims produced by each policy. Then aggregate claims are obtained by summing 
over all the policies in the portfolio. 


For the collective risk model we assume a random process that generates claims 
for a portfolio of policies. This process is characterized in terms of the portfolio as 
a whole rather than in terms of the individual policies comprising the portfolio. 
The mathematical formulation is as follows: Let N denote the number of claims 
produced by a portfolio of policies in a given time period. Let X, denote the amount 
of the first claim, X, the amount of the second claim, and so on. Then, 


S=X +X, ++ Xn (12.1.1) 


represents the aggregate claims generated by the portfolio for the period under 
study. The number of claims, N, is a random variable and is associated with the 
frequency of claim. The individual claim amounts X,, X,, ... are also random 
variables and are said to measure the severity of claims. 


In order to make the model tractable, we usually make two fundamental 
assumptions: 
1. X,, X, ... are identically distributed random variables. 
2. The random variables N, X,, X,,... are mutually independent. 
Expression (12.1.1) will be called a random sum, and unless stated otherwise, as- 
sumptions (1) and (2) will be made concerning its components. 
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A principal tool for developing the theory of this chapter is the moment gener- 
ating function (m.g.f.). These functions provide a simple but powerful means for 
the reader to gain a working knowledge of the collective theory of risk. A reader 
who has not worked with them recently would do well to review the m.g.f.’s, 
means, and variances of the widely used probability distributions summarized in 
Appendix 5. 


12.2 The Distribution of Aggregate Claims 
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In this section we see how the distribution of aggregate claims in a fixed time 
period can be obtained from the distribution of the number of claims and the 
distribution of individual claim amounts. 


Let P(x) denote the common d.f. of the independent and identically distributed 
X's. Let X be a random variable with this d.f. Then let 


Pe = E[X*] (12.2.1) 
denote the k-th moment about the origin, and 
My(t) — Efe] (12.2.2) 
denote the m.g.f. of X. In addition, let 
M(t) = Ele] (12.2.3) 
denote the m.g.f. of the number of claims, and let 
M(t) = E[e^] (12.2.4) 


denote the m.g.f. of aggregate claims. The d.f. of aggregate claims will be denoted 
by F,(s). 
Using (2.2.10) and (2.2.11), in conjunction with assumptions (1) and (2) of Scction 
12.1, we obtain 
E[S] = E[EISINT] = Elp, N] = p, EIN] (12.2.5) 
and 
Var(S) = E[Var(S|N)] + Var(E[S|N ]) 
= E[N Var(X)] + Var(p,N) 
= E[N] Var(X) + p; Var(N) (12.2.6) 
where Var(X) = p, — pi. 

The result stated in (12.2.5), that the expected value of aggregate claims is the 
product of the expected individual claim amount and the expected number of 
claims, is not surprising. Expression (12.2.6) for the variance of aggregate claims 
also has a natural interpretation. The variance of aggregate claims is the sum of 


two components where the first is attributed to the variability of individual claim 
amounts and the second to the variability of the number of claims. 
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In a similar fashion we derive an expression for the m.g.f. of S: 
Ms(t) = Ele] = E[E[e|N]] 

E[My()^] = E[eVesnso] 

= Mylog Mx(1)]. 


i 


Example 12.2.1 


(12.2.7) 


Assume that N has a geometric distribution; that is, the p.f. of N is given by 


Pr(N = n) = pq" n=0,1,2,... 
where 0 < q < 1 and p = 1 — g. Determine M,(£) in terms of M,(t). 


Solution: 
Since 


= iN] — ` An ia p 
Ma) = Ble"] - 2 pa = 1. 


(12.2.7) tells us that 


p 
Ms = 1— Ma 


(12.2.8) 


(12.2.9) 


v 


To derive the d.f. of S, we distinguish according to how many claims occur and 


use the law of total probability, 


F(x) = Pr(S S x) = » Pr(S = x[N = n) Pr(N = n) 


n=0 


x x) Pr(N = n). 


n 


= XN Pr(X, +X, + +X 
n=0 


In terms of the convolution defined in Section 2.3, we can write 
Pr(X, + X, + +++ X, S x) = PPPs +++ +P(x) 
= P(x), 
which is the n-th convolution of P defined in Chapter 2. Recall that 


1 xz0 
Poeni 


Thus (12.2.10) becomes 


F(x) = > P*”(x) Pr(N = n). 


(12.2.10) 


(12.2.11) 


(12.2.12) 


If the individual claim amount distribution is discrete with p.f. p(x) = Pr(X = x), 
the distribution of aggregate claims is also discrete. By analogy with the above 


derivation, the p.f. of S can be obtained directly as 
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fs(x) = » p" (x) Pr(N = n) (12.2.13) 
n=0 


where 


p"(x) = pepe ++ p(x) = Pr(X, +X, tX, =x) (12211A) 


n 


0 x#0 
SU PRU" f a 


Here the inequality sign in the probability symbol in (12.2.11) has been replaced 
by the equal sign. 


Example 12.2.2 


Consider an insurance portfolio that will produce zero, one, two, or three claims 
in a fixed time period with probabilities 0.1, 0.3, 0.4, and 0.2, respectively. An 
individual claim will be of amount 1, 2, or 3 with probabilities 0.5, 0.4, and 0.1, 
respectively. Calculate the p.f. and d.f. of the aggregate claims. 


Solution: 
The calculations are summarized below. Only nonzero entries are exhibited. 


(1) (2) (3) (4) (5) (6) (7) 
x p(x) pi) = pix) p(x) p(x) f(x) F(x) 
0 1.0 — — — 0.1000 0.1000 
1 — 0.5 — — 0.1500 0.2500 
2 — 0.4 0.25 — 0.2200 0.4700 
3 a 0.1 0.40 0.125 0.2150 0.6850 
4 — — 0.26 0.300 0.1640 0.8490 
5 — — 0.08 0.315 0.0950 0.9440 
6 — — 0.01 0.184 0.0408 0.9848 
7 — — — 0.063 0.0126 0.9974 
8 — — — 0.012 0.0024 0.9998 
9 — — — 0.001 0.0002 1.0000 
n 0 1 2 3 — — 
Pr(N = n) 0.1 0.3 0.4 0.2 = = 


Since there are at most three claims and each produces a claim amount of at most 
3, we can limit the calculations to x = 0, 1, 2,..., 9. 


Column (2) lists the p.f. of a degenerate distribution with all the probability mass 
at 0. Column (3) lists the p.f. of the individual claim amount random variable. 
Columns (4) and (5) are obtained recursively by applying 


peer n(x) = Pr(X, + X, TR Kara = x) 


= X P(X, = y) Pr(X; + X, ++ + X, =x y 


= M ply) px — y). (12.2.14) 
y 
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Since only three different claim amounts are possible, the evaluation of (12.2.14) 
will involve a sum of three or fewer terms. Next, (12.2.13) is used to compute the 
p-f. displayed in column (6). For this step, it is convenient to record the p.f. of N 
in the last row of the results. Finally, the elements of column (7) are obtained as 
partial sums of column (6). An alternative approach, not illustrated here, would be 
to perform the convolutions in terms of the d.f.’s, obtain F.(x) from (12.2.12), and 
calculate f(x) = F(x) — F(x — 1). v 


If the claim amount distribution is continuous, it cannot be concluded that the 
distribution of S is continuous. If Pr(N = 0) > 0, the distribution of S will be of 
the mixed type; that is, it will have a mass of probability at 0 and be continuous 
elsewhere. This idea is illustrated in the following example. 


Example 12.2.3 


In Example 12.2.1, add the assumption that 
Px)21-e* x0; 
that is, the individual claim amount distribution is exponential with mean 1. Then 
show that 
Mt) =p +4 a (12.2.15) 


and interpret the formula. 


Solution: 
First, we rewrite (12.2.9) as follows: 


pMx(t) 
- qMy(t) ` 


Then we substitute 
My(t) = Í e e* dx =(1— t)! 
0 


to obtain (12.2.15). 

Since 1 is the m.g.f. of the constant 0 and p / (p — t) is the m.g.f. of the exponential 
distribution with d.f. 1 — e", x > 0, (12.2.15) can be interpreted as a weighted 
average (with weights p and q, respectively). It follows that the d.f. of S is the 
corresponding weighted average of distributions. Thus, for x > 0 

F(x) = p(1) + qd — e?) = 1 — ge P*. (12.2.16) 


This distribution is of the mixed type. Its d.f. is shown in Figure 12.2.1. y 
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Graph of F(x) 


EG) 


12.3 Selection of Basic Distributions 


12.3.1 
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In this section we discuss some issues in selecting the distribution of the number 
of claims N and the common distribution of the X/s. As different considerations 
apply to these two selections, a separate subsection will be devoted to each. 


The Distribution of N 


One choice for the distribution of N is the Poisson with p.f. given by 


Me 
Pr(N = on) = 77 n=0,1,2,... (12.3.1) 


where à > 0. For the Poisson distribution, E[N] = Var(N) = X. With this choice for 
the distribution of N, the distribution of S is called a compound Poisson distribu- 
tion, Using (12.2.5) and (12.2.6), we have that 


E[S] = Ap, (12.3.2) 
and 
Var(S) = Ap, . (12.3.3) 
Substituting the m.g.f. of the Poisson distribution 
My(t) = eX» . (12.3.4) 
into (12.2.7), we obtain the m.g.f. of the compound Poisson distribution, 
M(t) = ext. (12.3.5) 
The compound Poisson distribution has many attractive features, some of which 


are discussed in Section 12.4. 


When the variance of the number of claims exceeds its mean, the Poisson distri- 
bution is not appropriate. In this situation, use of the negative binomial distribution 
has been suggested. The negative binomial distribution has a p.f. given by 


Section 12.3 Selection of Basic Distributions 


r+n-1 


f ere n=0,1,2.... (12.3.6) 


Pr(N = n) = ( 


This distribution has two parameters: r > 0 and 0 < p < 1; g = 1 — p. For this 
distribution, we have 


M(t) = h -P 7 z) ; (12.3.7) 
E[N] = oe (12.3.8) 

and 
Var(N) = = (12.3.9) 


When a negative binomial distribution is chosen for N, the distribution of S is called 
a compound negative binomial distribution. Substituting from (12.3.8) and (12.3.9) 
into (12.2.5) and (12.2.6), we have 


E[S] = Fi (12.3.10) 
and 

2 
Var(S) = Z p, + IT. p. (12.3.11) 

P [4 

Substituting from (12.3.7) into (12.2.7), we obtain 

p r 

M(t) = | —————— |. 12.3.12 
a F - d] uS 


We observe that the family of geometric distributions used in Examples 12.2.1 and 
12.2.3 is contained as a special case (r — 1) of the two-parameter family of negative 
binomial distributions. 


A family of distributions for the number of claims can be generated by assuming 
that the Poisson parameter A is a random variable with p.d.f. u(d), A > 0, and that 
the conditional distribution of N, given A = \, is Poisson with parameter A. There 
are several situations in which this might be a useful way to consider the distri- 
bution of N. For example, consider a population of insureds where various classes 
of insureds within the population generate numbers of claims according to Poisson 
distributions with different values of à for the various classes. If the relative fre- 
quency of the values of à is denoted by u(X), we can use the law of total probability 
to obtain 


Pr(N = n) = i Pr(N = n|A = X) u(A)drd 


€ ÀA Xf 
- Í EN. ugs (12.3.13) 
o n! 
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Furthermore, using (2.2.10) and (2.2.11), we have 


E[N] = E[E[N|A]] = E[A] (12.3.14) 
and 
Var(N) = B[Var(N|A)] + Var(E[N|A]) 
= E[A] + Var(A). (12.3.15) 
Also, 
M,{t) = Ele] = B[E[e'MA]] = E[e^*-9] = Malé — 1). (12.3.16) 


The equality, 
Efe |A] = ge-9 
follows from the hypothesis that the conditional distribution of N, given A, is Pois- 


son with parameter A. 


A comparison of (12.3.14) and (12.3.15) shows that, as in the case of the negative 
binomial distribution, EIN] < Var(N). In fact, the negative binomial distribution 
can be derived in this fashion, which will be shown in the following example. 


Example 12.3.1 


Assume that u(A) is the gamma p.d.f. with parameters a and B, 


u(d) = aa Aw 1 eB ASO (12.3.17) 


where 


F(a) = Í y* e dy. 
0 
a. Show that the marginal distribution of N is negative binomial with parameters 


B 
1+6 


b. By substituting E[A] = o/B and Var(A) = a/f? into (12.3.14) and (12.3.15), 
verify (12.3.8) and (12.3.9). 


r=a, p= (12.3.18) 


Solution: 
a. Substituting 
M,(t) = G) (12.3.19) 
into (12.3.16), we have 


My) = M€ — 1) = els aoe 5 | 


[f grep r 
l = 6764 xx] paro 
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Comparison of (12.3.20) with (12.3.7) confirms that this distribution for N is 
negative binomial with parameters r = a, 


B 
(er B (12.3.21) 
1 
Jer BC 
b. The suggested substitutions into (12.3.14) and (12.3.15) yield 
a rg 
EN]222— 
Pop 
as in (12.3.8) and 
a a q i 1) rq 
Var(N T "d 14 = 
is BP op pO 
as in (12.3.9). | v 


The following is another example of a distribution for N that is obtained by 
mixing Poisson distributions. 


Example 12.3.2 


Assume that u(A) is the inverse Gaussian p.d.f. with parameters a and f. Exhibit 
the moment generating function of N, E[N], and Var(N). 


Solution: 
Example 2.3.5 contains the basic facts about the inverse Gaussian distribution. 


Applying (12.3.16) yields 


My(ft) = M æ — 1) = eee ner 


and from (12.3.14) and (12.3.15) we obtain 


E[N] = E[A] = € 
p 
and Var(N) = E[A] + Var(A) 
a a ap +1) 
Se ag 2 : 
B B p 
This distribution is called the Poisson inverse Gaussian distribution. v 


Table 12.3.1 summarizes pertinent information on the compound distributions 
resulting from the selections for N discussed here. 
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12.3.2 The Individual Claim Amount Distribution 


On the basis of (12.2.12) we see that convolutions of the individual claim amount 
distribution may be required. Thus, when possible, it is convenient to select that 
distribution from a family of distributions for which convolutions can be calculated 
easily either by formula or numerically. For example, if the claim amount has the 
normal distribution with mean p and variance o?, then its n-th convolution is the 
normal distribution with mean mp and variance no’. For many types of insurance, 
the claim amount random variable is only positive, and its distribution is skewed 
to the right. For these insurances we might choose a gamma distribution that also 
has these properties. The n-th convolution of a gamma distribution with parameters 
a and p is also a gamma distribution but with parameters no and B. This can be 
confirmed by noting from (12.3.19) that M,(t) = [B/(B — #]*, and hence the m.g.f. 
associated with P*"(x) is 


My(t)" = G5) t< p. (12.3.22) 
If the claim amounts have an exponential distribution with parameter 1, the p.d.f. 
is given by 

p(x) = e* x > 0. 
This is a gamma distribution with a = B = 1. Then, by using (12.3.19), we conclude 


that the n-th convolution is a gamma distribution with parameters a = n, B = 1; 
that is, 


gend gg (12.323) 
(n — 1)! 
To obtain an expression for P""(x), we perform integration by parts n times as 
follows: 
c pads wa | ee 
1 — P*"(x) Í (n — 1) dy 
on PUR sos ee” 
TENET sagi” 
y" : 
REM “x + [1 pxe-n 
ceu Ql 
n-1l .i 
=e SX. (12.3.24) 
ie il 
Then, using (12.2.12), we have 
co n—1l Li 
1- Fx) = X Pr(N = nex Y. = x0. (12.3.25) 
n=1 i=0 P 


This exponential distribution case shows that even with simple assumed distribu- 
tions, the distribution of aggregate claims may not have a simple form. Therefore, 
it may be more practical to select a discrete claim amount distribution and calculate 
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the required convolutions numerically. For compound Poisson distributions it has 
been established that the convolution method can be shortened or, alternatively, 
that it can be bypassed by use of a recursive formula for directly calculating the 
distribution function of S. These computational shortcuts are discussed in the fol- 
lowing section. 


12.4 Properties of Certain Compound Distributions 
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In this section we discuss some mathematical properties of certain compound 
distributions. Two theorems concerning the compound Poisson are presented. 


The first shows that the sum of independent random variables, each having a 
compound Poisson distribution, also has a compound Poisson distribution. 


Proof: 
We let M;(t) denote the m.g.f. of P(x). According to (12.3.5), the m.g.f. of S, is 


Ms(t) = exp{A{M,t) — 1]}. 
By the assumed independence of S,,...., S,,, the m.g.f. of their sum is 
Ms = [| Ms() = ep| 5 NMIM() — D 


Finally, we rewrite the exponent to obtain 


M(t) = eph] S ` MA - I (12.4.3) 

i 
Since this is the m.g.f. of the compound Poisson distribution, specified by (12.4.1) 
and (12.4.2), the theorem follows. E 


This result has two important consequences for building insurance models. First, 
if we combine m insurance portfolios, where the aggregate claims of each of the 
portfolios have compound Poisson distributions and are mutually independent, 
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then the aggregate claims for the combined portfolio will also have a compound 
Poisson distribution. Second, we can consider a single insurance portfolio for a 
period of m years. Here we assume independence among the annual aggregate 
claims for the m years and that the aggregate claims for each year have a compound 
Poisson distribution. It is not necessary that the annual aggregate claims distribu- 
tions be identical. Then it follows from Theorem 12.4.1 that the total claims for the 
m-year period will have a compound Poisson distribution. 


Example 12.4.1 


Let x), X;, ..., X, be m different numbers and suppose that N,, N», ..., N,, are 


mutually independent random variables. Further, suppose that N; (i = 1, 2,..., m) 
has a Poisson distribution with parameter \;. What is the distribution of 


x,N, + xXQNS b +++4+ Ea Na (12.4.4) 


Solution: 

By interpreting x;N; to have a compound Poisson distribution with Poisson pa- 
rameter À; and a degenerate claim amount distribution at x;, we can apply Theorem 
124.1 to establish that the sum in (12.4.4) has a compound Poisson distribution 
with 


m 


A—»XN 


i=1 
and p.f. of claim amount p(x) where 


" 

- xx, i-1,2,...,m 

p(x) = 4 ò (12.4.5) 
0 elsewhere. 


v 


We show in Theorem 12.4.2 that the construction in Example 12.4.1 is reversible: 
that is, every compound Poisson distribution with a discrete claim amount distri- 
bution can be represented as a sum of the form (12.4.4). We let x,, x), ..., x,, denote 
the discrete values for individual claim amounts and let 


a= p(x)  i-L2...,m (12.4.6) 


denote their respective probabilities. Let N; be the number of terms in (12.1.1) that 
are equal to x; Then, by collecting terms, we see that 


S — XN, + x,N, A 0 xQN,S. (12.4.7) 


In general, the N/s of (12.4.7) are dependent random variables. However, in the 
special case of a compound Poisson distribution for 5, they are independent, as is 
shown in Theorem 124.2. 


Before stating Theorem 12.42, we cite some properties of the multinomial dis- 
tribution that are used in the proof. For the multinomial, each of n independent 
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trials result in one of m different outcomes. The probability that a trial ends in 
outcome i is denoted by m;. We denote the random variable that counts the number 
of outcomes i in n trials by N;. Then 


and the joint p.f. of N,, N,, ..., N, is given by 


I 
Pr(N, = m, Ny = n,.., Nu = My) = = 


TE Tm ee aie (1248) 


n! n!» ee n! 


By using (12.4.8) we obtain 


E E (š t; ~.) | = (m, e” + m e bor oom, EY (12.4.9) 
i=1 


The multivariate discrete distribution with p.f. given by (12.4.8) and m.g.f. given 
by (12.4.9) is called a multinomial distribution with parameters n, 7,,..., 7 


m 


Proof: 

We start by defining the m.g.f. of the joint distribution of N,, N,,..., Nj, by use 
of (2.2.10) for conditional expectations. Note that for a fixed number of independent 
claims (trials) where each claim results in one of m claim amounts, the numbers of 
claims of each amount have a multinomial distribution with parameters n, m, 7, 
s, Tp Hence, given 


the conditional distribution of N,, N}, ..., N,, is this multinomial distribution. For 
this case, we use (12.4.9) to obtain 


s[e ($22)] - Ee [oo on) a] en - 


n=0 


m A" 


i e 
= M (me b m, ey 


ai (12.4.10) 
n=0 . 


We now perform the required summation by recognizing (12.4.10) as a Taylor series 
expansion of an exponential function. We obtain 
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E E (è t; 3 = exp(—A) exp hÈ Tj e) 


= exp[^ me“ — 1)]. (12.4.11) 
pei 


Since this is the product of m functions each of a single variable t;, (12.4.11) shows 
the mutual independence of the N/s. Furthermore, if we set t; = t, and t; = 0 for 
j + iin (124.11), we obtain 


E[exp(£N)] = exp[A ae! — 1), (12.4.12) 


which is the m.g.f. of the Poisson distribution with parameter Nm; This proves 
statement (b). E 


Formula (12.4.7) and Theorem 12.4.2 provide an alternative method for tabulating 
a compound Poisson distribution with a discrete claim amount distribution. First, 
we compute the p.f.’s of x, Ny, x; No, ..., Xm N,,. Since the nonzero entries for the 
p.f. of x; N; are at multiples of x; and are Poisson probabilities, this is an easy task. 
Then the convolution of these m distributions is calculated to obtain the p.f. of S. 
This method is particularly convenient if m, the number of different claim amounts, 
is small. Even if a continuous distribution has been selected for the individual claim 
amounts, a discrete approximation can sometimes be used with this alternative 
method to produce a satisfactory approximation to the distribution of S. The basic 
and the alternative methods for tabulating the distribution of 5 are compared in 
the following example. 


Example 12.4.2 


Suppose that S has a compound Poisson distribution with à = 0.8 and individual 
claim amounts that are 1, 2, or 3 with probabilities 0.25, 0.375, and 0.375, respec- 
tively. Compute f(x) = Pr(S = x) for x = 0,1,...,6. 


Solution: 
For the basic method, the calculations parallel those in Example 12.2.2 and are 
summarized below. 


Basic Method Calculations 
(1) (2) (3) (4) (5) (6) (7) (8) (9) 


x p(x) pix) prix) pa) pp“) pw p*(x) f(x) 
0 1 — — — 0.449329 
1 — 0.250000 — om 0.089866 
2 — 0.375000 0.062500 — = — — 0.143785 
3 — 0.375000 0.187500 0.015625 = — — 0.162358 
4 — — 0.328125 0.070313 0.003906 — — 0.049905 
5 — — 0.281250 0.175781 0.023438 0.000977 — 0.047360 
6 — — 0.140625 0.263672 0.076172 0.007324 0.000244 0.030923 
n 0 1 2 3 4 5 6 

(0.8)" 0.449329 0.359463 0.143785 0.088343 0.007669 0.001227 0.000164 


e 98 


n! 
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For the alternative method outlined in this section, the calculations are displayed 
below. 


Alternative Method Calculations 


(1) (2) (3) (4) (5) (6) 
Pr(N, + 2N, = x) Pr(N, + 2N, + 3N, = x) 


(x) Pr(iN, =x) Pr(2N, = x) Pr(3N, = x) = (2)*(3) = (4)*(5) = fox) 
0 0.818731 0.740818 0.740818 0.606531 0.449329 
1 0.163746 — — 0.121306 0.089866 
2 0.016375 0.222245 — 0.194090 0.143785 
3 0.001092 = 0.222245 0.037201 0.162358 
4 0.000055 0.033337 — 0.030973 0.049905 
5 0.000002 — — 0.005703 0.047360 
6 0.000000 0.003334 0.033337 0.003287 0.030923 
i 1 2 3 

A, 0.2 0.3 0.3 

e 9? (0.2) eg 93 (0.3)? e703 (0.3)°/3 
x! (x /2)! (x /3)! 


For the application of the formulas of this section, we note that m = 3, x, = 1, 
X% = 2, x = 3,4, = A pC) = 0.2, ; = A p(2) = 03, and A, — X p(3) — 03. First, 
we compute columns (2), (3), and (4). The nonzero entries are Poisson probabilities. 
Then we obtain the convolution of the p.f.’s in columns (2) and (3) and record the 
result in column (5). Finally, we convolute the p.f.'s displayed in columns (4) and 
(5) and record the result in column (6). 


Remember that the complete p.f. is not displayed in either set of calculations. 
The example required probabilities for only x = 0, 1,..., 6. However, Pr(S = 6) 
= f(O) + AO) +++ + f«(6) = 0.973526. v 


Formula (12.4.7) and Theorem 12.4.2 have another implication. Instead of defin- 
ing a compound Poisson distribution of 5 by specifying the parameter à and the 
d.f. P(x) of the discrete individual claim amounts, we can define the distribution 
in terms of the possible individual claim amounts x, Xz, ... , Xm and the parameters 
hy, Ao, ..., Àm Of the associated Poisson distributions described in part (b) of The- 
orem 12.4.2. Thus for x; there is an associated Poisson distribution of N; with pa- 
rameter A, In terms of this new definition of the distribution of S, we have from 
E[N,| = Var(N,) = ^; and the independence of the N/'s that 


E[S] = E È xn = 5" x; (12.4.13) 
i=1 i=1 
and 
Var(S) = Var (š n) = X EXC (12.4.14) 
i=1 i=1 


Formula (12.4.13) could be obtained by starting from (12.3.2) and noting that 
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Similarly we can obtain (12.4.14) from (12.3.3). 


In some cases it is useful, as in Example 12.4.1, to regard S as a sum of mutually 
independent random variables xN, i = 1, 2, ..., m, where x,N; has a compound 
Poisson distribution with parameter A; and dengia claim amount distribution 
at x; This interpretation follows from Theorem 12.4.2 and underlies the alternative 
method illustrated in Example 12.4.2. 


There is a third way, the recursive method, for evaluating certain compound 
distributions for which the only possible claim amounts are positive integers. It is 
based. on the recursive formula of the following theorem. 


Proof of the Lemma: 

For n = 1, both (i) and (ii) reduce to p*(x) = p(x) x p*(0). For n > 1 we establish 
(i) by using the Law of Total Probability to evaluate Pr(X,+X, + +++ + X, = x) by 
conditioning on the value taken by X, as 


Pr(X, = i) Pr(X;-X4 +++ +X, = x — i) 
1 n 
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We then note that Pr(X,+X%,+ +++ +X, = x — i) and Pr(xX,+X,+ +++ +X, = x) can 
be evaluated by using (n — 1)-fold and n-fold convolutions, respectively, of p(i); 
see (2.3.4). 


For n > 1, we establish (ii) by considering the conditional expectations 
E[X,|X,+X,+X,+ +++ +X, = x] fork = 1, 2, 3, . . . , n. From reasons of symmetry, 
these quantities are the same for all such k. Since their sum is x, each is equal to 
x/n. The conditional expectation E[X,|X,+X,+X,+ +++ +X, = x] is evaluated as 


x 


X i P(X, = i) Pr(X,+X,+ +++ +X, = x — i)/Pr(X, + X, + X+ +++ +X, = x). 


i= 


We then note that Pr(X,+X,+ --- +X, = x — i) and that Pr(X,+X,+ +: +X, = x) 
can be evaluated by using (n — 1)-fold and n-fold convolutions, respectively, of 
p(i). Solving for p*"(x) completes the proof. a 


Proof of the Theorem: 
First, 


fie) = X PEN = n) pC. 
With Pr(N = n) = [a + (b/n)] Pr(N = n — 1), we have 
f(x) = a X Pr(N = n — 1) p"(x) + > : Pr(N = n — 1) p*(x), 
and by the two parts of the lemma 


fs) -a x Pr(N — n — 1) 2 pli) pe" 1 (x — i) 


SS PN SS era n: 
n=1 M X j=1 


i= 


Interchanging the order of summation, we get 


f(x) = aD, pli) 2 PrN = n — 1) p***@ — i) 


i=] 


+25 ip(i) 2 Pr(N = n — 1) p (x= i) 


a> pof - D +2 > pOf- i 


x 


(e= H) posa - o : 


1 


We now examine the only three distributions that satisfy the required relation- 
ship between successive values of Pr(N = n). 
a. Poisson: [Pr(N = n)/Pr(N = n — 1)| = X/n. The recursion formula for the 
compound Poisson is 
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fx) = à > ip(i) f(x — i) with f,(0) = e™. (12.4.16) 


b. Negative binomial: [Pr(N = n)/Pr(N = n — D] = (1 — p[(n +r — 1)/n] so 
that a = (1 — p) and b = (1 — p)(r — 1). The recursion formula for the compound 
negative binomial is 


fe) = (1-~) > [e -1) 54 J pli) f = à (12.4.17) 


with f,(0) = p. 
. Binomial with parameters m and p: 


io) 


Pr(N = n) m+1-n p 
Pr(N =n — 1) n l-p 


so that a = —[p/(1 — p)] and b = (m + D) [p/(1 — p)]. The recursion formula in 
this case is 


fal) = (=) » |o +1) : - d pli) fx — i) (124.18) 


i=1 


with f,(0) = (1 — py". 


Example 12.4.2 
(recomputed) 


For the compound Poisson distribution of this example, compute f.(x) = 
Pr(S = x) by the recursive method. 


Solution: 
Substituting the values used for the alternative method of calculation into 
(12.4.16) yields 


ha) = - [0.250 —1) | 06f(x 2) + 09 f(x -3]  x-12,.... 


Recalling that f.(x) = 0, x < 0, and f;(0) = e^ = 0.449329, we readily reproduce 
the values of f,(x) given in the basic method calculations. v 


12.5 Approximations to the Distribution of 
Aggregate Claims 


In Section 2.4 the normal distribution was employed as an approximation to the 
distribution of aggregate claims in the individual model. The normal approxima- 
tion is the first developed here for use with the collective model. 


For the compound Poisson distribution, the two parameters of the normal ap- 
proximation are given by (12.3.2) and (12.3.3). For the compound negative binomial 
distribution the parameters are given by (12.3.10) and (12.3.11). In each of the two 
cases the approximation is better when the expected number of claims is large, or, 
in other words, when X is large for the compound Poisson case and when r is large 


Chapter 12 Collective Risk Models for a Single Period 


385 


386 


for the negative binomial. These two results are contained in Theorem 12.5.1, which 
may be interpreted as a version of the central limit theorem. 


by and P(x), then the : 


(1251). | 


, specified by r, p, and - 


(12.52) ? 


Proof: 
We shall prove statement (a) by showing that 


lim M;(f) = e?/2, 
Amoco 


Statement (b) can be proved using a similar strategy, but the proof involves addi- 
tional steps. 


From (12.5.1), it follows that 


M(t) = Ms ( 


Now we use (12.3.5) to obtain 


= t Ap, t 
Ml) = exp h [m ( az) 1 wt} (12.5.3) 


and then substitute the expansion 


P > 
My) = 14 Po By (12.5.4) 


with t/V Ap, in place of t, into (12.5.3) to obtain 


1, 11 p 
M;(t) = EE ae ah 12.5.5 
QUSE 6 6 VA pi? ) PERPE 
Then as à — œ, M,(t) approaches ef/?, the m.g.f. of the standard normal 
distribution. a 


A normal distribution may not be the best approximation to the aggregate claim 
distribution because the normal distribution is symmetric and the distribution of 
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aggregate claims is often skewed. This skewness is evident in Table 12.5.1, which 
shows that the third central moment of 5 under each of the compound Poisson and 
compound negative binomial distributions is not 0. For positive claim amount dis- 
tributions, P(0) = 0, and the third central moment of S is positive in each case. 


Calculation of Third Central Moment of S 


Distribution of S 


Compound 

Step Poisson Compound Negative Binomial 
Ms(t exp{MIMx(#) — 1] | p | 

l 1 — gMx(t) 
log M(t) A[M(t) — 1] r log p — r log[1 — qMy(t)] 
e X Mx) rgMx() —, 3r] My()MS() ,— 2rg My? 
—, log M(t) t 2 1) aM AB 
dr 1 — gMx(t) [1 — qMy(0] [1 — gM,(6)] 
ERS peo ; i 

= = log «ao + MPs e P Ps + 2D 
di £=0 P P P 


d* 
*For k = 4, gr log M(t) is not the k-th central moment. 


t-0 


In completing Table 12.5.1 we use properties of the logarithm of a m.g.f., for 
example, 
OMO, 

Mxy(0) 


d 
ae log My(t) 


=0 


and 


Mi(0)Mx(0) — Mx(0)" _ > 


d? 
dt? log Mx(6)l)=0 ES My(0Y 


In Exercise 12.23(a), the reader is asked to confirm the relation used in the last row 
of Table 12.5.1. 


Because of this skewness we seek a more general approximation to the distri- 
bution of aggregate claims, one that accommodates skewness. For this second ap- 
proximation, we begin with a gamma distribution. This choice is motivated by the 
fact that the gamma distribution has a positive third central moment as do the 
compound Poisson and compound negative binomial distributions with positive 
claim amounts. We let G(x:a, B) denote the d.f. of the gamma distribution with 
parameters a and f; that is, 


G(x:a, B) = f ic fi e PE dt, (12.5.6) 


Then for any x, we define a new d.f., denoted by Hí(x:a, B, x), as 
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H(x:o, B, xy) = G(x — xy, B). (12.5.7) 


This amounts to a translation of the distribution G(x:a, B) by x. Figure 12.5.1 il- 
lustrates this for the case x, > 0 where g(x), x = 0, and h(x), x = xp, denote, re- 
spectively, the p.d.f.’s associated with G(x:a, B) and H(x:a, B, Xo). 


Translated Gamma Distribution 


0 Xo 


We approximate the distribution of aggregate claims S by a translated gamma 
distribution where the parameters a, B, and x, are selected by equating the first 
moment and second and third central moments of S with the corresponding char- 
acteristics of the translated gamma distribution. Since central moments of the trans- 
lated gamma are the same as for the basic gamma distribution, this procedure 
imposes the requirements 


E[S] = x, + A (12.5.8) 
Var(S) = B (12.5.9) 
E[(S — FIS)°] = = (12.5.10) 
From these we obtain 
Var(S) 
B EIS — EIS)’ (12.5.11) 
M [Var(S)P 
a= 4 EI — ESE’ (12.5.12) 
ir epp] ene OE (12.5.13) 


E[(S — E[S])*] ° 
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For a compound Poisson distribution this procedure leads to 


a = 4,2, (12.5.14) 
P3 
capa 
BospIS (12.5.15) 
Ps 
p 
Yip- AA C (12.5.16) 
Ps 


Remark: 
We can show that if a — c, B — o, and x) — — such that 


Xo + E =p (constant), (12 5 17) 


B = g? (constant), 
the distribution H(x:o, B, x;) converges to the N(u, o?) distribution. Therefore, the 
family of normal distributions is contained, as limiting distributions, within this 
family of three-parameter gamma distributions. Tn this sense, this approximation 
is a generalization of the normal approximation. 


Example 12.5.1 


Consider the Poisson distribution with parameter à = 16. This is the same as the 
compound Poisson distribution with A = 16 and a degenerate claim amount dis- 
tribution at 1. Compare this distribution with approximations by 
a. A translated gamma distribution 
b. A normal distribution. 


Solution: 


a. Here p, = 1, k = 1, 2, 8, and from (12.5.14)-(12.5.16), we have a = 64, B = 2, 
Xo = —16. Note that, unlike the case in Figure 12.5.1, x, is negative. 
b. For the normal approximation, we use u = 16 and o = 4. 
The results given below compare the three distributions. In the approximations, 
the half-integer discontinuity correction was used to approximate F,(x) for x = 5, 
10,...,40. 


Exact Approximations 
S e~ (16)" o x + 0.5 — 16 

x y=0 y! G(x+16.5 : 64, 2) 4 

5 0.001384 0.001636 0.004332 
10 0.077396 0.077739 0.084566 
15 0.466745 0.466560 0.450262 
20 0.868168 0.868093 0.869705 
25 0.986881 0.986604 0.991226 
30 0.999433 0.999378 0.999856 
35 0.999988 0.999985 0.999999 
40 1.000000 1.000000 1.000000 
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In the case of the compound negative binomial distribution there is an additional 
argument that supports the use of a gamma approximation. The argument is out- 
lined in the Appendix to this chapter. 


12.6 Notes and References 
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Chapter 2 of Seal (1969) contains an extensive survey of the literature on collec- 
tive risk models, including the pioneering work of Lundberg on the compound 
Poisson distribution. Several authors, for example, Dropkin (1959) and Simon 
(1960), have used the negative binomial distribution to model the number of au- 
tomobile accidents by a collection of policyholders in a fixed period. 


In Example 12.3.1 we derived the negative binomial distribution by assuming 
that the unknown Poisson parameter has a gamma distribution. This idea goes back 
at least as far as Greenwood and Yule’s work on accident proneness (1920). An 
alternative derivation in terms of a contagion model is due to Polya and Eggen- 
berger and may be found in Chapter 2 of Bühlmann (1970). In the special case 
where r is an integer, the negative binomial can be obtained as the distribution of 
the number of Bernoulli trials that end in failure prior to the r-th success. This 
development may be found in most probability texts, but has little relevance to the 
subject of this chapter. 


Theorem 12.4.2 has been known for some time and can be studied in Section 2, 
Chapter 2 of Feller (1968). The alternative method for computing probabilities for 
a compound Poisson distribution, which is based on Theorem 12.4.2, was suggested 
by Pesonen (1967) and implemented by Halmstad (1976) in the calculation of stop- 
loss premiums. Theorem 12.4.2 has a converse, which was not stated in Section 
12.4. Renyi (1962) shows that the mutual independence of N,, Nz, ..., N,, implies 
that N has a Poisson distribution. Hence the alternative method of computing will 
work only for the compound Poisson distribution. 


The alternative method of computation may also be adopted to build a simula- 
tion model for aggregate claims. Instead of determining the individual claim 
amounts, one simulates N,, N,,...,N,, and obtains a realization of S directly from 
(12.4.7). For one determination of S, the expected number of random numbers re- 
quired is 1 + à under the basic method. If the alternative method is used, exactly 
m random numbers are required for each determination of a value of S. 


There are several more elaborate methods of approximating the distribution of 
aggregate claims. The normal power and Esscher approximations are described in 
Beard, Pesonen, and Pentikàinen (1984). Several of the approximation methods 
have been compared by Bohman and Esscher (1963, 1964). Seal (19782) presents the 
case for the translated gamma approximation and illustrates its excellent perform- 
ance. Bowers (1966) approximated the distribution of aggregate claims by a sum 
of orthogonal functions, the first term of which is the gamma distribution. The 
result, stated in the Appendix to this chapter, that the gamma distribution can be 
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obtained as a limit from the compound negative binomial is due to Lundberg 
(1940). 


Sometimes the distribution of aggregate claims can be obtained from a numerical 
inversion of its m.g.f.; this is developed in Chapter 3 of Seal (1978). 


A monograph by Panjer and Willmot (1992) develops more completely the ideas 
of this chapter with particular emphasis on recursive calculation and discrete 
approximations. 


Appendix 


Theorem 12.A.1 
If the random variab 
mial distributions 3 


for k= E23. 


approaches Ger, r). 


Proof: 
Using (12.3.12), we find the m.g.f. of S, / E[S,] to be 
p(k) [ 

à 12.4.1 
i — q(0My(t / E[SJ]) ( ) 

We also have 

ES = Pı Po eee 

is (sss) TY E[S] Fe FEISE Popes (12.A.2) 


If (12.A.2) is substituted into (12.4.1), we obtain 


p(k) | 
ti —49 - (ap, /ELS lit — ep, / 28s fA) 


Now, since 


_ .qp _ kap, 
Bede 7i n 


we see that the m.g.f. of S, / E[S,] is 
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1 CN ie a D 
| "prr | | rt «e| 


where the remainder term R(k) is such that lim R(k) = 0. Therefore, 
ka 


S \|_(_r_y 
erbe en 


which is the m.g.f. of a G(x:r, r) distribution. E 


It follows from (12.A.4) that the m.g.f. of S, itself is approximately 


(—m) -{ r V- l pk) / igp] y 
r- Ed) — lr — raO ppi] POl- tf ’ 


which is the m.g.f. of G{x:r, [p(k) /q(k)p,]}. Thus, when k is large, which under the 
hypothesis of Theorem 12.A.1 implies that the expected number of claims, rq(k) / 
p(k) = rk(q/p), is large, the distribution of aggregate claims is approximately a 
gamma distribution. 


Theorem 12.A.1 is presented to provide an argument supporting the use of 
gamma distributions to approximate the distribution of aggregate claims. Compar- 
ison of the main ideas in Theorem 12.5.1(b) and Theorem 12.A.1 leads to insights. 
Theorem 12.5.1(b) follows closely the pattern of the central limit theorem. If in 
(12.5.2) one writes 


E S/r — (q/p)n 
V(q/pps + (P /pypi/ Vr 


the correspondence is clear, with the parameter r playing the role of n in the central 
limit theorem. 


In Theorem 12.A.1 the parameter r of the negative binomial distribution remains 
fixed. The expected number of claims changes in proportion to a size parameter k, 
by compensating changes in q(k) and p(k) = 1 — q(k). Under the hypothesis of 
Theorem 12.A.1, 


rk 
Var(S,) = - p+r 7 p 


and 


S, p 1 
— ns Sce 
i E napi; 


As the size parameter k — o, 
S 1 
V A \-, 
(o) r 


as indicated by Theorem 12.4.1. Thus the gamma approximation may be consid- 
ered in the negative binomial case when the expected number of claims is large 
and the claim amount distribution has relatively small dispersion. 


ee 
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Exercises 


Section 12.1 


12.1. 


12.2. 


Let S denote the number of people crossing a certain intersection by car in 
a given hour. How would you model S as a random sum? 


Let 5 denote the total amount of rain that falls at a weather station in a given 
month. How would you model S as a random sum? 


Section 12.2 


12.3. 


12.4. 


Suppose N has a binomial distribution with parameters n and p. Express 
each of the following in terms of n, p, pa, pọ and My: 


a. E[S] b. Var(S) c. M(t). 

For the distribution specified in Example 12.2.2, calculate 
a. E[N] b. Var(N) c. E[X] 

d. Var(X) e. E[S] f. Var(S). 


Section 12.3 


12.5. 


12.6. 


12.7. 


Suppose that the claim amount distribution is the same as in Example 12.2.2, 
but that N has a Poisson distribution with E[N] = 1.7. Calculate 
a. E[S] b. Var(S). 


Suppose that S has a compound Poisson distribution with A = 2 and p(x) = 
0.1x, x = 1, 2, 3, 4. Calculate probabilities that aggregate claims equal 0, 1, 
2, 3, and 4. 


Consider the family of negative binomial distributions with parameters r and 
p. Let r ^ « and p — 1 such that r(1 — p) = X remains constant. Show that 
the limit obtained is the Poisson distribution with parameter A. [Hint: Note 
that p = [1 — (A/r) > e^^ as r > c, and consider the convergence of the 
m.g.f.] 


Suppose that S has a compound Poisson distribution with Poisson parameter 
and claim amount p.f. 


p(x) = [-log(1 Op x712,3,..., 0ccc«t. 


Consider the m.g.f. of S and show that S has a negative binomial distribution 
with parameters p and r. Express p and r in terms of c and A. 


Let 
e * 
— 218 17 
g(x) = 3% x m 


and 
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bs e? 
h(x) = 3°x 5r x0 
be two p.d.f.’s. Write the convolution of these two distributions, that is, ex- 
hibit g+h(x). [Hint: Proceed directly from the definition of convolution in 
Section 2.3, or make use of (12.3.19).] 


12.10. Suppose that the number of accidents incurred by an insured driver in a 
single year has a Poisson distribution with parameter A. If an accident hap- 
pens, the probability is p that the damage amount will exceed a deductible 
amount. On the assumption that the number of accidents is independent of 
the severity of the accidents, derive the distribution of the number of acci- 
dents that result in a claim payment. 


12.11. The m.g.f. of the Poisson inverse Gaussian distribution is given in the so- 
lution to Example 12.3.2. Replace the « parameter by Af so that the mean is 
now X and the variance is \ + A/B. Show that 

lim M (H = ee», 

po 
This confirms that the Poisson inverse Gaussian distribution approaches the 
Poisson distribution as 8 — œ% and the mean remains constant. 


Section 12.4 


12.12. Suppose that 5, has a compound Poisson distribution with Poisson param- 
eter A = 2 and claim amounts that are 1, 2, or 3 with probabilities 0.2, 0.6, 
and 0.2, respectively. In addition, S; has a compound Poisson distribution 
with Poisson parameter À — 6 and claim amounts that are either 3 or 4 with 
probability 0.5 for each. If S, and S, are independent, what is the distribution 
of S, + S? 


12.13. Suppose that N,, N,, N; are mutually independent and that N, has a Poisson 
distribution with E[N;] = 7,7 = 1, 2, 3. What is the distribution of S = —2N, 
+ N, + 3N? 


12.14. If N has a Poisson distribution with parameter A, express Pr(N = n + 1) in 
terms of Pr(N = n). 


Note that this recursive formula may be useful in calculations such as 
those for successive entries in columns (2), (3), and (4) of the alternate 
method calculations of Example 12.4.2. 


12.15. Suppose that 5 has a compound Poisson distribution with parameter à and 
discrete p.f. p(x), x 0. Let 0 « a < 1. 


Consider $ with a distribution that is compound Poisson with Poisson 
parameter à = A/a and claim amount p.f. f(x) where 


>= 
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a E xe 
dui | eee E 


This means we are allowing for claim amounts of 0 (as could happen if there 

is a deductible) and are modifying the distributions accordingly. Show that 

S and $ have the same distribution by 

a. Comparing the m.g.f.’s of 5 and $ 

b. Comparing the definition of the distribution of S and $ in terms of pos- 
sible claim amounts and the Poisson parameters of the distributions of 
their frequencies. 


12.16. In Example 12.22, let N, be the random number of claims of amount 1 and 
N, the random number of claims of amount 2. Compute 
a. Pr(N, — 1) b. Pr(N, — 1) c. Pr(N, = 1, N, = 1). 
Are N, and N, independent? 


12.17. Compute f(x) for x = 0, 1, 2,..., 5 for the following three compound 
distributions, each with claim amount distribution given by p(1) = 0.7 and 
p(2) = 0.3: 
a. Poisson with à = 4.5 
b. Negative binomial with r = 4.5 and p = 0.5 
c. Binomial with m = 9 and p = 0.5 
d. For each of the distributions of (a), (b), and (c) calculate the mean and 

variance of the number of claims. 


12.18. Let 5, as given in (12.4.7), have a compound negative binomial distribution 
with parameters r and p and p.f. of claim amounts given by the discrete p.f. 
exhibited in (12.4.6). 

a. Show that N; has a negative binomial distribution with parameters r and 


p/(p + quj. 

b. Show that, in general, N; and N, are not independent. 
[Hint: Use the joint m.g.f. of Ni, Nz ..., N, as in the proof of Theorem 
12.4.2.] 


12.19. Show that the compound distribution of Example 12.2.2 does not satisfy the 
hypotheses of Theorem 12.4.3. 


Section 12.5 
12.20. Show that if N has a Poisson distribution with parameter à, the distribution 
of 
N-A 
Z — 
V 


approaches a N(0, 1) distribution as \ — ~. 


12.21. Use log M,(f) as given in Table 12.5.1 to verify (12.3.3) and (12.3.11). 
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12.22. Suppose that the d.f. of S is G(x:a, B). Use the m.g.f. [see (12.3.19)] to show 


that 
+ *t2)(a-h—-1 
Ez s Sere n C: ] Wap blo 
12.23. a. Verify that 
d? 
zpleg Mx()| = EIX ~ EXD. 
t—0 
b. Use (a) to show that if S has a G(x:a, B) distribution, then 
2a 
E[S — E[S])*] = B 


12.24. a. For a given a, determine B and x, so that H(x:a, B, Xo) has mean 0 and 
variance 1. 
b. What is the limit of H(x:«, Va, — Va) as a — œ ? 


12.25. Suppose that 5 has a compound Poisson distribution with \ = 12 and claim 
amounts thal are uniformly distributed between 0 and 1. Approximate 
Pr(S « 10) using 
a. The normal approximation 
b. The translated gamma approximation. 


Miscellaneous 


12.26. The loss ratio for a collection of insurance policies over a single premium 
period is defined as R = $/G where S is aggregate claims and G is aggregate 
premiums. Assume that G = p,E[N](1 + 0), 0 > 0. 

a. Show that 
E[R] = (1 + 0)! 
and that 
EIN] Var(X) + p? Var(N) 
Ip; EIN] + 6)F 


Var(R) 


b. Develop an expression for Var(R) if 


(i) N has a Poisson distribution 
(ii) N has a negative binomial distribution. 


12.27. Suppose that the distribution of S, is compound Poisson, given by X and 
P,(x), and that the distribution of S; is compound negative binomial, given 
by r, p with q = 1 — p, and P,(x). Show that S, and S, have the same 
distribution provided that à = —r log p and 

2 (q* / k) PH 
P(x) = £ 
163) log p 


—Ó———M—Ó—MM——Ó—MÀMÁ—————— — 2 
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12.28. 


12.29. 


12.30. 


[Hint: Show equality of the m.g.f.’s.] 
Note that, in the sense of this exercise, every compound negative binomial 
distribution can be considered as compound Poisson. 


Let S, as given in (12.4.7), have a compound Poisson inverse Gaussian dis- 

tribution with parameters a and f and p.f. of claim amounts given by the 

discrete p.f. exhibited in (12.4.6). 

a. Show that N; has a Poisson inverse Gaussian distribution and determine 
its parameter values. 

b. Show that, in general, N, and N, are not independent. 


Follow the steps displayed in Table 12.5.1 to show that the third central 
moment of S, when it has a compound Poisson inverse Gaussian distribu- 
tion, can be expressed in the parameters of its distribution as 


a 3a Ja 4, 
g^ + pe PP Pees 


a. Verify that the extension of (2.2.10) for the mean and (2.2.11) for the var- 
iance to the third central moment, (W) = EHW — E[W]P], is Elu, WIV ] 
+ 3 Cov(Var(W|V), E[W|V] + u,(E[W]V]). 

[Hint: Write E[W — E[W]] = E[(W — E[W|V]) + (E[W|V] — E[W)])], expand 

the third power, and take expectations termwise.] 

b. Apply the result of (a) to S of (12.1.1) to express its third central moment 
in terms of the parameters of its distribution. [Hint: Refer to (12.2.5) and 
(12.2.6).] 

c. Apply the formula of (b) to the compound distributions of Table 12.5.1 to 
confirm the third central moments shown there. 

d. Apply the formula of (b) to the compound Poisson inverse Gaussian dis- 
tribution to confirm the formula of the previous exercise. 
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COLLECTIVE RISK MODELS 
OVER AN EXTENDED PERIOD 


13.1 Introduction 

The purpose of this chapter is to present mathematical models for the variations 
in the amount of an insurer’s surplus over an extended period of time. By surplus 
we mean the excess of the initial fund plus premiums collected over claims paid. 
This is a convenient mathematical, but not accounting, definition of surplus. 


Let U(t) denote the surplus at time t, c(t) denote premiums collected through 
time t, and S(t) denote aggregate claims paid through time t. If u is the surplus on 
hand at time 0, perhaps as a result of past operations, then U(t) is given by 


U(t) = u + c(t) — S(t) t=0. (13.1.1) 


Now motivated by the question of exhausting surplus at least once in a period of 
time, we want to explore probability questions about U(t) for many—indeed, in- 
finitely many—values of t simultaneously. Since the questions involve more than 
a finite number of random variables, consistent with the language of probability, 
we call U(t) the surplus process and S(t) the aggregate claims process. The pre- 
miums collected, c(t), will be deterministic, not a stochastic process. 


In this setting the models in the previous chapter can be viewed as being con- 
cerned with the distribution of the random variable, U(t), for a single value of t. 
The monitoring for a negative value of the surplus, U(t), can be on a period-to- 
period basis or on an ongoing basis. In the latter case we would look at the con- 
tinuous time surplus process ; 


(U(D: | = 0]. 


A typical outcome of this surplus process, {U(t), t = 0}, is shown in Figure 13.1.1. 
We assume a constant premium rate, c, c > 0, and set c(t) = ct throughout this 
chapter. Then the surplus increases linearly (with slope c) except at those times 
when a claim occurs. At that time the surplus drops by the amount of the claim. 
If the initial surplus u were increased or decreased by the amount h, the graph of 
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Ut would be raised or lowered h units of height but would be unchanged 
otherwise. 


As illustrated in Figure 13.1.1, the surplus might become negative at certain 
times. When this first happens, we speak of ruin having occurred. This term has 
its roots in the gambler’s ruin problem of probability theory. It is not equivalent 
to insolvency of an insurer. The typical application of the ideas of this chapter is 
to a project or line of business of an insurer, However, a useful measure of the 
financial risk in an insurance organization can be obtained by calculating the prob- 
ability of ruin as a consequence of variations in the amount and timing of claims. 


Let 
T = min [t:tz 0and Ut <0} (13.1.2) 
denote the time of ruin with the understanding that T = v if Ut = 0 for all t. Let 
(u) = Pr(T < v) (13.1.3) 


denote the probability of ruin considered as a function of the initial surplus u. We 
are also interested in U T , the negative surplus at the time of ruin. 


Because of changes in the world of applications, the useful lifetime of a model 
is limited so that a realistic planning horizon might be a long—but finite—period. 
More precisely, consideration would be limited to 


wu, t) = Pr(T < t), (13.14) 


the probability of ruin before time t. We discuss, however, only the probability of 
ruin over an infinite horizon, U(u), which is more tractable mathematically. Of 
course, v(u) is an upper bound for w(u, t). 


The ideas for this chapter can be used to provide an early warning system for 


the guidance of an insurance project. A model must necessarily be selected to rep- 
resent the risk process. The probability of ruin, on the basis of that model, warns 
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management of the project about some of the risks involved. Again, particular 
models developed in this chapter make simplifying assumptions to keep the math- 
ematics tractable. The effects of interest, expenses, dividends, and experience rating 
are not included. Nevertheless, these models provide a means of analyzing the risk 
process. In practice, they would be supplemented by additional analyses. 


Before we consider the continuous time model we turn to the discrete time sur- 
plus process defined by considering the values of U(t) at only integer values of f. 
Traditionally, this sequence of random variables is denoted 


{U,: n =0,1,2,...}. 


This can be viewed as examining the amount of surplus on a periodic basis, much 
as would be done by the managers of insurance enterprises who are required to 
submit financial reports on the operations on a yearly, semiannual, quarterly, or 
monthly basis. 


13.2 A Discrete Time Model 


Let U, denote the insurer's surplus at time n, n = 0, 1, 2, . . . . We assume that 
U,=utne-—S$, (13.2.1) 


where u is the initial surplus, the amount of premiums received each period is 
constant and denoted by c, and S, is the aggregate claims of the first n periods. 
Further we assume that 


$,— W,* W, t +W, (1322) 


where W, is the sum of the claims in period 7. At first we assume W,, W, . . . are 
independent, identically distributed random variables with u = E[W;] < c; later we 
will relax this constraint. 


Thus, we can write LL, as 
U,=ut (c — W) +(e- Wy) + °° + (ce — W,). (13.2.3) 
Let 
T = min{n : U, < 0} (13.2.4) 


denote the time of ruin (again with the understanding that T = œ if U, = 0 for 
all n) and let 


Wu) = Pr(T < o) (13.2.5) 
denote the probability of ruin in this context. 
There is an important connection between a quantity that we now define, the 


adjustment coefficient, and the probability of ruin. We define the adjustment co- 
efficient R as the positive solution of the equation 


My (r) = Ele] = e™ Myr) = 1 (13.2.6) 
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or the equivalent equation 
log Myr = rc (13.2.7) 
where W denotes a random variable with the distribution of the annual claims, 


Wi. 


L 


The graph of e ™ My, r (see Figure 13.2.1) can be traced by observing that 


d YW-c] — = r W-ce 
3, Ele Wee) = B[(W — cle” w] 


and 


= Ele W=] = E[(W — ce w=]. 


Definition of R 
e "My(r) 


g R 


The first of these observations shows that the slope at r = 0 is p — c, a negative 
quantity, and the second shows that the graph is concave upward. Further, pro- 
vided W has positive probability over values in excess of c, the first derivative, for 
some large enough r, becomes positive and remains so. Thus, Efe” "-*] has a min- 
imum as indicated in Figure 132.1, and (13.2.6) will typically have a positive root 
as shown. This positive root is called the adjustment coefficient. Example 13.43 
can be used to illustrate that R does not exist for all distributions and values of c. 


Example 13.2.1 


Derive an expression for R in the special case where the W/s common distribu- 
tion is N(w, o?). 


Solution: 
Here 
o?r? 


logi[My r ] = D BASE 


—Á————(O————— — ———— OEE ENA E A 
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Hence, the positive solution of (13.2.7) is 


2(c — p) 


o? 


R eei 
where, as assumed above, p < c. v 


The connection between the adjustment coefficient and the probability of ruin is 
given in the following result. 


Theorem 13.2.1 is a special case of Theorem 13.2.2 which is proved in the Appendix 
to this chapter. 


Since U+ < 0 by definition, it follows from Theorem 13.2.1 that 
b(u) < exp(-R u). (13.2.9) 


We now derive an approximation for R. In the discussion of Table 12.5.1 we saw 
that for a random variable X 


d 
dt log My(t) en = B[X] 


and 
d? 
d? log M(t) liy = Var(X). 
Hence, using the Maclaurin series expansion, we have 
1 
log My(r) = pr +5071? +o 


where o? = Var(W). If we use only the first two terms of this expansion in (13.2.7), 
we obtain the approximation 

5; .Xc — p) 

jo 22 (13.2.10) 
Comparing this with Example 13.2.1, we observe that (13.2.10) is exact in the case 
where the W/s common distribution is normal. Furthermore, if W has a compound 
distribution and the relative security loading 8 is given by c = (1 + 0) p, then 
(12.2.5) and (12.2.6) yield 
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Es 20 p, E[N] 
— (p; — PEIN] + pi Var(N) 


where N is a random variable distributed as the number of claims in a period. 


Example 13.2.2 


Approximate R if 
a. N has a Poisson distribution with parameter A 
b. N has a negative binomial distribution with parameters r and p. 


(13.2.11) 


Solution: 


a. Here E[N] = Var(N) = à, and (13.2.11) reduces to 


R= OP (13.2.12) 
p2 
It follows from Exercise 13.6 that the right-hand side of (13.2.12) is actually an 


upper bound. 
b. In this case, 


EIN] = 4, 

p 
rg 
Var(N) = —, 
p 


so it follows from (13.2.11) that 


A" 20 p, 
po + pil /p) - 1]. 
Note that for p — 1, the result in (a) is obtained. v 


(13.2.13) 


It has been assumed that the total amounts of claims in different periods are 
independent random variables. In many cases, this assumption may be unrealistic. 
To investigate a situation of this type, we now consider an autoregressive model 
for the insurer's claim costs that generalizes the model previously considered and 
allows for correlation between the claims of successive periods. 


We assume that W,, the sum of claims in period i, is of the form 


W,=Y,+aW,, i=1,2,.... (13.2.14) 


Here —1 <a < 1, and Y, Y, . . . are independent and identically distributed 
random variables with E[Y;] < (1 — a) c. The initial value W, = w completes the 
description of this first-order autoregressive model for the W/s. 


The insurer’s surplus U,, at time n is defined as in (13.2.1) and T, the time of 
ruin, as in (13.2.4). Note that the probability of ruin, 


Yu, w) = Pr(T < o), (13.2.15) 


Section 13.2 A Discrete Time Model 


is now a function of two variables. This generalizes the model considered previ- 
ously, which corresponds to the special case a = 0. 
We now use the iterative rule in (13.2.14) to obtain 


Wee Yor ag Pe eet deu. (13.2.16) 
Thus the total of the claims in the first n periods is 


S 


Y,¢d+a@Yypteot+ tater ta™y, 


n 
+e preda 


1 — g 1 — qg” 
A E 


n 


1 — a” 


=Y, + 
DET 


a eae Y, 
l-a 


o w. (13.2.17) 


This shows that Y, ultimately contributes Y, / (1 — a) to the total claims. Hence, we 
assume that c > E[Y,]/(1 — a), and in analogy to (13.2.6), we define the adjustment 
coefficient as the positive solution of the equation 


€ * My;q-a (7) = 1. (13.2.18) 
Thus R is a positive number with the property that 


log E | exp —cR=0. (13.2.19) 


l-a 


Note that R depends on the common distribution of the Y/s and on the values of 
a and c. 


In the Appendix to this chapter, the following result will be derived. 


Theorem 13.2.2 


Here we have used the notation 


Beds Z -W, f-ü, (13.2.21) 


In a sense, Ql, is a modified surplus. It is the actual surplus U, adjusted by all 
future claims that are related to W,. This interpretation of Û, is developed in Ex- 
ercise 13.2. i 


If a = 0, it follows that U; = Li; < 0. Thus, in this case, the denominator of 
(13.2.20) is greater than 1, and we get a simplified upper bound for the probability 
of ruin. 
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We now formulate the ruin model using two continuous time random processes, 
the claim number process and the aggregate claim process. We usually model the 
first by a Poisson process and the second by a compound Poisson process. 


For a certain portfolio of insurance, let N t denote the number of claims and S t 
the aggregate claims up to time t. We start the count at time 0; thus, N(0) = 0. 
Furthermore, S t = 0 as long as Nt = 0. As in Chapter 12, we let X; denote the 
amount of the i-th claim. Then 


St =X RUD +X ++ Xy. (13.3.1) 


The process {N t , t = 0} is called the claim number process, whereas [S t , t = 0] 
is called the aggregate claim process. These collections of random variables are 
called processes, and we are interested in the distributions simultaneously at all 
times t = 0. This is in contrast to Chapter 12 where we were interested in the 
number of claims and aggregate claims for a single period. 


Let £ = 0 and h > 0. From the definitions it follows that Nt + h) — Nt is the 
number of claims and S t + h) — St is the aggregate amount of claims that occur 
in the time interval between t and t + h. Let T; denote the time when the i-th claim 
occurs. Thus T,, T, . . . are random variables such that T, < T, < T, <... to 
exclude the possibility that two or more claims occur at the same time. The time 
elapsed between successive claims is denoted by V, = T,, and 


V =T; -Ta eem (13.3.2) 


Typical outcomes of the claim number process and the aggregate claim process are 
depicted in Figures 13.3.1 and 13.3.2. Note that Nt and St are increasing step 
functions. The discontinuities are at times T; when the claims occur, and the size 
of the steps at these limes is 1 for N f. and the corresponding claim amount X; for 
St. i 


utcome of the Claim Number Process 


= NUA 
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i 
X; 
re 
X) 
[|| <a 
Xj 
y b=. | eee »-1 
Ti T: T; T; 


There are several ways to define the distribution of a claim number process. We 

examine two of them: 

a. The global method: For all t = 0 and all h > 0 we specify the conditional dis- 
tribution of N t + h) - Nt, given the values of Ns for s x t. 

b. The discrete method: We specify the joint distribution of V,, Vz, V4, . . . or, 
equivalently, that of T,, T5, T4, .... 


Example 13.3.1 


Consider n people age x at time 0. Let N £ denote the number of deaths that 
have occurred by time t and T; denote the time when the i-th death occurs (i = 1, 
2,... , n). We assume independence of the times-until-death. Specify the process 
{N t , t = 0} by each of the two methods above. 


Solution: 


a. The conditional distribution of Nt + 1) - Nt, given Nt =i, is binomial with 
parameters n — i and ,4,.,,i = 0,1,2,...,n — 1. Thus, : 


Pr[Nt c5) -Nt =k|Nt =i 
— CNi C ES wig k = 0, 1, cee AT D 


Note here that the conditional distribution depends on t and only on Ns at 
s=f. 
b. We specify the joint distribution of T,, T, . . . , T, by iteration. First, 


Pr(T, > s) = GP 


HAO) =n sPx ^ us). 
Fori=1,2,...,n-1, 


a E D REN 
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Pr(T,, >t | T, = s) zm (Cpe 
and 
fant | 8) = Gt = Gp" us). 
We observe that in this example the elapsed times between successive deaths are 


not mutually independent or identically distributed. v 


We turn now to the Poisson process where the elapsed times between successive 
claims are mutually independent and identically distributed. 


The global method definition of a Poisson process is as follows: 


e "Qn 
k! 


k= 0,1, 2,3,... for allt = 0 and h > 0. (13.3.3) 


Pr[NG + h) — N) = k | N(s) for all s x t] = 


The following properties come from this definition of the Poisson process: 

(i) The increments are stationary; that is, the distribution of N(t + h) — NG), 
which is Poisson with parameter Ah, depends on the length of the interval but 
not on its location, f. 

(ii) For any set of disjoint time intervals, the increments are independent; that is, 
fort; <t th « t X t +h, <t,+++<t, +h, the increments N(t, + h) — 
NG), NG, + hj) — N(5),..., NÆ, + h,) — N(t,) are mutually independent. 

(ii) The probability of simultaneous claims is zero: that is, 

is Pr[NG + h) - Nt) > 1] _ lu 1 — e™ — Me st 


h—0 h h—=0 h 


The discrete method definition of the Poisson process states that elapsed times V,, 
V5, Vz . . . are mutually independent and that each has the exponential distribution 
with parameter A. 


We now show the equivalence of these two definitions of the Poisson process. 
To see that the process defined by the global method implies the salient feature of 
the discrete method, we observe 


PV > h| Vs Veris Ves ZU >h| NG) for alls st=> v] 
NE 


= Pr[N( + h) — NG) = 0| Nis), s x t] 
Se (13.3.4) 


the survival function of each V; in the Poisson process. 

To see that the process defined by the discrete method implies the salient feature 
of the global method, apply the definition of the N(t)’s, T/s, and V/s, the mutual 
independence and exponential distribution of the V/s, to show that 


Pr[N( + h) — NG) = k | N(s) fors < t] = Pr[T, = h and T, + Via, > hl. (18.3.5) 


Section 13.3 A Continuous Time Model 


Since T, = V, + V, + +++ + V, and the V/s are independent and identically 
distributed with an exponential distribution with parameter A, T, has a gamma 
distribution with parameters k and A. Then (13.3.5) is equal to 


h h 
[pet + Vine hl au fau du = [Pr Vin > hu fau du 
0 


h rn ye} eM 
= —Ah-u 
| $ gaa. 4H 
_ e AE [ oe ET (AR) 
E cU I EE: 


the p.f. of the number of occurrences in a period of length h in a Poisson process. 


We now define a compound Poisson process in this context. If for S t , defined 
in (13.3.1), the random variables X, X, X, . . . are independent, identically dis- 
tributed random variables with common d.f. P x , and if they are also independent 
of the process {N t, t = 0}, assumed to be a Poisson process, the process (St, 
t = 0] is said to be a compound Poisson process. 


If the aggregate claims process is a compound Poisson process given by à and 
P x, the following properties correspond to properties of the underlying claim 
number process: 

a. If t 2 0 and h > 0, the distribution of S t + h) — S t is compound Poisson with 
specifications àh and P x , that is, 

x sk. 
Pr[St -h) -St x|Ss forsxt] ^ Y e quy 02 
k=0 ! 
where P**(x) is the k-fold convolution of the d.f. P x. 

b. At any time f, the probability that the next claim occurs between t + h and 
t + h + dh and that the claim amount is less than or equal to x is e ^^* (Adh) 
Px. 

c. The process {S t , t = 0} has independent and stationary increments; that is, the 
aggregate claims of disjoint time intervals are independent random variables, 
and the distribution of each of these depends on only the length of the corre- 
sponding time interval and not on its location. 

d. If St denotes a compound Poisson process and the value of t is fixed, S t has 
a compound Poisson distribution with Poisson parameter At. Formulas (12.3.2) 
and (12.3.3) give the mean and variance of 5 f : 


E[S t ] = Mp, (13.3.6) 
Var[S t ] = Mp;. (13.3.7) 


REED AULA RIS LAG 


13.4 Ruin Probabilities and the Claim Amount Distribution - 


The surplus process {U t , t = 0} can be studied by its relation, given in (13.1.1), 
to the claim process S t . For the remainder of the chapter, we assume that S(t) is 
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a compound Poisson process. With this assumption we can develop upper and 
lower bounds on w(u). In the particular case of an exponential distribution of in- 
dividual claims, there is an explicit form for w(u). 


First, we assume that the rate of premium collection c exceeds the expected claim 
payments per unit time, which is à p,. Further, we define the relative security load- 
ing 0 by the equation c = (1 + 6) Ap, where 0 is positive. We can see that 
8 = 0 or 8 < 0 implies (uv) = 1; that is, ruin is certain. 


Next, let (—%, y) denote the largest open interval for which the m.g.f. of P(x) 
exists. We assume that y is positive. In the case of the exponential distribution with 
parameter f, y is equal to B, while for any bounded claim amount distribution, y 
is +o. Furthermore, we assume that M,(r) tends to +% as r tends to y. That this 
assumption does not always hold for finite y is demonstrated with an inverse Gaus- 
sian distribution in Example 13.4.3. A comparison of the figure that accompanies 
Example 13.4.3 with Figure 13.4.1 shows the importance of this assumption. 


The Definition of 


M, (r) 


1+ (1+ 0)pir 


0 R 


We now proceed by analogy with the definition of the adjustment coefficient in 
(13.2.6). The usefulness of this adjustment coefficient appears in the proof of The- 
orem 13.4.1. 


Consider a period of length t > 0 where the amount of premiums collected is ct 
and the claim distribution is compound Poisson with expected number of claims 
At. Then, by analogy with (13.2.6), we choose, for the adjustment coefficient, the 
smallest positive root of 


Msa- alr) 


Eje 60-7] = ert Mga?) 

= eo tteMIMx@)-1] — 4. (13.4.1) 
Thus, 

A[M,(r) — 1] = cr. (13.4.2) 
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Substituting c = (1 + 0)\p,, we have the equivalent form 
1+ (1+ pr = Myr. (13.4.3) 


The left-hand side of (13.4.3) is a linear function of r, whereas the right-hand side 
is a positive increasing function which by assumption tends to +% as y tends to y. 
Furthermore, the second derivative of the right-hand side is positive, so its graph 
is concave upward. The assumption that c > à p, (equivalent to 0 > 0) means the 
slope, (1 + 6) p, of the left-hand side of (13.4.3) exceeds the slope, M$(0) = p, of 
the right-hand side at r — 0. From Figure 13.4.1, we see that (13.4.3) has two so- 
lutions. Aside from the trivial solution r — 0, there is a positive solution r — R, 
which is defined to be the adjustment coefficient. 


| Example 13.4.1. | 13.4.1 


Determine the adjustment coefficient if the claim amount distribution is expo- 
nential with parameter B > 0. 


Solution: 
The adjustment coefficient is obtained from (13.4.3) which is, for this example, 
(1 + 9) B 
1+ = 
B Br 


or, as a quadratic equation in r, 
(1 + 6)r? — @Br = 0. 


As expected, r = 0 is a solution, and the adjustment coefficient solution, the smallest 
positive root, is 


Example 13.4.2 


Calculate the adjustment coefficient if all claims are of size 1. 


Solution: 
Formula (13.4.3) gives the adjustment coefficient as the positive root of 


1-0-49r- e. 


The results of numerical evaluation of the above equation for several values of 0 
are displayed below. 


0 R 0 R 


0.2 0.35420 1.0 1.25643 
0.4 0.63903 1.2 1.41318 
0.6 0.87640 1.4 1.55368 
0.8 1.07941 v 
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In general, the adjustment coefficient is an increasing function of the relative 
security loading, 0. This can be seen from Figure 13.4.1. As 0 is increased, the slope 
of the straight line through the point (0, 1) is increased so that the point of inter- 
section of the line and the curve moves to the right and upward. 


Example 13.4.3 


Assume that the claim amount distribution is inverse Gaussian with parameters 

a and f. For this assumption: 

a. Determine the largest open interval (—%, y) for which M,(t) is defined. 

b. Determine limit My(f) as t > y. 

c. Display the equation for the adjustment coefficient. 

d. Display the graph corresponding to Figure 13.4.1 for the case when the limit in 
(b) is greater than 1 + (1 + 0)(a/ B)y. 

e. Display the graph corresponding to Figure 13.4.1 for the case when the limit in 
(b) is less than 1 + (1 + 9)(a / )y. 


Solution: 


a. My(t) = e v02U8B for t< B/2. Soy = B/2. 


b. limit My(f) = e. 
£>B/2 


c. 1+ (1 + 89)(a/B)r = et^ VG77/8 forr < g/2. 
d. Ife* > 1+ (1  9)(a/2), the graph is 


gell- Vi-298] 


— (B/2, e?) 


—— 1+(14 6)(a/p)r 


I 


—— 1 * (0 7- 9(a/g)r 
(B/2, e") 


| 


gall - VT-29R] 
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Observations: 


1. We see in the graphs the possible failure of the definition of the adjustment 
coefficient when the limit of the claim distribution’s m.g.f. is finite at the end of 
the open interval of its definition. 

2. For a fixed expected claim size, a / B, the lines of the graphs are fixed for all p. 
As 8 increases the claim size's variance, a / ?, decreases, and the point (B /2, e?) 
moves to the right and up, making the existence of R more likely. As B decreases 
the opposite is true. 

3. An examination of the proof of Theorem 13.4.1 in the Appendix to this chapter 
reveals the use of the adjustment coefficient to set —Rc + A[M,(R) — 1] = 0 to 
obtain the equality of Theorem 13.4.1. For the situation in part (e) when the 
adjustment coefficient does not exist, this expression evaluated at y is less than 
zero and the steps of the proof can be followed with R replaced by y and the 
equalities replaced by inequalities. The resulting inequality is less useful than 
the equality obtained when the adjustment coefficient exists. v 


An analog to Theorem 13.2.1 is the following result, which is proved in the 
Appendix to this chapter. 


Theorem 13.4.1 Een ; 

If UGY is the ming s process based upon a compound Poisson aggregate 
claims process, S(t), with. € 7 Np, that is, with positive relative security load- 
ing, then for u = 0, 


.exp(- Ru) 


"o (13.4.4) 


| Elexp(- RU) | T < =} 
where R is the s sinalieet positive root of (13.4.3). 


The denominator is calculated with respect to the conditional distribution of the 
negative surplus, U(T), given that ruin occurs: that is, T < co. 


From Figure 13.4.1, we see that if 6 — 0, the secant approaches the tangent to 
My(r) at r = 0, which implies R — 0. But then, from (13.4.4), (u) = 1, or ruin is 
certain. Further, U(t), t > 0, for the case where 0 < 0, will always be less than the 
corresponding U(t) for 0 — 0, and hence since ruin is certain for 0 = 0, ruin 
is also certain for 0 < 0. For these reasons, we remain with the assumption that 
0 — 0. 


In general, a closed form evaluation of the denominator of (13.4.4) is not possible. 
Exceptions are the case u — 0 (see Exercise 13.10), and the case where the claim 
amount distribution is exponential (see Example 13.4.4). However, the theorem can 
be used to derive inequalities. Since U(T), given T < %, is necessarily negative, the 
denominator in (13.4.4) exceeds 1. It follows that 


Wu) « e ^". (13.4.5) 
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If the claim amount distribution is bounded so that P(m) = 1 for some finite m, it 
follows, given T < c, that U(T) > —m since the surplus just before the claim must 
have been positive. 
Thus, 

(i) > eR" g Rm = g Rote) (13.4.6) 

Some authors suggest the use of the approximation 
y(u) = e^t", (13.4.7) 

which, in view of (13.4.5), overstates the probability of ruin. 


We now examine a special case where Theorem 13.4.1 can be applied to obtain 
an explicit expression for the ruin probability p(w). 


Example 13.4.4 


Calculate the probability of ruin in the case that the claim amount distribution 
is exponential with parameter B > 0. 


Solution: 

Ruin, if it occurs, is assumed to take place at time T. Let f be the amount of 
surplus just prior to T. The event that —U(T) > y can be restated as the event that 
X, the size of the claim causing ruin, exceeds ù + y, given that it exceeds fi. The 
conditional probability of this event is given by 


ef e P* dx 

tity 

e | e P* dx 
D 


so that the p.d.f. of —U(T), given T < c, is 


— e PY, 


a a e Pr) = pe P. 


Therefore, 


E[exp(-RUT) | T < ~] = g i e Prey dy 


= BR 
From Example 13.4.1, we know that the adjustment coefficient in this case is R — 
0B/(1 + 9). Combining this with (13.4.4) gives us 
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_ (B = Re 
B 


= 1 s —0gu 
qu PY 


—0u 


Vu) 


+|= + 


13.5 The First Surplus below the Initial Level 


We continue with the continuous time model where the aggregate claim process, 
S(£), is compound Poisson. Specifically, we consider the amount of the surplus at 
the time it first falls below the initial level (this, of course, may never happen). As 
an application, we find a simple expression for w(0), the probability of ruin, if the 
initial surplus is 0. 


The main theorem of this section, proved in the Appendix to this chapter, is the 
following. 


The 13.5.1 


As an application of Theorem 13.5.1, we note that the probability that the surplus 
will ever fall below its original level is 


1 T 1 
ü*9p, f o ay Saxe a (13.5.1) 


since 


Í [1 — PO) dy = pr. 
In the special case of u = 0, (13.5.1) gives the probability that the surplus will even 
fall below zero, that is, its original level. Hence 


1 
LO (13.5.2) 


It is remarkable that (0) depends only upon the relative security loading @ and 
not on the specific form of the claim amount distribution. 
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We note that 

1-Py 
(1 + 8) p, 
is not a p.d.f. since it does not integrate to 1. However, there is a related p.d.f. in 
the proper sense. Let L, be a random variable denoting the amount by which the 


surplus falls below the initial level for the first time, given that this ever happens. 
The p.d.f. for L, is obtained by dividing 


* n -Pyl- y»0 


1-Py 
(1+ 8) py 
by 
1 
«9 = 1490 
and is 
1 
fu) = F |—Ay]. y>0. (13.5.3) 
1 


The relationship between the m.g.f. of L, and that of the distribution of claim size 
X can be obtained by integration by parts: 


-ife E 
Mum > e” [1 — P y ] dy 


oo io 
X1 py ay} 


1 x 
ds [My r) — 1]. (13.5.4) 


1 je" 
-2 {2h - Py] 


We illustrate further applications of Theorem 13.5.1 by means of the following 
examples. 


Example 13.5.1 


Write an expression for the distribution of the surplus level at the first time the 
surplus falls below the initial level u, given that it does fall below u, if all claims 
are of size 2. i 


Solution: 
We have 


Thus the p.d.f. for L, is 


0zyc2 


— 
T 
| 
x) 
ies 
c 
It 
O Nie 


elsewhere. 
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Therefore, L, is uniformly distributed between 0 and 2, so the surplus level after 
the first such drop is uniformly distributed between u — 2 and u. v 


| Example 1352. | 13.5.2 


Write an expression for the distribution of L, if the size of the individual claims 
has an exponential distribution with parameter B. 


Solution: 
Since 1 — P(y) = e'*" for y > 0, the p.d.f. of L, is 


Lu- Pl = Be"  y-0 
1 


Hence, the distribution of L, is also exponential with parameter p. v 


13.6 The Maximal Aggregate Loss 


A new random variable, the maximal aggregate loss, is defined as 


L = max [S(1) — ct}, (13.6.1) 


tz 


that is, as the maximal excess of aggregate claims over premiums received. Since 
S(t) — ct = 0 for t = 0, it follows that L = 0. 


Theorem 13.5.1 is used in the proof of another theorem that gives an explicit 
formula for the m.g.f. of L. This can be used to provide information about (u). As 
an application, (u) is expressed for the case where the individual claim amount 
distribution is a weighted sum of exponential distributions. 


To obtain the d.f. of the random variable L we consider, for u = 0, that 
1 — w(u) = Pr[U(*) = 0 for all t] 
= Pr[u + ct — S(t) = 0 for all t] 
= Pr[S(t) — ct = u for all t]. 
But the right-hand side is equivalent to Pr(L = u), so we have 
1 — w(u)- Pr(L = u) u zm. (13.6.2) 


It follows that 1 — w(u), the complement of the probability of ruin, can be inter- 
preted as the d.f. of L. In particular, we have 


1 — (0) = Pr(L = 0) = Pr(L — 0) (13.6.3) 


since L = 0. In this case, the maximum loss is attained at time t = 0. Also, the 
distribution of L is of mixed type. There is a point mass of 1 — ẹ(0) at the origin 
with the remaining probability distributed continuously over positive values of L. 


The main result of this section is the following explicit formula for the m.g.f. of 
L, which, in view of (13.6.2), can be used to obtain information about y(u). 
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Theorem 13.6.1 


An equivalent formula is 
Min) = + SUE eH (13.64A) 


1+0 1-81-0-49) pr- Myr) 


which reflects the point mass at the origin more directly, since the contribution to 
the m.g.f. of the probability at L — 0 is 


0 
1-790 


1- w(0) = 


by (13.5.2). Notice that the equation used to define the adjustment coefficient is 
obtained by equating the denominator of (13.6.4) to 0. 


Proof: 

The proof of the theorem involves the consideration of the times when the ag- 
gregate loss process assumes new record highs. An outcome of the aggregate loss 
process is shown in Figure 13.6.1. In this outcome a new record high is established 
three times. After each record high there is a probability of 1 — (0) that this record 
will not be broken and a probability of (0) that it will be broken. In making this 
statement we are relying on the fact that a compound Poisson process has station- 
ary and independent increments. 


A Typical Outcome of the Aggregate Loss Process 


If the record is broken, the p.d.f. of the increase is that of L,, which is given in 
(13.5.3). Figure 13.6.1 illustrates that we can represent L as a sum of a random 
number of random variables, thus 


L-2L L4 Ly (13.6.5) 
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Here N is the number of new record highs and has a geometric distribution with 


Pr(N = n) = [1 — (Op) 
1 n+1 
o (4) n — 0, I»2,535 (13.6.6) 
and m.g.f. 
Mr) = — (13.6.7) 
N 1+0- æ : 19.0. 
The random variables N, L, L, . . . are mutually independent, and the common 


p-d.f. of the L/s is given by (13.5.3). According to (12.2.7), the m.g.f. of L is 
M(r) = My [log Mz,(7)1 


0 
OE EPA ee 13.6.8 
1-6-M,(rn ( 


Formula (13.5.4) gives M, (r) in terms of M,(r) and thus 


9 
1+0- [1p NM) — 1] 


M,(r) = 


£ 9 pır 
1+ (1+ 8) pyr — Mr 


which was to be shown. The alternative formula (13.6.4A) can be verified by col- 
lecting terms over a common denominator. a 


Observe that since 1 — w(u) is the df. of the random variable L—see 
(13.6.2)—where L has a point mass at the origin and a continuous density for 
positive values of u, we have 


o0 


M,(r) = 1 — yO) + Í e" [-w'(u)] du 


0 


0 n 
= +] e [-w’ . 
12:9 4,4 Evo du 
Hence, (13.6.4A) states that 


1 e[Ms(r) — 1] 
(^ 1-481-(1-90 pr- Myr) 


ll e” [—-w'(u)] du (13.6.9) 


This formula can be used to find explicit expressions for ẹ(u) for certain families 
of claim amount distributions. One such family consists of mixtures of exponential 
distributions of the form 


px) = 2. A p.e x0, 
I1 


B,>0,A,>0,A,+A,+°°:+A, = 1. (13.6.10) 


n 
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Then 


M,(r) = (13.6.11) 


Originally, M,(r) is defined as an expectation and exists only for r < y = 
min(B;, . . . , Ba} However, this function can be extended in a natural way to all 
r + p, For simplicity, we use the same symbol, M,(), for this function. 


We substitute (13.6.11) into (13.6.9) and recognize that the right-hand side of the 
result is a rational function of r, which, by applying the method of partial fractions, 
we can write in the following form: 


fe " [-w'(u)] d u-Y = - (13.6.12) 


Ert = 


The only function that satisfies this and w(») = 0 is 


b(u) = 5 C, en", (13.6.13) 
i=1 


It follows that the probability of ruin is given by this expression. We illustrate this 
procedure with two examples. 


Example 13.6.1 


Derive an expression for y(u) if the X/s have an exponential claim amount dis- 
tribution; that is, n = 1 in (13.6.10). 


Solution: 
Since 


Abe m 


the right-hand side of (13.6.9) is 


( 1 ) e[1/(1 — p, r) — 1] zi 1 8 
1r0/(1*t(1-0p,r—1/ü-—pr) 1-0/|0—(1*8)p,r 


where C, = 1/(1 + 8) and r, = 0/[(1 + 0) p]. Then 
y(u) = C e", 
This formula was established previously in Example 13.4.4, formula (13.4.8). v 


TU mmm meer TNT Y NRE ETAT MT T e P ett 
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Example 13.6.2 


Given that 0 = 2/5 and p(x) is given by 
Se nee de 
eee 3x pa X > 
px) 2 £^ + zE x0, 


calculate W(x). 


Solution: 
From p(x) we have 


3/2 , 7/2 
gom — 7S 7 


-0000-4 


We substitute these expressions into the right-hand side of (13.6.9), which, after 
some simplification, becomes 

6 D =T 

7]N6- 7r * rJ. 


The roots of the denominator are r, = 1 and r, = 6; hence this expression, rewritten 
in the form of (13.6.12), is 


My(r) — 


and 


Ci y ger. 
l qv 


The coefficients are determined to be 


24 

C — us 
! 35’ 

1 
C, = 35° 
Thus 
wu) = = e™ + E: g o umo 
35 35 ES v 


In Figure 13.6.2 a graph illustrates the points r, satisfying the equation 
1+ (1+ 8) pır = My(r) (13.6.14) 


where the distribution of X is a mixture of exponentials. The function Mx(r) is given 
in (13.6.11) with n = 3. 
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The Solution of (13.6.14) for n = 3 


| 
| 1-(140)p;r 
| 
| 
| 
l 


pj r 1B; Mx)” 
l 
| 


The right-hand side of (13.6.11) has discontinuities at B,, B,,..., and at each of 
these arguments the value of the function shifts from +% to —^. The figure illus- 
trates that, in general, the r/s will satisfy a condition of the form 


n-R«BQ«-rnc-gBceecr«e,. (13.6.15) 
Figure 13.4.1 illustrates that part of Figure 13.6.2 to the left of B, = y. 


Practical problems will necessitate consideration of claim distributions that are 
not mixtures of exponential distributions. For some distributions it may even be 
difficult to calculate the adjustment coefficient so as to be able to approximate ruin 
probabilities. The following method based on the first two moments of the claim 
amount distribution is easy to apply and seems to give satisfactory results for 
moderate values of u. 


The first moment for the distribution of L is obtained in Exercise 13.13(b). The 
result is 


E[L] = asus (13.6.16) 
1 


Further, we know from (13.5.2) that (0) = 1/(1 + 6), and from (13.4.5) that 
y(u) < e *". The approximation proposed here is that 


D-Fu =) =e uc 


where K is chosen so that the approximated value of E[L] is equal to that given in 
(13.6.16). But 
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Bi = [1 - Fw) du = 


— 
+ 
jon) 
ale 


so that 
gs DM 
(1 + 9) p, 
gives us the required equality. Thus our approximation is 
S] nee 28 T 
(s see] ES u > 0. 


Note that if the claim distribution is exponential with mean pi, so that p; = 2 pi, 
the result is exact; see (13.4.8). This method is extended in Exercise 13.19 to give 
an improved approximation. 


13.7 Notes and References 


The importance of the joint probability distribution of the time of ruin, T, and 
the surplus level immediately after ruin, U(T), for a surplus process with aggregate 
claims following a compound Poisson process is indicated in the denominator of 
the expression for the probability of ruin in Theorem 13.4.1. The possibility of 
expressing ruin probabilities for such a surplus process in terms of the distribution 
of the claim amounts is demonstrated in Theorems 13.5.1 and 13.6.1. Several results 
in this area have been published since the publication of the first edition of Actuarial 
Mathematics. A recent paper by Gerber and Shiu 1998 provides a readable sum- 
mary of these results. We quote their abstract: 


This paper studies the joint distribution of the time of ruin, the surplus im- 
mediately before ruin, and the deficit at ruin. The classical model is 
generalized by discounting with respect to time of ruin. We show how to 
calculate an expected discounted penalty, which is due at ruin, and may de- 
pend on the deficit at ruin and the surplus immediately before ruin. The 
expected discounted penalty, considered as a function of the initial surplus, 
satisfies a certain renewal equation, which has a probabilistic interpretation. 
Explicit answers are obtained for zero and very large initial surplus, and for 
arbitrary surplus when the claim amount distribution is exponential. We gen- 
eralize D. C. M. Dickson's formula, which expresses the joint distribution of 
the surplus immediately prior to and at ruin in terms of the probability of 
ultimate ruin. Explicit results are obtained when dividends are paid out to the 
stockholders according to a constant barrier strategy. 


The reader of the proof of Theorem 13.5.1 will recognize the use of the penalty 
function in their paper. 


General references are the texts by 

* Beard, Pentikäinen, and Pesonen (1984) 
* Beekman (1974) 

* Bühlmann (1970) 
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* Gerber (1979) 

* Panjer and Willmot (1992) and 

* Seal (1969). 
Ruin theory has been developed by the Scandinavian school (F. Lundberg, Cramér), 
and by the Italian school (DeFinetti); this development is accurately described in 
the text by Dubourdieu (1952). 


We did not discuss the famous asymptotic formula for the probability of ruin, 
wu) = Ce u c, (13.7.1) 


where C is some constant. In view of Theorem 13.4.1, this formula is quite plausible; 
it means that the denominator in (13.4.4) has a limit as u — œ% with the C in (13.7.1) 
as the reciprocal of this limit. In the case where the claim amount distribution is a 
mixture of exponential distributions, this asymptotic form is illustrated by (13.6.13). 


The formula in Exercise 13.11 is called a defective renewal equation. Feller (1966) 
discussed the solutions of equations of this type; in particular, he proves (13.7.1). 
By the same technique, Gerber (1974) finds the limit of the conditional distribution 
of —U(T), given T < c, for u — %. 


If we modify the model by assuming that the surplus earns interest at a constant 
force 6 > 0, we have to replace c by c + 8u in the integro-differential equation 
(13.4.12) in the Appendix to this chapter. In the case of exponential claim amounts, 
the resulting equation has an explicit solution in terms of the gamma function. 


If the roles of premiums and claims are interchanged, with premiums repre- 
senting payments by the insurer and claims representing payments to the insurer, 
so that 


U) = u — ct + S(t) 
where it is now assumed that c < A p, then there is an explicit formula, 
y(u) = e. 


To prove this, one establishes a result like Theorem 13.4.1 and observes that the 
surplus at the time of ruin is necessarily 0. It has been suggested that this model 
could be used for a portfolio of annuities where a death frees the reserve of the 
policyholder and leads to a negative claim. 


Seal (1978b) discusses numerical methods for evaluating the probability of ruin 
in a finite time interval. Beekman and Bowers (1972) approximate y (u, t) by match- 
ing moments. Gerber (1974) and DeVylder (1977) give upper bounds for y (u, t) by 
martingale arguments. 


Panjer and Willmot (1992, Chapter 11) discuss the ideas of this chapter using 
more advanced mathematical tools. Sections 11.4 and 11.5 are of particular interest 
because of the development of recursive methods for calculating the approximate 
probability of ultimate ruin. 
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Appendix 


Proof of Theorem 13.2.2 
The following calculation yields a simple recursion formula for the modified 
surplus: 


U; = uU, a W; 
1—a 
a 
= Un +c- W, r; ™ 
= + — —— 
U; C 1 = i 
1 
= U; +e 1 (Y; + a Wi) 
Y, ; 
= Un +e- i= 1,2,.... (13.A.1) 
1-a 
From (13.A.1), (13.2.18) and the independence of the Y/s it follows that for any n, 
Elexp -R[U, — UDI = 1 i-20,1...,m. (13.A.2) 


Now consider the identity 
E[exp(- RU,)] = > E[exp(- RU,) | T = i] Pr(T = i) 
i=1 


+ Efexp(—RU,) | T > n] Pr(T > n). (13.A.3) 


From (13.A.2) for i = 0, it follows that the expression on the left-hand side of 
(13.A.3) is exp(—Rf). In the summation on the right-hand side we replace U, by 
U; + (u,, — Li). The difference, U,, — U, is independent of LI, L5, ..., U; This can 
be confirmed by using (13.A.1) and the independence of the Y’s. In particular, 
(U, — U) is independent of the event T = i. It follows from (13.A.2) that 
E[exp(- RU,) | T = i] = E[exp( - RU) | T = i]. 
Thus (13.4.3) can be written as 
exp(- Rà) = >) Elexp( - RU) | T = i] Pr(T = i) 
Ex] 


+ E[exp(- RU,) | T > n] Pr(T > n), (13.A.4) 


which is similar to (13.4.8) in the proof below of Theorem 13.4.1. Now we let 
n — œ, Then the first term on the right-hand side of (13.4.4) converges to 


5 E[exp(- RU) | T = i] Pr(T = i) = Efexp(—RU,) | T < e] Pr(T < œ). 
i=l 


Thus to complete the proof of Theorem 13.2.2 we have to show that the second 
term on the right-hand side of (13.A.4) vanishes for n — ». We do this as follows. 
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From (13.2.17) it follows that 


ES] = n E[Y] 1-g [RH E v). 


loa OTAN a 


Since c > E[Y]/ (1 — a), there is a positive number a such that EFE[Û,] >u + on if 
n is sufficiently large. Furthermore, it follows from (13.2.17) that there is a number 
B? such that Var(Û,) < g?n. Now the remainder of the proof that the second term 
on the right-hand side of (13.A.4) converges to 0 as n — © is similar to the proof 
that is shown in detail for the convergence of the second term on the right-hand 
side of (13.A.8) in the proof given below for Theorem 13.4.1. See Promislow (1991a) 
for a complete demonstration of this step. Rm 


Proof of Theorem 13.4.1 
For t > 0 and r 0, we consider 


E[e 7^] = Eje ^"^ | Ts t] Pr(T Es t) 


+ E[e ^" | T > t] Pr(T > 2). (13.A.5) 
Since U(t) = u + ct — S(t), the term on the left-hand side is 
expl-ru — rct + X#[M,(r) — IJ}. (13.A.6) 


In the first term on the right-hand side, we write 
U(t) = UT) + [UG - U(T)] 
= U(T) + c(t - T) - [S( — S(T)]. 


For a given T, the term in brackets is independent of U(T) and has a compound 
Poisson distribution with Poisson parameter A (t — T). Hence the first term on the 
right-hand side of (13.A.5) can be written as 


E[exp(-r U(T))exp{—rc(t — T) + A(t — DIM) — 1]} | T S t] Pr(T = t). 
(13.4.7) 


Expressions (13.A.6) and (13.A.7) can be greatly simplified if we choose r such 
that 


—rc + À [My(r) — 1] = 0. 


Two solutions exist (see Figure 13.4.1). The solution r = 0 gives a trivial identity 
when substituted into (13.4.5). The other solution, r = R, is the adjustment coef- 
ficient. If, with r = R, we substitute the simplified expressions into (13.4.5), we 
obtain 


eR = Efe FD | T < t] Pr(T s t) 
+ Efe“ | T > t] Pr(T > 1). (13.A.8) 
Now we let t — c. The first term on the right-hand side converges to 
E[e FD | T < œ] plu). 


Hence Theorem 13.4.1 follows if we can show that the second term on the right- 
hand side vanishes for t — «o. We shall show this as follows: 


Appendix 


Let a = c — Ap, B? = A p,. Thus, from (13.3.6) and (13.3.7), 
E[Ut] = Elu + ct- St]=u+ at, 
and 
Var[U t ] = Var[S t ] = Bt. 


We consider u + at — Bt’, which is positive for t sufficiently large. Now we split 
the second term on the right-hand side of (13.A.8) by distinguishing whether U t 
is less than or greater than u + at — Bt?/3. With this splitting, we have 


Eje |T>t0SUt <u + at — BE] 
Pr[T 25 £ Ox Ut x u + at — BP] 
+ Ee tt |T >t Ut >u + at — BP] 
Pr[T >t, Ut >utat— g£?/?] 
x Pr[U t. = u + at — BP/?] + exp[-R u + at — g£?/5)] 
x 11/3  exp[-R u + at — Bt?/>)] 


by Chebychev's inequality. But with this upper bound, the second term on the 
right-hand side of (13.4.8) vanishes for t > o. | 


Proof of Theorem 13.5.1: 
For this proof we introduce a new concept that is of interest in itself. Let w x , 
X = 0, be a function with w x = 0. We define 


b(u; w) = E[w(U T ) | T < »] bu), (13.A.9) 


considered as a function of the initial surplus, u. We may interpret w x asa penalty 
if the surplus at the time of ruin is x. In this case w(u; w) is the expected value of 
the penalty. Examples are 

a. Ifwx = e”, then (13.4.4) shows that y(u; w) = e^" 

b. If to x = 1, then (13.A.9) shows that v(u; w) = wu) 

c. If 


ids 1x«-h 
ht "10 -Azxz0, 
then 
(0; w,) = Pr[U T < —h |T < œ] (0). 


We start the proof by showing that, for every bounded function w x , we have 
Vy(0; w) = `f w —y [1 — P y ] dy. (13.A.10) 
0 
Using the law of total probability applied to the definition of the expected penalty 
(13.4.9) by conditioning on the number claims in the initial interval (0, b), we have 
v(u; w) = Pr[N b. = 0](Conditional Expected Penalty given Nb = 0} 

+ Pr[N b. = 1](Conditional Expected Penalty given Nb = 1} 

+ Pr[N b. > 1](Conditional Expected Penalty given Nb > 1}. 
(13.A.11) 
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From the properties of the Poisson counting process, 
Pr[N(b) = 0] = e™, 
Pr[N(b) = 1] = Abe™, 
Pr[N(b) > 1] = b A(b), where the limit A(b) is 0 as b goes to 0. 


By the limitation of w(x) to bounded non-negative functions, 0 = w(x) = M for 
some M. With this restriction, and the properties of the compound Poisson process, 
we proceed as follows: 


For N(b) = 0, the conditional expected penalty is (u + cb; w). Since no claims 
have occurred and income has been received at the rate c, the surplus has advanced 
to u + cb and the stationary independent increments place the process at a new 
starting point. 


For N(b) — 1, we need to condition further on the amount, x, of the single claim: 

* If x < u, the surplus has remained positive, and as for the case of no claim, 
the conditional expected penalty is y(u + cb — x; w). 

* f u € x =u + cb, it is sufficient to observe that the conditional expected 
penalty, say, A(x, D), is less than or equal to the bound on w(x), M. 

* If x >u + cb, then the surplus became negative at the occurrence of the claim, 
and the conditional expected penalty is w(u + & — x), where & is the amount 
of income received up to the time of claim. 

Thus for N(b) — 1, the conditional expected penalty is 


ut ct 


u utcb oo 
i Vu + cb — x: w) p(x)dx + Í A(x, b)p(x) dx + ie : w(u + & — xp(x) dx. 


For N(b) > 1, it is also sufficient to observe that the conditional expected penalty, 
say, D(b), is less than or equal to the bound of w(x), M. 


Combining these three cases into (13.4.11), we obtain 


Wu; w) = e™ (uw + cb; w) + Abe™ li wu + cb — x; w)p(x) dx 


u 


utcb 00 
+ Í A(x, b)p(x) dx + Í > w(u + E — xpo) ax 


+ b A(b) Do). (13.A.12) 
Now subtract Ņ(u; w) from both sides of (13.A.12) and divide the result by cb to 
get 
e hp(u + cb; w) — y(u; w) 


A oa [ me 
E; S NE x; w)p(x) dx 


à | !2070 = 0, (3413) 


u+cb 
+ f A(x, b)p(x) dx + Í ] w(u + & — p(x) dx 


ute 
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As b goes to 0, the limits of the three terms of (13.A.13) are 


Shp (u; w) + op'(u; w) 
c , 


>I wu — x; wp x ax + | wu-XxXpx «| 
0 u 

and 0. 
Thus, 


wu; w) - Suo) - S [a x px av 


— à Í wu -— x)px dx. (13.A.14) 
We now integrate this equation over u from 0 to z. The resulting double integrals 


can be reduced to single integrals by a change in variables. For the first double 
integral we replace x and u by x and y = u — x. Then 


ME — x; w) px dx du = | bys w) px dx dy 
mee 0 Jo 


= | yyw) Pz- y dy. 
In the second double integral we replace x and u by x and y = x — u. Then 
z f% o fy+z 
[ | wu-—-xpx dx du = | i w-—y px dx dy 
0 Ju 0 Jy 


2 w —y [Py + z - Pyldy. 
Thus (13.4.14), integrated from 0 to z, gives 


$6) — 0; 0) = 5 [ ay; ot - P2 — dy 


s v-y [Py *z -Py]dy — (13.415) 


For z — c, the first terms on both sides vanish leaving 


A o 
—(0; w) = 3 w-—y [1 -P y] dy. 
Now let w, x be defined as in Example (c); that is, 


_ jl x«-h 
WX Clg -hex <0. 
Then 


PUT « -h|T <=] yO) = Ou) - ^ [1 - Py lay, 
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Hence, when u = 0, the probability that the surplus ever falls below 0, and will be 
between —h and —h — dh when it happens, is 


‘ [1 — P(h)] dh. 
If u > 0, an event with equal probability is that the surplus will ever fall below u, 


and will be between u — h and u — h — dh when it happens. This proves Theorem 
13.5.1. [| 


Exercises 
Section 13.2 


13.1. Suppose that W, assumes only the value 0 and +2 and that Pr(W = 0) = p, 
Pr(W = 2) = q where p + g = 1. Assume that c = 1, p > 1/2 and that u is 
an integer. For this case, determine 
a. U(T) b. i(u) in terms of R 
c. Rinterms of p,q d. Ẹ(u) in terms of p, g. 


13.2. Consider the claims in periods n + 1, n + 2, ..., n + m and denote their 
total by S,,,,,; that is, 
Si EZ Wr+1 + Watz E SNP a Wim: 


The claim amount for each period is generated by the stochastic process 
described in (13.2.14). Verify the following: 


m 


m m-i 
a. Dus E x Yati > ai + W, > a! 
j=0 j=l 


i=1 


d 1- goi» ü— gn 
——————— } Y, 4; + | =] W,. 
Z ( 1 —&4 nci ( 1 — q ) n 


b. As m — © the final term on the right-hand side of the expression in (a) 
converges to 


il 
Ma 


c. EIS, ,, | W, = w, W, = wy... , Wp = w,] 


att b —a —a +a" d a — qn 
3 (1 — ay j toa Us 


where E(Y,.j) = p. 
Section 13.3 


13.3. Suppose that V,, V,,... are independent, identically distributed random 
variables with common d.f. F(x) and p.d f. f(x), x = 0. Given N(t) = i and 
T; = s (s < t), what is the probability of the occurrence of a claim between 
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times f and t + dt? (This generalization of the Poisson process is called a 
renewal process.) 


Let {N(t), t = 0} be a Poisson process with parameter A and p,(f) = 
Pr[N(£) = n]. 
a. Show that 


p = -A p, +A p,a) nml 


b. Interpret these formulas. 


Section 13.4 


13.5. 


13.6. 


137. 


Calculate lim R and lim R. 
8—0 6—oo 


Use 
1 
ew > tre ts (ny r>0,x>0 


to show that 


pe SP 
P» 


Suppose that 0 = 2/5 and 
NE PT 
= ree 4 oe 7 > 
p(x) >E 2* x0, 


calculate 
a. y b. R. 


Suppose that the claim amount distribution is discrete with p(1) = 1/4 and 
pQ) = 3/4. If R = log 2, calculate 6. 


Show that the adjustment coefficient can also be obtained as the unique 
solution of the equation 


Ü 


r<y. 


F e* [1 — P(x)] dx = 
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13.10. Use Theorem 13.5.1 to evaluate the denominator in (13.4.4) in the case 


u = 0. Is your result consistent with (13.5.2)? 
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13.11. a. Show by interpretation that (wu), u = 0, satisfies 


wo) =*)"n-Pylyu-y a [Py ley 


[Hint: Use Theorem 13.5.1.] 

b. The equation shown in part (a) is called a renewal equation. [See Exercise 
13.3.] It is an integral equation because it is a relationship between func- 
tions where the relationship involves an integral. One of the methods of 
seeking a solution for an integral equation is to convert it to an integro- 
differential equation. Show that 


y'(u) = ` [ua - Í i v(u — y)p(y)dy — [1 — c 


13.12. Substitute 
r2 J3 
M) SLE BT Gt Pee eo 


into (13.5.4) to derive expressions for 
a. EIL] b. E[L?] c. Var L. 
Section 13.6 


13.13. a. For N as in (13.6.5), show that 


1 
N] == 
EIN] = ; 
and 
Var N =e 
0 


b. Use the result of Exercise 13.12 to derive expressions for E[L] and Var L . 
[Hint: Formulas (13.6.5), (12.2.5), and (12.2.6), with p, = E[L,], Var X = 
Var L, , are helpful. For an alternative derivation, expand M, (7) in (13.6.4) 
in powers of r.] 


13.14. Determine the m.g.f. of L if all claims are of size 2. 


13.15. Under certain assumptions, the probability of ruin is 
bu) = (0.3) e™ + (0.2) e "(0187  uzQ. 


Calculate 
a. 0 b. R. 


13.16. What is the expected claim size for a distribution of the form (13.6.10)? 
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13.17. 


13.18. 


13.19. 


13.20. 


13.21. 


Suppose that X = 3, c = 1, and 


p(x) = le + mes x0 


Calculate or derive 

a. Py 

b. 0 

c. My(r) 

d. Expressions for the right-hand sides of (13.6.9) and (13.6.12) 
e. An explicit formula for (u). 


Suppose that X = 1, c = 10, and 
px) = z err wow 


Calculate or derive 

a. Py 

b. 9 

c. Myr) 

d. Expressions for the right-hand sides of (13.6.9) and (13.6.12) 
e. An explicit formula for y(u). 


Beekman (1969) and Bowers's discussion thereof suggested the following 
approximation for the d.f. of L: 


Pr(L = u) = El(u) + (1 — &) Gu: a, B) 


where I(x) is the degenerate d.f. of the constant 0 and G(x: a, B) is the d.f. 

of the gamma distribution with parameters a and f. 

a. Determine & a and B to match the point mass at the origin and the first 
two moments of L; see Exercise 13.13(b). 

b. What is the resulting approximation for U(u), u = 0? 


In a surplus process, (1) aggregate claims follow a compound Poisson pro- 

cess, and (2) the claim amount distribution is a mixture of n exponential 

distributions with p.d.f. given by (13.6.10). 

a. Show that the conditional distribution of L}, given that the surplus falls 
below its initial level, is a mixture of the same rt exponential distributions. 

b. Determine an expression for the n weights of this mixture in terms of the 
weights and parameters of the claim amount distribution. 

c. Determine E[L,]. 


For the surplus process in Example 13.6.2, determine: 
a. The p.d.f. of L, 

b. E[L] 

c. Var(L,). 
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Miscellaneous 


13.22. In the context of formula (13.2.1) let G; = U; — U; , denote the insurer’s gain 
between times i — 1 and i. Suppose that G,, G, . . . are independent, iden- 
tically distributed random variables. Suppose further that ux = —e™, 
a > 0, is the insurer’s utility function. Show that 


El Uy.) | U, = x] = ux 


if and only if a = R, and interpret the result. 


13.23. If we change the time units so that the new units are f times the old units 
(for some f > 0), and let €, À, y(u, t) denote parameters of the model in terms 
of the new units, 

a. What are these new parameters in terms of c, A, and w(u, t)? 
b. For which value of f is ` = 1? (Some authors refer to these units as 
operational time.) 


13.24. In a surplus process: 

. Aggregate claims have a compound Poisson process 

. Claim amounts are uniformly distributed over (0, 10) 

. 0 = 0.05 

u = 0.0 

. U(T) is the negative surplus at ruin 

. U(T-) is the surplus position immediately before ruin [Note: U(T-) — X = 
U(T), where X is the claim amount at ruin.] 

Determine E[U(T-)|T < c]. 

[Hint: LI(T-) and |U(T)| are identically distributed in this exercise. To verify 

this fact, see Gerber and Shiu (1998), formula (3.7).] 


Qo ors ONS 


Appendix 


13.25. Suppose that all claims are of size 1. 
a. State the equation for y(u) that corresponds to (13.A.14). 
b. Solve the equation if 0 =u x 1. 


€————————^^^^^S^€———————————— B € d 
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141 Introduction 


The collective risk model was developed in Chapters 12 and 13. This model is 
built on the assumptions that a collection of policies generates a random number 
of claims in each period and that each claim can be for a random amount. To apply 
the model, we need information about the distribution of the number of claims 
and the distribution of individual claim amounts. The selection of these distribu- 
tions was discussed in Section 12.3, and only definitional remarks are added in this 
chapter for the distribution of the number of claims. Here, the distribution of in- 
dividual claim amounts is illustrated in terms of four different lines of insurance: 
fire, automobile, short-term disability, and hospital. 


We discuss two methods of approximating the individual risk theory model for 
a portfolio of insurances by a collective model. For short-term situations, this pro- 
vides the means of substituting collective models for individual models. 


‘The concept of stop-loss reinsurance for a portfolio of policies is explored in 
general. The methods of Chapter 12 for calculating the distribution of aggregate 
claims provide the means for the calculation of net stop-loss reinsurance premiums. 
Additionally, we discuss the interpretation of one form of a group insurance div- 
idend formula as a stop-loss insurance. 


We give illustrations of analyses of reinsurance agreements using tools from 
Chapters 12 and 13, as well as a comparison of the adjustment coefficient, which 
is related to the probability of ruin, with E[L], which is related more to the depth 
of ruin. 


The main purpose of this chapter is to indicate various ways of applying risk 
theory to insurance problems. 
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14.2 Claim Amount Distributions 


To provide an idea of the broad range of applications or risk theory models, four 
specific but diverse applications are presented in this section. Here the discussion 
is of the individual claim amount distribution. This can then be combined with 
probabilities of individual claims occurring, to provide an individual risk model, 
or it can be compounded with a distribution for number of claims from a collection 
of insurances, to provide a collective risk model. The applications suggested in this 
section might be used by an insurance company in managing a line of business or 
block of similar policies, or by an industrial firm that uses modeling in its risk 
management program. 


Fire Insurance: 

In this line of insurance, the claim event is a fire in an insured structure that 
creates a loss. Because fires can cause heavy damage, adequate probability should 
be assigned to the higher claim amounts by the d.f. P x . In actuarial literature, 
some standard distributions have been suggested. Three of these distributions are 
listed in Table 14.2.1. 


Typical Claim Amount Distributions 


Name px Mean Variance 
an ] En 2 
Lognormal (xav 21) ! exp | eem exp (m + 0?/2) (e° — 1) exp(2m + o?) 
Go 
x20, 020 
a xt a X ax 
Paret i DAD. pe RR. o 
Te PE i (a — Me — 1 
X2 X9770, a0 a1 a2 
Mixture of pog c pem Pad pa * p , q+ p) 2pq 
exponentials ; 9, 0<p<1, q-1- p o0 a p a? p? ap 


An indication of the wide dispersion of probability in the case of the Pareto 
distribution is given by the mean's not existing unless a > 1 and the variance's 
not existing unless a > 2. Such distributions are said to have heavy tails. 


To apply one of these standard distributions, the parameters of the distribution 
could be estimated from a sample of claim amounts. 


Automobile Physical Damage: 

In this line of insurance, a claim event is an incident causing damage to an 
insured automobile. The claim amount will not have the wide variability found in 
fire insurance. For this reason, the gamma distribution (12.3.17) has given reason- 
able fit to data and has been used on occasion for the claim amount distribution. 
Again, the parameters of the distribution could be estimated from a sample of claim 
amounts. 
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Disability Insurance: 

This insurance provides income benefits to disabled lives. Usually there is a de- 
fined elimination period, seven days for example, following the occurrence of dis- 
ability until benefits commence. There is also an upper limit on the payment period, 
as short as 13 weeks or as long as the period until retirement age. When issued to 
a group, the insurance is called group weekly indemnity insurance or group long- 
term disability insurance, depending on the length of the payment period. 


The benefit is a fixed amount per period, and the amount of claim is this fixed 
amount times the number of periods the disability continues beyond the elimina- 
tion period. Let the random variable, Y, represent this number of periods. From 
claims statistics, the distribution of Y can be estimated and tabulated in a form such 
as Table 14.2.2. Note the analogy between the function represented in the second 
column of Table 14.2.2 and the survival function discussed for life tables in Chap- 
ter 3. As used in this case, the function is referred to as a continuance function. It 
yields probabilities of continuance or survival of a disability claim for the indicated 
length of time. Similar to the way the survival function can be employed to provide 
various probabilities of survival and death, the continuance function can be em- 
ployed to provide various probabilities of continuance and termination of 
disability. 


In applying a collective risk model for a group disability insurance of the type 
illustrated in Table 14.2.2, Pr(N = n) should be interpreted as the probability that 
n disabilities, each of which continues at least seven days, occur during the insur- 
ance term among the group of insureds. 


If the income benefit is an amount c per day, the claim amount distribution is 
given by 


p(x) = Pr (v - z) x= c, 2c, 3c,..., 28c, 31c, . . . , 87c, 91c. 


Interest is not considered for this short-term insurance. 


For group disability insurance a Poisson distribution is often appropriate for the 
distribution of the number of disablements that occur and continue through the 
elimination period. The expected number of disablements for the distribution is 
often assumed to be proportional to the number of lives in the group. The following 
example illustrates how a compound Poisson distribution might be used to model 
the experience of a group disability contract with a medium length benefit period. 
The number of claims generated by the group within a period of fixed length and 
the lengths of the benefil periods of the claims that occur are assumed to be mu- 
tually independent. 


Example 14.2.1 


Consider a disability insurance contract covering a group of 200 females all age 
32. The benefit is a set of monthly payments of 2,000 each that commence three 
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Length of Claim under Group Weekly 
Disability Income Insurance (13-Week 
Maximum Benefit, 7-Day Elimination 


Period) 
Length of Claim 
(in Days) 
y PY y — PrüY-y 
0 1.00000 — 
1 0.96500 0.03500 
2 0.93026 0.03474 
3 0.89677 0.03349 
4 0.86359 0.03318 
5 0.83164 0.03195 
6 0.80004 0.03160 
7 0.76964 0.03040 
8 0.73962 0.03002 
9 0.71077 0.02885 
10 0.68376 0.02701 
11 0.65846 0.02530 
12 0.63476 0.02370 
13 0.61254 0.02222 
14 0.59171 0.02083 
15 0.57218 0.01953 
16 0.55387 0.01831 
17 0.53615 0.01772 
18 0.51953 0.01662 
19 0.50342 0.01611 
20 0.48832 0.01510 
21 0.47367 0.01465 
22 0.45993 0.01374 
23 0.44659 0.01334 
24 0.43364 0.01295 
25 0.42150 0.01214 
26 0.40970 0.01180 
27 0.39864 0.01106 
28 0.38788 0.01076 
31 — 0.06361* 
35 0.32427 mE 
38 — 0.04832 
42 0.27595 — 
45 — 0.03753 
49 0.23842 = 
52 — 0.02980 
56 0.20862 = 
59 — 0.02399 
63 0.18463 — 
66 — 0.01939 
70 0.16524 — 
73 — 0.01586 
77 0.14938 = 
80 5 0.01300 
84 0.13638 — 
87 = 0.01077 
91 0.00000 0.12561 
1.00000 


*For convenience, claim terminations of a week from here 
on have been considered as terminations at the end of the 
third day of the week. 


P E E A EAE, 
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months following the date of disablement and continue as long as the disability 
up to a maximum of 21 payments. We assume that a compound Poisson distri- 
bution is appropriate for S, the total claims for the group. 


For the rate of disablement and the claim amount distribution we make use of 
an excerpt of a continuance table shown below that is appropriate for a group of 
1,000 females age 32 as published in the 1987 Commissioners Group Long-Term 
Disability (GLTD) table. The table was constructed in a deterministic context. For 
this example we make the reasonable interpretation that the data are appropriate 
for a compound Poisson distribution, and the column headings have been adapted 
with Y in Column (3) used as defined above. The constant of proportionality for 
the rate of disablement per life is denoted by Mp- 


Continuance in GLTD Table 
Female, Three-Month Elimination Period 
Age at Disablement 32 


(D (2) (3) 


Months from Number of 
Disablement Payments (y) 1,000 A, Pr(Y = y) 

3 1 2.6640 

4 2 2.4008 

5 3 2.1343 

6 4 1.9277 

7 5 1.7664 

8 6 1.6431 

9 7 1.5442 
10 8 1.4614 
11 9 1.3898 
12 10 1.3288 
13 11 1.2767 
14 12 1.2320 
15 13 1.1926 
16 14 1.1575 
17 15 1.1261 
18 16 1.0983 
19 17 1.0735 
20 18 1.0512 
21 19 1.0308 
22 20 1.0125 
23 21 0.9961 
24 22 0.9815 


This table continues to 25 years following disablement. 
Determine the mean and variance of 5. 


Solution: 

The benefit (claim) amount is denoted by X = 2,000 Y, Y = 1, 2,..., 21, and 
the p.f. of Y is denoted by p y . Note that this formulation ignores interest over the 
21-month period. The expected number of disablements that continue beyond the 
elimination period for the group of 200 lives is 200 X. In this setup, 
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E[S] = 200). E[X] = (2,000)(200) A,, ELY], (14.2.1) 
and 
Var(S) = 2003 E[X?] = (2,000")(200) ^s, E[Y?]. (14.2.2) 


To express the moments of S in terms of the values given in the continuance table 
we proceed as follows: 


21 œ 
EY] = X ypu) * 21 È pw) 
y=1 y—22 


21 y E 
= ( 1) pu) + 21 >) py) 
y-l \x=l y-22 
21 21 oo 
= b nw | +21 Y py) 
x=1 Ly=x y-22 
21 o æ co 
E b p-2 po | + 21 > p) 
x=1 | y-x y-22 y-22 


R 
Il 

A 
< 
Il 


Upon substituting this expression into (14.2.1), we have 
E[S] = 200 Ny E[X] = (2,000)(200) Aa E[Y] 
= 400(2.6640 + 2.4008 + +++ + 0.99610) = 12,203.12. 


For the calculation of the variance for the total claims of the group of 200 lives, we 
need the second moment equivalent of the substitution m = 27, (1). It can be 
verified that m? = =", (2x — 1). Thus 


eo 


21 
E(Y)) = > Vp) + Q1 » py) 
= 


y=22 


21 y i 
z b | Qx — n| py) + Qiy » no} 
1 y-22 


y=1 Lx= 
= b (2x — 1) b py) - > ni | + (21r > nw} 
x=1 y-x y-22 y-22 


= X (2x - 1) È p) = È 2x - 1) PrŲ = x). 


x=1 y-x 
Upon substituting this expression into (14.2.2), we have 
Var(S) = (2,000) (200) 14, E[Y?] 
24 


= (800,000)1,000 rx >, (2x — 1)Pr(y = x) 


x=1 


= 800,000[1(2.6640) + 3(2.4008) + --- + 41(0.9961)] 
= 425.9808 x 10°. v 
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Hospital Insurance: 

Here we consider hospital insurance that provides a flat daily benefit during 
hospitalization. A hospitalization continuance table can be used to produce a p.f. 
for the length of stay in a hospital for each hospitalization. A graph of a hospital- 
ization continuance function is given in Figure 14.2.1. 


Continuance Function for Hospital Insurance 
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Duration of Confinement (Days) 


In applying a collective risk model to a hospital insurance of this type issued to 
a group of lives, Pr(N = n) should be interpreted as the probability that n hospi- 
talizations, which meet the definition contained in the policy, occur during the 
period to members of the covered group. If the benefit amount is c per day, the 
p-f. of the claim amount is given by 


px =Pr(y=2] x=c,2c,...,mec 
where the random variable Y represents the length of hospitalization in days and 


m is the maximum number of days for which benefits are paid. 


The use of risk models in these applications permits us to estimate the required 
total pure premium. In addition, this estimate may be supplemented with state- 
ments about variability of losses. 


14.3 Approximating the Individual Model 


The individual and collective risk models are alternative constructions designed 
to capture key aspects of insurance systems. Each model leads to the development 
of a distribution of total claims for the modeled insurance system. In this section 
we develop two methods by which the compound Poisson distribution, usually 
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associated with the collective risk model, can be used to approximate the distri- 
bution of total claims in the individual model. 


We consider the individual model developed in Chapter 2 for application to a 
group of n policies. The total claims in a policy period for the group is S = X, + 
Xa + +++ + X, where X; is the claim that results from policy j(j = 1, 2,..., n). 
We distinguish between the occurrence of a claim and its amount, and we write 


X = 1; B. (14.3.1) 
Here, I; is 1 if policy j leads to a claim and 0 otherwise; B, is the amount of such a 


claim, given that it occurs. On the assumption that I B, ]^12,...,9H,are 
mutually independent, it follows that 


E[S] = 2 d; 9; (14.3.2) 
E 
and 
Var = È ga- 9) wf + È 4) oF (14.3.3) 
iF La 


[see (2.2.25) and (2.2.26)], where 4; denotes the probability that policy j leads to a 
claim, w; = E[B;], and oF = Var(B)). 


We denote the d.f. of B, by P(x). If a claim occurs, the probability that it comes 
from policy j is, by Bayes theorem, approximately g;/(g, + qa + +++ + q,). Then, 
by the law of total probability, the d.f. of the amount of a given claim is 
approximately 


> q;PKx) 
jig tore t4 


We next consider two methods of approximating the distribution of S by a com- 
pound Poisson distribution. 


(14.3.4) 


The first method uses the compound Poisson distribution with Poisson parameter 
R=Q tater t+ Oy (14.3.5) 


and d.f. of individual claim amounts 


pa => 7 p, (14.3.6) 
ja 
The interpretation of (14.3.5) is that the expected number of claims in the compound 
Poisson model is the same as in the original individual risk model. Similarly, 
(14.3.6) means that the distribution of a claim, given that it has occurred, is the 
same in the two models, as can be seen from (14.3.4). 


The compound Poisson distribution specified by (14.3.5) and (14.3.6) can also be 
explained as follows: In the individual model, the number of claims produced by 
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policy j is a Bernoulli random variable. We approximate its distribution by the 
Poisson distribution with parameter q, Correspondingly, the distribution of X; is 
approximated by the compound Poisson distribution given by q; and P; x . Then 
we use Theorem 12.4.1 to approximate the distribution of S by the compound Pois- 
son distribution given by (14.3.5) and (14.3.6). 


From (14.3.6), it follows that 


ZEE pev Zeus (14.3.7) 
= 
In particular, 
-54 

Pı > X m 
and 

-5% 

haza 97) 


Thus, the mean of the approximating compound Poisson distribution, A pı, coin- 
cides with the mean of the total claims in the original individual model [sce 
(14.3.2)]. On the other hand, the variance of the approximating compound Poisson 
distribution, A p», is 


2; an; + oj) (14.3.8) 
- 


and exceeds the variance of total claims in the individual model [see (14.3.3)]. How- 
ever, if the qjs are small, the two variances are approximately the same. 


Let us consider the special case where the claim amount for each policy is con- 
stant, B, — b, so that pp = b; and cg; = 0. Then the p.f. of individual claim amounts 
according to (14.3.6) is 

2/5 


px PN (14.3.9) 
=X 


where the sum is taken over the policies for which b; = x. Furthermore, the ratio 


of the variance of total claims in the individual model [see (14.3.3)] to the variance 
of the approximating compound Poisson distribution [see (14.3.8)] is 


> qa E qj 
jzi 
2: qb; 
fa 


This ratio can be interpreted as a weighted average of the probabilities of no claims, 
1-93. 
j 


(14.3.10) 
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Example 14.3.1 


In Example 2.5.1 we considered a portfolio of 1,800 policies. Approximate the 
distribution of aggregate claims by a compound Poisson distribution and discuss 
the resulting approximation for the variance of aggregate claims. 


Solution: 
According to (14.3.5), 


A = 500(0.02) + 500(0.02) + 300(0.1) + 500(0.1) = 100. 
According to (14.3.9), 


_ 500(0.02) + 300(0.1) 
p) = 100 = 04 
500(0.02) + 500(0.1) _ 
p(2) = 100 0.6. 


Then p, = p(1) + 4 p(2) = 2.8, and the variance of the compound Poisson approx- 
imation is Ap, = 280. As expected, this exceeds the variance of aggregate claims in 
the individual model, which was found to be 256 in Example 2.5.1. v 


The second method to approximate the distribution of S uses the compound 
Poisson distribution with Poisson parameter 


A=, +h, +--+), (14.3.11) 
where X, = —log (1 — q;) and d.f. of individual claim amounts 
J "hy 
Pe) = 3, d Pi. (14.3.12) 
ia 


The motivation for (14.3.11) and (14.3.12) is similar to that for (14.3.5) and (14.3.6). 
The key difference is that in (14.3.5) the expected numbers of claims in the two 
models are matched, whereas (14.3.11) implies 


e*= [TG - ay 
e 


that is, the probabilities of no claims are the same in the two models. 


Example 14.3.2 i 


For the portfolio of 1,800 policies studied in Examples 2.5.1 and 14.3.1, calculate 
the compound Poisson approximation to the distribution of aggregate claims by 
the second method. 


Solution: 
À = —500 log (0.98) —500 log (0.98) —300 log (0.9) 
—500 log (0.9) = 104.5 
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; -500 log (0.98) —300 log (0.9) _ 
pl) = E = 0.399 


—500 log (0.98) —500 log (0.9) 
1045 0.601. Y 


p2)- 


In this section we have presented two methods for approximating the distri- 
bution of aggregate claims in the individual model by a compound Poisson distri- 
bution. If all the 4/s for the individual model are small (which could well be the 
case in connection with life insurance policies), the two methods produce very 
similar results since, in that case, 


1 
A = -log(1 4)-4 *54j eee gis 


14.4 Stop-Loss Reinsurance 


The concept of an insurance with a deductible is discussed in Section 1.5. A 
definition is given in (1.5.1), and a property of optimality is established in Theorem 
1.5.1. When such a coverage is written for a collection of insurance risks, it is called 
stop-loss reinsurance, the topic of this section. In a given application, S may denote 
the total claims in a given period for an insurance company, or for a block of 
business of a company, or for a life or health group insurance contract. 


For a stop-loss contract with deductible d, the amount paid by the reinsurer to 
the ceding insurer is 


_ JO Ssd 
ji E EFE (14.4.1) 


Sometimes this is written as I, = (S — d),, where the plus subscript denotes the 


positive part of S — d. 


Note that I}, as a function of the aggregate claims S, is also a random variable. 
The amount of claims retained by the ceding insurer is 


[s s<d 
s-u-l ar (14.4.2) 


Thus, the amount retained is bounded by d, which explains the name stop-loss 
contract. 


We discuss methods to calculate E[I;], the expected claims paid by the reinsur- 
ance when the deductible is d. We denote the d.f. of S by F; x and first assume 
that S has a p.d.f. f; x . Then, 


E[L,] = is (x — d) f, x dx. (14.4.3) 


Chapter 14 Applications of Risk Theory 


445 


446 


Usually 5 cannot assume any negative values. We can extend the integral to (0, o) 
and subtract the integral over (0, d) to see that 


d 
E[] = E[S] - d + Í (d — x) f(x) dx. (14.4.4) 
If we set 
ee =E 
f = ay [ se) 
in (14.4.3), and integrate by parts, we get 
ELJ = | [1 — Fo(x)] dx. (14.4.5) 


Similarly, we obtain 


E[L] = E[S] lh [1 — Fe(x)] dx (14.4.6) 
from (14.4.4). 


Each of these four expressions for E[I;] has its own merit. If E[S] is available, 
(14.4.4) and (14.4.6) are preferable where numerical integration is required, since 
the range of integration is finite. This reduces the possibilities of inaccurate ap- 
proximation of f;(x) for large x. Formulas (14.4.5) and (14.4.6) hold for general 
distributions, including those of discrete or of mixed type. If the distribution of S 
is given in analytical form, for example, by a normal or gamma distribution, (14.4.3) 
might be the most tractable formula. 


Example 14.4.1 


If 5 has a gamma distribution, show that 


Q 


ELL] = B [1 — Gda + 1, B)] — d [1 — Gida, B)]. 


Solution: 
From (14.4.3), we obtain 


EL] = | xfx) dx — d [1 — Fs(d)] 
= po e P dx —d[1 ~ G(d:a, B)]. 
a T(a) : 
Since al (a) = I'(a + 1), the integrand is « / B times the gamma p.d.f. with param- 
eters a + 1 and B. Hence the given formula follows. v 


Example 14.4.2 


Suppose that a, b are numbers with Pr(a < S < b) = 0. Show that, for 
a « d « b, E[I;] can be obtained from E[I,] and E[I,] by linear interpolation. 
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Solution: 
From the assumption, it follows that F(x) = F(a) for a = x < b. We use this in 
(14.4.6) to see that 
E[L] = EIL] — (d — afl — F(a]; 


that is, E[];] is a linear function of d in the interval [a, b]. v 


We now consider the case where the possible values of S are non-negative in- 
tegers and denote by f,(x) the p.f. of S (x = 0, 1, 2, . . .). We assume that the 
deductible d is an integer. According to the preceding example, the expected 
stop-loss reinsurance claims for noninteger deductibles can be obtained by linear 
interpolation. 


The formulas 


o0 


> 6c 4) fla) (14.4.7) 


and 


ElL] = E[S] - d + 5 (d — x) f) (14.4.8) 


are the counterparts of (14.4.3) and (14.4.4). The integrals in (14.4.5) and (14.4.6) 
can be written as sums, since F(x) is piecewise constant. We obtain 


E[L] = Si 1- Fo (14.4.9) 


xed 


and 


d-1 
EL] = E[S] - M [1 - F]. (14.4.10) 
x=0 


Example 14.4.3 


For the aggregate claims distribution in Example 12.2.2 calculate, by two meth- 
ods, the expected stop-loss reinsurance claims when the deductible is 7 


Solution: 
According to (14.4.7), 


EL] = f.(8) + 2 f.(9) = 0.0028. 
Alternatively, according to (14.4.9), 
EU] = [1 — F.(7)] + [1 — Fs(8)] = 0.0028. v 
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Example 14.4.4 


Calculate E[I;] for the compound Poisson distribution used in Example 12.4.2. 


Solution: 
Since the compound Poisson distribution has an infinite range, the use of (14.4.8) 
and (14.4.10) is more practical here. For example, using (14.4.8) we obtain 


5 
E[] = E[S] — 6 + 2 (6 ~ 2) fox 
= 1.7 — 6 + 4.3547 = 0.0547. v 


In general, from (14.4.9), we obtain a recursive formula 
Ela] = EIL] ^ [1 - F.d ] d=0,1,2,.... (14.4.11) 
Thus E[/,] can be obtained recursively with starting value E[I/;] = E[S]. 


This recursive approach is particularly convenient if 5 has a compound distri- 
bution that satisfies the conditions of Theorem 12.4.3. In this case, f; x also can be 
calculated recursively [see (12.4.16)-(12.4.18)]. As an example, for the compound 
Poisson distribution, we start with 


f«(0) = F4(0) = e? 
and 
EL] = Ap, 
and use the recursive formulas 
ACA ; 
i2Pjfx-h 
j=l 


Fox—1)tfx, 


fsx = 


Il 


F; x 
EDJ = El] - B. - Fs x - 1) 


successively for x = 1,2,3,.... 


Example 14.4.5 


Assume that S has a compound Poisson distribution with A = 1.5, p(1) = 2/3, 
p(2) = 1/3. Calculate values of f; x , F; x , EJL] for x = 0,1,2,...,6. 


Solution: 
First, 


fs(0) = F(0) = e725 = 0.223 
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and 
4 
Bll] = Ap, = 155 = 2. 
Then, since Ajp(j) = 1 forj = 1, 2, 
1 
fs) = 7 Use — D + fox — 2)] w= Td 6: 
Note that f,(1) = f,(0). 


The remaining steps and the results are displayed below. 


fs(x) = 0/3) [fs(x—1) Fx) = F;x-1 EIJ = EIT, 4] 
x + fs(x—2)] + fox) + F.(x-1) — 1 
0 0.223 0.223 2.000 
1 0.223 0.446 1.223 
2 0.223 0.669 0.669 
3 0.149 0.818 0.338 
4 0.093 0.911 0.156 
5 0.048 0.959 0.067 
6 0.024 0.983 0.026 


v 


Our discussion has focused on the calculation of E[I;], the expected stop-loss 
reinsurance claims. Typically, this is a lower bound for a stop-loss premium. The 
actual premium will contain a loading that reflects the variability of the reinsurer's 
payment, I. One measure of this variability is 


Var(I,) = El] — EIP. 


In the discrete case, it is possible to compute E[I7] recursively (see Exercise 14.8). 


We now turn to a dividend formula of group insurance because it is identical in 
concept to a stop-loss reinsurance. Recall that group insurance is the name used 
when an insurance covering many individuals is purchased in the form of a single 
contract by a sponsor such as an employer. Examples are given in the short-term 
disability illustration in Section 14.2 and Example 14.2.1. In this section we discuss 
one type of dividend formula that can be used in relation to group insurance. 


We assume that for a premium of G the insurer will provide full coverage for 
total claims S in a given period. With the policyholder's knowledge, the premium 
contains a substantial loading G — E[S] > 0. Consequently, the policyholder antic- 
ipates a dividend D at the end of the period, which will be a function of S. 
Specifically, we assume that the dividend is of the form 


p- pe. S < kG 


E (14.4.12) 


where 0 < k < 1. Thus the policyholder pays G and in return receives 5 and D. 
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We now consider the expected value of D. For notational convenience, we as- 
sume that the distribution of S is continuous and denote the p.d.f. of S by f; x ; the 
discrete case is very similar, as shown in Example 14.4.6. From (14.4.12), we have 

kG 


E[D] = ; (kG — x) fsx dx. (14.4.13) 


Presumably, the insurer will set k small enough so that E[S] + E[D] < G. 


Example 14.4.6 


For a premium of five the insurer covers total claims S, having the compound 
Poisson distribution considered in Example 14.4.5. The insurer agrees to pay a 
dividend equal to the excess of 80% of the premium over the claims. Calculate 
G — E[S] — E[D] (this is the expected value of the amount available to cover 
expenses, security loading, and so on). 


Solution: 
The dividend is of the form (14.4.12) with k = 0.8. Thus 


EID] = 4 f,(0) + 3 f;(1) + 2 4Q) + f,(3) = 2.156. 
Then, 


G — E[S] - E[D] = 5 ~ 2 — 2.156 = 0.844. v 


We can rewrite the right-hand side of (14.4.13) as 


EID] = [ «6 - 94 dx + [e - kG) fox dx. 


Thus 
E[D] = kG — E[S] + EL] (14.4.14) 


where lj; is the payment under a stop-loss contract with deductible kG. If the 
expected stop-loss claims E[I;] have already been calculated for various deductibles, 
this is a convenient formula to obtain E[D]. 


Example 14.4.7 


Use (14.4.14) to obtain E[D] in Example 14.4.6. 


Solution: 
Since E[/,] = 0.156, 


E[D] = 4 — 2 + 0.156 = 2.156. v 


There are more facets to the connection between a dividend formula of the type 
(14.4.12) and a stop-loss contract. We start with the identity 


S+D=kG + Lc. (14.4.15) 
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This can be verified by distinguishing the cases: S = kG where both sides equal 
kG, and S > kG where both sides equal S. Subtracting G from both sides, we obtain 


S+D-G= he- (1 - KG. (14.4.16) 


We have the following interpretation: The balance of the claim payments and div- 
idends received over the premium paid is the same as the corresponding balance 
for a stop-loss contract with deductible kG and stop-loss premium (1 — k)G. 


This interpretation suggests that the insurer can regard the premium as split into 
two components, 


G - kG + (1 - EG. (144.17) 


Claims are first paid from kG, and any remaining balance kG — S (for S < kG) is 
paid as a dividend in accordance with (14.4.12). The second component, (1 — k)G, 
is used to provide a stop-loss reinsurance with deductible kG. 


Formula (14.4.15) rearranged as 
D=kG-Sthe 


yields (14.4.14) again when expectations are taken on each side. 


14.5 Analysis of Reinsurance Using Ruin Theory 


Questions about type and amount of reinsurance to purchase can be answered 
in various ways. One approach is provided by the insurer adopting a utility func- 
tion. From all available reinsurance arrangements, the insurer selects the one yield- 
ing the highest expected utility. This ideal approach, which is very simple in con- 
cept, is not commonly used in practice. 


In preparation for a second approach, note that in Chapter 13 we considered the 
insurer’s premium rate c to have a relative security loading @ such that c = 
(1 + 6) Ap, [see (13.4.3)]. Here 9 did not include any loading for expenses, and all 
of c was available for the risk process. For our further discussion of reinsurance, it 
is useful to define a reinsurance loading & by the formula 


(reinsurance premium rate) = (1 + &)(expected rate of reinsurance payment). 
(14.5.1) 


The reinsurance premium rate, as determined by the reinsurer, will provide for 
reinsurance payments, expenses, security, and profit. The insurer can express the 
reinsurance premium rate in the format of the right-hand side of (14.5.1) to deter- 
mine £. In particular, for expected stop-loss claims E[I,], given by (14.4.3), the load- 
ing £ is 0. 


The second approach recognizes that the purchase of reinsurance is necessar- 
ily a compromise between expected gain and security. Because of the loading 
contained in the reinsurance premium, the purchase of reinsurance will reduce the 
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insurer’s expected gain; on the other hand, a reasonable reinsurance arrangement 
will increase security in some sense. For this approach, a required standard of 
security is first defined, and then only reinsurance arrangements satisfying this 
standard are considered. From this set of admissible arrangements, the insurer 
selects the one that allows for the highest expected gain. 


We consider two tools from ruin theory for evaluating reinsurance agreements. 
The first is the adjustment coefficient because it can be used to obtain information 
about the probability of ruin. As a second tool we examine the use of E[L], the 
expected value of the maximal aggregate loss. At this point the name adjustment 
coefficient reveals its meaning: If a certain reinsurance arrangement produces a 
value of R (or R) that is not large enough, the arrangement needs to be adjusted. 


Example 14.5.1 


An insurer has a portfolio producing annual aggregate claims that are inde- 
pendent and identically distributed; their common distribution is compound Pois- 
son with à = 1.5, p(1) = 2/3, p(2) = 1/3 (see Example 14.4.5). The annual pre- 
miums received are c — 2.5. 

a. Calculate the adjustment coefficient that results from this portfolio. 
b. Stop-loss coverage can be obtained for a reinsurance loading charge of 100%. 

Calculate the adjustment coefficient if a stop-loss contract is purchased with a 

deductible of 


03 QG)4 (ii) 5. 


Also, compare these alternatives from the point of view of expected gain. 


Solution: 


a. In this case, R = R, and we can obtain R from (13.2.6) or (13.4.2). The latter 
condition can be written 
1.5 + 2.5r = e! + (0.5) e”. 


We obtain R = R = 0.28. 

b. We consider case (i), d = 3, in detail. In Example 14.4.5 we computed E[I]] = 
0.338. The actual stop-loss premium is twice this amount, or 0.676. Thus the 
insurer's retained premium in year i is 2.5 — 0.676 — 1.824, and retained claims 
are 


1 


5; _JW, W,=0,1,2,3 
w= I5 W, > 3 


where W; denotes the aggregate claims of year i. According to (13.2.6), R is the 
positive solution of the equation 


g 182r b fux e + [1 = F,y(2)] d =] 


(see Example 14.4.5). We calculate R = 0.25. The expected gain per year is 
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(the expected gain in the — — (the expected return of the reinsurer, = 0.162. 
absence of reinsurance, which, because the reinsurer 
c — E[W] = 25 —2 = 0.5) charges at rate 2 E[I,], is E[[,] = 0.338) 


The calculations for cases (ii) and (iii) are similar. The results are displayed 
below where d = œ represents the case of no reinsurance. 


Stop-Loss Adjustment 
Deductible, d Coefficient, R Expected Gain 
3 0.25 0.162 
4 0.35 0.344 
5 0.34 0.433 
00 0.28 0.500 


With respect to security (as measured by the adjustment coefficient), a deductible 
of 4 is better than one of 5, which in turn is better than no reinsurance. With 
respect to expected gain, this order is reversed. Further, it can be observed that 
selecting a deductible of 3 would be an irrational decision. It is worse than no 
reinsurance with respect to both security and expected gain. v 


We next consider reinsurance arrangements where the reinsurer's payments de- 
pend on the individual claim amounts. In general, such a coverage is defined in 
terms of a function h(x) with 0 = h(x) = x for all x. The interpretation is that h(x) 
is the amount payable (by the reinsurer to the insurer) if a claim is of size x. A 
special case is proportional reinsurance where 


h(x)-ox OSaK¥1, (14.5.2) 


that is, where the reinsurer reimburses a constant percentage of the claim. A second 
case is excess-of-loss reinsurance where 


. JO xz 
A(x) = f -B x>B (14.5.3) 
with B = 0 playing the role of a deductible. An excess-of-loss coverage is reminis- 


cent of a stop-loss coverage [see (14.4.1)]. However, the excess-of-loss is applied to 
individual claims, while the stop-loss is applied to aggregate claims. 


We assume the continuous time compound Poisson model of Chapter 13 and its 
notation. Correspondingly, we assume the reinsurance premiums are payable 
continuously at a rate c,. Then the ceding insurer's adjustment coefficient, R,,, is the 
nontrivial solution of the equation 


À M-n) — 1] = (c — o) r. (14.5.4) 


This follows from (13.3.1) since the ceding insurer now receives income at a net 
rate of c — c, and pays x — h(x) for a claim of size x. 
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Example 14.5.2 


Consider a surplus process with (1) the aggregate claim process, S t , being com- 
pound Poisson where the claims have an exponential distribution with mean = 1, 
(2) the relative security loading is 25%, and (3) proportional reinsurance is available 
at a price 140% of the expected reinsured claims. Determine the proportion, a, of 
each claim reinsured that maximizes the adjustment coefficient, R, for the process 
with this reinsurance. 


Solution: 
By (14.5.4) R is the smallest positive root of 


A + (c — c)r = X Efexp{r[X — h(X)]}]. 


In this situation with p, = 1 and hx = ax, we have c = 1.254 and c, = 14a. 
Further, for X with an exponential distribution, 


1 
E[expir[X = h(X)n] = Leer 
This leads to the equation for R as 
1 
+ (1.25 = 14a) = eroe 
1 + (1.25 — 14o)r Pu 


and the solution for the adjustment coefficient is 


(0.25 — 0.4a) 
(1 — a)(1.25 — 1.40) 


R= 


The value of a that maximizes the value of the adjustment coefficient is 


; ert IS 5) 777] 
* 8 


— 0.308067, 


and this results in a value of the adjustment coefficient of 


R = 0.223787. v 


This answer depends upon the relationship between the two loading rates in the 
example as explored in Exercise 14.16. 


Example 14.5.3 F 


Consider the same situation as described in Example 14.5.2. This time excess- 
of-loss reinsurance is available at a price of 140% of expected claims. Find the 
deductible amount, B, which maximizes the adjustment coefficient, R, for the pro- 
cess with this reinsurance. 


Solution: 
With excess-of-loss reinsurance, the claim size distribution is the exponential dis- 
tribution truncated at B. Again we have 
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Cy 


Further, 


= 125A but now hx = x — ß for x > B and zero elsewhere, so 


1a [ (x — B) e* dx = 14re°8, 
B 


E[expir[X — h X ]}] 


B foe} 
Í e* e* dx + Í e? e * dx 
0 B 


1 — rebi» 
(L4) 


Thus, the nonlinear equation for R as a function of B is 


The following table shows the values of R corresponding to several different values 


1 + (125 — 1.4 e 9)r 


of B. 

Elh X ] B R 
0.00 infinite 0.2000 
0.05 2.9957 0.2393 
0.10 2.3026 0.2649 
0.15 1.8971 0.2871 
0.20 1.6094 0.3070 
0.25 1.3863 0.3244 
0.30 1.2040 0.3384 
0.35 1.0498 0.3474 
0.40 0.9163 0.3486 
0.45 0.7985 0.3371 
0.50 0.6931 0.3047 
0.55 0.5978 0.2366 
0.60 0.5108 0.1051 


The value of E[h X ] that leads to the largest value of R requires additional work 
but can be determined to be 0.38167 corresponding to a value of the deductible, B, 
of 0.9632. This results in a value of R of 0.3493 which is considerably larger than 
that for the most favorable value available under proportional reinsurance exam- 
ined in Example 14.5.2. 


Example 14.5.4 


Compare the values of the adjustment coefficient, R, for the situations described 
in Examples 14.5.2 and 14.5.3 for pairs of a and B such that the reinsurer's expected 


1- re 817» 
(1 — r) 


payments, E[h X ], are the same, that is, if a = e78. 
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Solution: 


Proportional Excess-of-Loss 

E[A(X)] a R B R 
0.00 0.00 0.2000 infinite 0.2000 
0.05 0.05 0.2052 2.9957 0.2393 
0.10 0.10 0.2102 2.3026 0.2649 
0.15 0.15 0.2149 1.8971 0.2871 
0.20 0.20 0.2191 1.6094 0.3070 
0.25 0.25 0.2222 1.3863 0.3244 
0.30 0.30 0.2238 1.2040 0.3384 
0.35 0.35 0.2227 1.0498 0.3474 
0.40 0.40 0.2174 0.9163 0.3486 
0.45 0.45 0.2053 0.7985 0.3371 
0.50 0.50 0.1818 0.6931 0.3047 
0.55 0.55 0.1389 0.5978 0.2366 
0.60 0.60 0.0610 0.5108 0.1051 


For a given reinsurance loading, the excess-of-loss coverage consistently leads to a 
higher adjustment coefficient than that provided by the corresponding proportional 
coverage. We see below that this is not a coincidence. y 


Somewhat similar to Theorem 1.5.1 is another theorem giving an optimality fea- 
ture of excess-of-loss reinsurance. The proof of Theorem 14.5.1 is given in the Ap- 
pendix to this chapter. 


Theorem 14.5.1 


Since c, = (1 + &) X E[h( X)] and Ce = (1 + &) à E[A5(X)] where &, and £g are the 
loadings for the respective reinsurance coverages, the conditions of the theorem 
imply é, = &,. This limits the application of the theorem, as it may not be possible 
to secure excess-of-loss reinsurance with the same loading as for other reinsurances. 


To illustrate this point, reconsider the situations of Examples 14.5.2 and 14.5.3. 
Assume that excess-of-loss reinsurance can be obtained only with a reinsurance 
loading of 75%, whereas the proportional reinsurance remains available with re- 
insurance loading of 40%. Proportional reinsurance with a = 0.25, ë, = 0.40 has a 
premium rate of 1.4 a = 0.35, and from Example 14.5.4 we see that R = 0.2222. 
The excess-of-loss reinsurance with the same expected cost has a deductible of 
B = 1.3863 and the premium rate would be 1.75 e^? = 0.4375. Here, however, going 
through the process of Example 14.5.3 we obtain an R value of 0.1459. Thus the 
reinsurance premium rate would be higher than for proportional reinsurance, but 
the resulting adjustment coefficient would be lower and imply less protection 
against ruin. 


Section 14.5 Analysis of Reinsurance Using Ruin Theory 


We now shift attention to a second criterion for analyzing reinsurance arrange- 
ments. The criterion is to minimize the expected value of the maximal aggregate 
loss random variable, L. By its definition, Pr(L > u) = (u). Since L is a non-negative 
random variable, 


EJL] = ie Pr(L > u) du = i Wu) du, (14.5.5) 


and minimizing E[L] is related to the problem of reducing the probability of ruin. 
The two criteria are quite closely related since, by (13.4.5), 


v(u) < e Ru 


so that 
d 1 
E[L] = i y(u) du < =. 
0 R 
Thus maximizing R is closely related to minimizing E[L]. 


In the next two examples, we again determine a reinsurance arrangement of the 
proportional type and then of the excess-of-loss type, both of which minimize E[L]. 


Example 14.5.5 


Consider a surplus process where (1) the aggregate claim process, S t , is com- 
pound Poisson with claims having an exponential distribution with mean = 1, 
(2) the relative security loading is 25%, and (3) proportional reinsurance is available 
at a price 140% of the expected reinsured claims. Determine the proportion, a, of 
each claim reinsured that minimizes E[L], the expected value of the maximal ag- 
gregate loss random variable. 


Solution: 

By (13.6.16) E[L] = p;/ (2p,9). All numbers are in terms of premiums and claims 
retained by the original insurer, so p, = E[(1 — ayX?| = (1 — ay E[X?] = 
2(1 — a)’. The expression 6p, is the net amount of loading collected and retained 
by the original insurer and is the difference 1.25 — 14 a — (1 — a) = 025 — 0.4 o. 
Thus F[L] = (1 — a} / (0.25 — 0.4 o), and this is minimized at « = 0.25. At this 
value of a, E[L] = 3.75. v 


Example 14.5.6 


Consider the same situation as described in Example 14.5.5. Find the deductible 
amount, B, which minimizes E[L] if excess-of-loss reinsurance is available at a price 
of 
a. 140% of the expected claims reinsured, and 
b. 175% of the expected claims reinsured. 
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Example 14.5.7 


Solution: 


With excess-of-loss reinsurance, the claim size distribution is the exponential dis- 


tribution truncated at B. Here, 


B co 
p= [ zerar f perdr-1-08 
0 8 


and 


B o0 
p i x?e*dx- Í B? e™ dx = 2 [1 — (B + 1)e*]. 
p 


a. The net amount of loading collected and retained by the original insurer is the 


difference 
1.25 — 14e? — (1 — e-P) = 0.25 — 04e. 


Thus E[L] = [1 — (B + 1)e ^]/(0.25 — 04e). The value of B that minimizes 
this expression satisfies the equation 


04 — 0.25 B = 04 ef, 


and the Q that satisfies this is 1.02717. At this value of B, E[L] = 2.56793. This 
value of E[L] is smaller than the one found in Example 14.5.5, suggesting that 
excess-of-loss reinsurance is also to be preferred over proportional reinsurance 
by this criterion. 


. By a similar process the value of B that minimizes E[L] in part (b) satisfies the 


equation 
0.75 — 0.25 B = 075 e P, 


and the B that satisfies this is 2.82143. At this value of B, E[L] = 3.76192. This 
value of E[L] is slightly larger than the one found in Example 14.5.5 for pro- 
portional reinsurance. This suggests that excess-of-loss reinsurance, with higher 
loading, is not preferred over proportional reinsurance by the E[L] criterion. W 


Compare the results of Examples 14.5.5 and 14.5.6 for pairs of a and f such that 


the reinsurer's expected payments, E[h(X)], are the same, that is, if a = e7*. 
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Proportional Excess-of-Loss Excess-of-Loss 
40% Loading 40% Loading 75% Loading 
E[h X ] a ELL] B EIL] p EIL] 
0.00 0.00 4.000 infinite 4.000 infinite 4.000 
0.05 0.05 3.924 2.9957 3.479 2.9957 3.766 
0.10 0.10 3.857 2.3026 3.189 2.3026 3.827 
0.15 0.15 3.803 1.8971 2.976 1.8971 4.112 
0.20 0.20 3.765 1.6094 2.812 1.6094 4.781 
0.25 0.25 3.750 1.3863 2.690 1.3863 6.455 
0.30 0.30 3.769 1.2040 2.606 1.2040 13.552 
0.35 0.35 3.841 1.0498 2.569 
0.40 0.40 4.000 0.9163 2.594 
0.45 0.45 4.321 0.7985 2.724 
0.50 0.50 5.000 0.6931 3.069 
0.55 0.55 6.750 0.5978 4.040 
0.60 0.60 16.000 0.5108 9.350 
v 


Example 14.5.7 suggests that for the same loading levels, excess-of-loss reinsur- 
ance is to be preferred over proportional reinsurance. Exercise 14.24 illustrates the 
development of a result that formalizes this observation. At higher loading levels 
for excess-of-loss reinsurance the picture is mixed. For low amounts of reinsurance 
purchased, that is, low values of E[h X ], a superiority of excess-of-loss can still be 
observed. With higher amounts purchased, the proportional reinsurance with its 
smaller loading will be preferred. 


14.6 Notes and References 


A monograph by Hogg and Klugman (1984) demonstrates the use of claim sta- 
tistics for selecting a claim amount distribution and estimating the parameters. 
Other references for this can be found in Seal (1969). The claim amount distribution 
for group weekly indemnity insurance was taken from papers by Miller (1951) and 
Bartlett (1965). The hospitalization continuance curve was derived from data in a 
paper by Gingery (1952). 


The two methods for approximating the individual model by a collective model 
were suggested by Mereu (1972) and Wooddy (1973). 


Calculating stop-loss premiums has been the subject of many papers. Bohman 
and Esscher (1963-64) reported on an extensive study of alternative methods of 
approximating the distribution of total claims and expected stop-loss claims. Bart- 
lett (1965) discussed the use of the gamma distribution for the calculation of ex- 
pected stop-loss claims. Bowers (1969) presented an upper bound, in terms of the 
mean and variance of aggregate claims, for expected stop-loss claims. This result 
has been generalized by Taylor (1977) and by Goovaerts and DeVylder (1980). In 
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recent years several papers have developed methods for use with discrete claim 
distributions. These include Halmstad (1972), Mereu (1972), Gerber and Jones 
(1977), and Panjer (1980). 


A link between the applications of risk theory and financial economics is estab- 
lished in Exercise 14.23, The result was obtained by Black and Scholes (1973), start- 
ing with assumptions about the operations of an efficient securities market. Their 
work is widely regarded as starting a new approach to many issues in financial 
economics. 


The effect of reinsurance on the probability of ruin is discussed by Gerber (1980). 


nD 
Appendix 


Proof of Theorem 14.5.1: 
We know that R, is the positive root of 


X + (c — ¢,)r = Mynx) 
and R, is the positive root of 

A t (c— Cg)" = XM hg ax l). 
Since c, — cg, we can see from Figure 14.A.1 that 


Myr) = My xr | > 0 (14.A.1) 


implies R, = Rg. 


Proo of T eorem 14.5.1 

À Mx-nx (r) 

À M x-ngixy (r) 

A+(C—cy)r = At+(c—cg)r 
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To establish (14.A.1), we first use the convexity of the exponential function to 
show that 


explr[x — h x ]} = expfr[x — ha(x)]} 
+ r explrix — hg(x)]} [hg (x) — h x]. 
Since x — hy(x) = B and x — hy(x) = B whenever h,(x) — h x > 0, it follows that 
explr[x — h x ]] = exp(r[x — hg(x)]] + r exp(r gg) — hx ]. 
Then 
Elexp{r[X — h X JH = Elexptr[X — hg(X)]} 
+ r exp(r B) E[hg(X) — h X ]. 


By the hypothesis of the theorem the last expectation is 0. This yields (14.4.1), from 
which the theorem follows. E 
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Exercises 


Section 14.1 


14.1. A term insurance provides the amount b if a claim occurs. The probability 
of a claim occurring is g. 
a. Consider the following loss random variable: 

ius l — bg with probability q 


0 — bq with probability p = 1 — g. 
Verify that E[L] = 0. 

b. Calculate Var(L). 

c. The security-loaded premium is taken as bg + sV Var(L). If 100 identical 
policies of this type are sold and the loss random variables, as defined in 
part (a), for these policies are mutually independent, calculate the loading 
factor s such that the probability that the sum of these loss random var- 
iables exceeds the total security loading is less than 0.01. 


Section 14.2 


14.2. Verify the mean and variance entries in Table 14.2.1. 


143. a. Calculate the mean of the distribution described in Table 14.2.2. 
b. By how much would the expected benefit per case of disability be reduced 
in the short-term disability insurance illustration if the 13-week maximum 
were replaced by a 10-week maximum? 


14.4. Given that a disability has occurred, evaluate, on the basis of Table 14.2.2, 
a. Pr3 = Y x 6) 
b. Pr(10 = Y x 13) 
c. Pr(20 = Y x 23). 


——————— ——————— "9 
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Section 14.3 


14.5. Consider a portfolio of 100 policies, each of which is for a 1-year term life 


insurance. 
One-Year Amount Insured 
Mortality Rate 1 4 
0.01 10 20 
0.02 30 40 


The matrix entries give the number of policies in the portfolio for the indi- 

cated combination of amount insured and mortality rate. 

a. If S represents the aggregate claims, calculate E[S] and Var(S). 

b. What compound Poisson distribution would be used for approximating 
the individual model by the first method? What would be the resulting 
approximation for Var(S)? 


14.6. Suppose that B, = b; > 0 forj = 1,2,..., 1. 

a. Write expressions for the mean and variance of the compound Poisson 
distribution chosen according to the second method. 

b. Show that the values in (a) are higher than the corresponding values 
obtained by the first method. [Hint: First show that X, —Ugs J = 12, 
22s] 

c. Compute the mean and variance of the compound Poisson distribution 
in Example 14.3.1 by the second method. 


14.7. Calculate the probability that two claims that occur in the individual model 
are from policies i and j (i + j). 
Section 14.4 
14.8. Suppose that the possible claims are integers. Show that 
E[/7] = EN] — 2 EI ,] + 1 — Fd — 1). 


14.9. Calculate E[I,] if S has the normal distribution with parameters u and o. 


14.10. Suppose that the possible claims are integers. Express the following in terms 
of F(x) and f,(x): 
a. AE[I] b. AEE]. 


14.11. It is known that E[L] = 1 — d — (1 — d°)/3 for 0 = d = 1 and is equal to 
0 for d > 1. Derive the p.d.f. of the underlying distribution of aggregate 
claims. 


14.12. If 5 has a compound Poisson distribution given by à = 3, p(1) = 5/6, 
p(2) = 1/6, calculate f,(x), F(x), E[I,] for x = 0, 1, 2. 
14.13. A dividend of the form (14.4.12) is to be used in Examples 14.4.6 and 14.4.7. 
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a. Calculate G — E[S] — E[D] if k = 0.9. 
b. Determine k such that G — E[S] — E[D] = 0. 


14.14. A reinsurer will pay 80% of the excess of S over a deductible d, subject to a 
maximum payment of m. Express the expected claims under this coverage 
in terms of expected stop-loss claims. 


14.15. In Example 14.4.5 determine d such that B[I] = 0.2. 


Section 14.5 


14.16. a. Repeat Example 14.5.2 with A = 1, c = 1 + 6, and c, = (1 + a. 
b. Develop a relationship between 8 and £ so that the maximum of R occurs 
ata = 0. 


14.17. a. Repeat Example 14.5.5 with à = 1, c = 1 + 0, and c, = (1 + 8a. 
b. Develop a relationship between 6 and & so that the minimum of E[L] 
occurs at a = 0. 


14.18. Reconsider the situation of Example 14.5.3, now with à = 1, insurer's relative 
security loading 6, and excess-of-loss reinsurance available at a price of 
1 + € times expected claims covered by the reinsurance. 
a. Determine an expression for the ceding insurer's relative security loading 
after purchase of the reinsurance described. 
b. Determine the equation from which the ceding insurer’s adjustment co- 
efficient can be obtained. 


14.19. The annual claims, W, i = 1, 2,... for an insurance company are mutually 
independent and identically distributed, N(10, 4). The company collects a 
relative security loading of 25%. A reinsurer is willing to accept the risk on 
any part, a, of the portfolio on a proportional basis for a reinsurance pre- 
mium equal to 140% of the expected value of the claims reinsured. 

a. Express the adjustment coefficient, R, for the portfolio with proportional 
reinsurance as a function of a. 

b. Determine the value of a that maximizes the security of the insurance 
company by giving the largest value of R. 


Miscellaneous 


14.20. A reinsurer with wealth w and utility function u(w) sets the stop-loss pre- 
mium H; corresponding to a deductible d so that u(w) = E[u(w + H; — Ip] 
[see (1.3.6)]. Calculate H; if u(w) = —oe *" (a > 0) and if 5 has the normal 
distribution with parameters y. and o. 


14.21. It is known that 
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Derive the p.d.f. of the underlying distribution of aggregate claims. Identify 
the distribution. 


14.22. Let N have a Poisson distribution with parameter A, a positive integer. 
AM e-^ 
A! 


a. Show that E[I,] = 


b. Use the result of Exercise 12.20 in which an approximation to the distri- 
bution of (N — X) / V, when ^ is large, is derived to confirm that 


VA 

V2n 

c. Combine the results of parts (a) and (b) to derive the approximation 
AL mOAN 728A 


(Historical Comment: This is known as Stirling's approximation for A!, 
when À is large. “In 1730 James Stirling, with help from De Moivre, de- 
rived this exponential approximation for factorials. De Moivre then 
showed in a paper of 1733 that the exponential error function gave a very 
good approximation of the distribution of possible outcomes for problems 
like the result of 1000 coin tosses" [The Rise of Statistical Thinking, T. M. 
Porter, Princeton University Press, 1986, p. 93]. In this exercise we have 
reversed the route followed by De Moivre and Stirling. We used the Cen- 
tral Limit Theorem to derive Stirling's approximation.) 


E[] = 


14.23. a. If 5 has a lognormal distribution with parameters tm and to?, t > 0, derive 
an expression for 


E[e *'1,], where 8 > 0. 


b. Determine the value of m such that the expectation of the discounted 
value of S is 1. 

c. Rewrite your result of a. with this value of m. 
[Remark: Your answer is the Black Scholes formula for a European call 
option, with exercise price d, on a stock with price 1 at + = 0 and price S 
at time f.] 


14.24. For the compound Poisson process model of Chapter 13 with security load- 
ing 9, consider the excess-of-loss reinsurance contract h,(x) with loading € 
and the set of reinsurance contracts, h(x), with E[h(x)] = E[hg(x)] and load- 
ing &. Assume that 0E[X] > & E[h(x)]. 

a. Verify that E[L:h] = p;,/20p,;, where the h subscripts indicate the mo- 
ments of the process of retained claims under reinsurance contract h. 

b. Verify that under the hypothesis, the minimization of E[L:h] over the set 
of possible reinsurance contracts with the specified premium and loading 
is equivalent to minimizing p». 

c. Using the method of Exercise 1.21, confirm that ElL:hy] = E[L:h], thereby 
establishing another optimal property of excess-of-loss reinsurance. 
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INSURANCE MODELS 
INCLUDING EXPENSES 


15.1 Introduction 


The equivalence principle was introduced in Chapter 6 as a means for determin- 
ing insurance premiums. In that chapter, the principle imposed the condition that 
the actuarial present values of benefits and benefit premiums be equal at the time 
the insurance is issued. In Chapters 7 and 8 this principle was applied to time 
periods beyond the initial date of contract. Benefit reserves were expressed as the 
actuarial present value of the difference between future benefit payments and fu- 
ture benefit premium income. 


The foregoing chapters were devoted, in large part, to building a comprehensive 
model for insurance systems based on the equivalence principle. However, this 
model did not incorporate several aspects of insurance practice and economic re- 
ality. For example, an insurer has cash outflows other than claim payments. 
Expenditures of this general type include those for taxes and licenses as well as 
those for selling and servicing insurance policies. These expenses must be met from 
premium and investment income. In this chapter we incorporate expenses into the 
model for premiums and reserves. 


The equivalence principle is extended to incorporate expense payments along 
with benefits as expenditures, and provisions for expenses are included in premi- 
ums and reserves. In this extension, it is assumed that the expenses incurred in 
connection with each policy are known with certainty. This extension is shown to 
provide a reasonable foundation for financial reporting for insurance enterprises. 


Withdrawal benefits are common in life insurance, and they are required, and 
their amounts regulated, in many jurisdictions. In Section 15.3 a multiple decrement 
example is used to illustrate a comprehensive model involving death and with- 
drawal benefits and expenses. This model is used with the equivalence principle 
to derive premiums, reserves, and financial reports. 
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In the history of insurance practice and regulation, it has been convenient to 
approximate double decrement models incorporating expenses by using single- 
decrement-death-benefit-only models with suitably modified sets of benefit pre- 
miums. Some of these regulatory issues are discussed in Sections 16.2, 16.6, and 
16.7. 


15.2 Expense Augmented Models 


The main ideas needed to incorporate expenses are first examined in an extended 
illustration. Tables 15.2.1A and 15.2.1B specify the salient features, selected for con- 
venience and ease of calculation rather than for realism. 


Specifications of Illustration: Description 


1. Plan of insurance 3-year annual premium endowment insurance, issued to 
(x) with level benefits and premiums 
2. Payment basis Fully discrete 
3. Mortality 4, = 01, 4,44 = 0.1111, gyaez = 0.5 
4. Interest Annual effective rate of i = 0.15 
5. Amount of insurance 1,000 
6. Expenses 
a. Timing Paid at the beginning of each policy year 
b. Amount (as given in Table 15.2.1B) 


d 
Specifications of Illustration: Amount of Expenses 


First Year Renewal Years 
Percentage Percentage 
Type of Expense of Premium Constant of Premium Constant 
Sales commission 1096 — 2% — 
General expense 4 3 — 1 
Taxes, licenses, and fees 2 — 2 — 
Policy maintenance 2 1 2 1 
Issue and classification 2 4 — — 
Total 2096 8 6% . 2 


[eue eee LL LLL L1t1111 1 OE DR RA LL 


15.2.1 


466 


Premiums and Reserves 


Descriptive specifications 1 through 5 from Table 15.2.1A can be used with the 
equivalence principle to determine the level annual benefit premium for this in- 
surance, 1,000 P,4 = 288.41. Table 15.2.2 provides the details of the calculation of 
the corresponding benefit reserves. 


Section 15.2 Expense Augmented Models 


Benefit Reserve Calculations 


(1) (2) (3) (4) 


Curtate Conditional 
Future Probability 
Lifetime Loss Variable of Outcome (2) x (3) 
At Issue (L) 
K(x) = 0 581.16 0.1 58.12 
K(x) = 1 216.94 0.1 21.69 
K(x) = 2 — 99.76 0.8 —79.81 


1000,V.5 = ElL] = 0.00 
(gL) = 215.51 


One Year after Issue (,L) 
K(x) 21 581.16 0.1111 64.57 
K(x) = 2 216.94 0.8889 192.84 


1,000 ‚V,a = ELL] = 257.41 
o(,L) = 114.46 


Two Years after Issue GIL) 


K(x) = 2 581.16 1.0 581.16 
1,000 ,V,4 = ELL] = 581.16 
o(,L) = 0 


As a final confirmation we can verify that ,V,4 = 1.0: 
1,000(,V,.4 + P,3)(1 + i) = 1,000 
(581.16 + 288.41)(1.15) = 1,000 


The expenses, as provided by Table 15.2.1B, are incorporated by modifying the 
loss variables. The present value of benefits is increased by the present value of 
expenses. This new total is then offset by the present value of level expense-loaded 
premiums, denoted by G. Table 15.2.3 is constructed using information from Table 
15.2.1B. 


Expense Augmented Loss Variable (L) 


Curtate 

Future Present Values Probability 
Lifetime Benefits + Expenses — Premiums of Outcome 
K(x) 0  1,00v + (0.20G + 8) — Gi 0.1 
K(x) - 1 1,0005? + (0.20G + 8) + (0.06G + 2)aq — Gia 0.1 
K(x) z2 1,0005 + (0.20G + 8) + (0.06G + 2)23 — Gig 0.8 
Expected 688.58387 + (0.20G + 8) + (0.06G + 2)(1.3875236) 

Values 

— G(2.3875236) 


Implicit in the expense augmented loss variable (oL,) displayed in Table 15.2.3 is 
the decision to fund benefits and expenses with a level annual premium G. Other 
patterns for premiums are possible. In this case, the expense-loaded premium is 
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determined by the equivalence principle; that is, the expected value of the expense 
augmented loss variable is 0. From Table 15.2.3, 


688.58387 + (0.20G + 8) + (0.06G + 2)(1.3875236) — G(2.3875236) = 0.0. 
This yields 
G = 332.35, 
which may be written 


G = 1,000P,.4 + level expense premium (e) 


II 


288.41 + 43.94 = 332.35. 


Table 15.2.4 exhibits the calculations of the expected values and standard devi- 
ations of the expense augmented loss variables at policy issue and at 1 and 2 years 
after issue. The total reserve is allocated into benefit and expense components. In 
each year, expected income from level benefit premium payments does not match 
expected benefit payments. This mismatching creates a non-negative benefit re- 
serve. Likewise in each year, expected income from level expense loadings does 
not match expected payments for expenses. This mismatching creates a nonpositive 


expense reserve. 


Expected Values of Expense Augmented Loss Variables 


(Present — (1,000 x (Present wed 
Cunate Value of P,a X Value of — e à Conditional 
Future ; zA T kei Probability 
Lifetime Benefits) ärr) Expenses) of Outcome 
At Issue (,L,) 
K(x) = 0 (869.57 — 288.41) + (74.47 — 43.94) 0.1 
K(x) = 1 (75614 — 53920) + (93.55 — 82.15) 0.1 
K(x) =2 (65752 — 757.28) + (110.114 — 115.37) 0.8 
Expected Values: Benefit reserve + Expense reserve = Total reserve 
0 + 0 = 0 


o(L) = 226.82 


One Year after Issue (,L,) 


K(x) 2-1 (869.57 — 288.41) + (21.94 — 43.94) 0.1111 
K(x) 22 (75614 — 539.20) + (41.02 — 82.15) 0.8889 
Expected Values: Benefit reserve + Expense reserve = Total reserve 
257.41 - 39.00 = 21841 
c(L) = 12047 
Two Years after Issue GL.) 
K(x)z2 (869.57 — 288.41) + — (2194 — 43,94) 1.0 
Expected Values: Benefit reserve + Expense reserve = Total reserve 
581.16 = 22.00 = 559.16 
eGL) = 0 


As a confirmation, the terminal total reserve (at the end of 3 years) is: 


(total reserve at end of year 2 + loaded premium — expenses )(1 + 1) 
-( 559.16 + 332.35 — 2194 )(1.15) = 1,000 


Section 15.2 Expense Augmented Models 


The following observations identify some of the key ideas in the illustration. 


Observations: 


1. Loss variables, as originally introduced, measure the present value of benefits 
less the present value of benefit premiums at the various times when benefits 
might be paid. These variables can be augmented to incorporate expenses and 
expense-loaded premiums. 

2. The equivalence principle can be used to determine expense-loaded premiums 
and the associated total reserves (benefit reserves plus expense reserves). 

3. The expense reserve is often negative in early policy years. This is a consequence 
of matching a decreasing stream of expense payments with a level stream of 
expense loadings. 

4. Analysis and projection of expenses precede the determination of expense- 
loaded premiums. 

5. The standard deviation of the expense augmented loss variable can be used to 
determine a contingency fund. This fund guards against inadequate balancing 
of premium and investment income with benefit and expense payments. Such a 
situation is possible due to the random nature of the time benefits are paid. 
Methods for this were illustrated in Chapter 8. 
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15.2.2 Accounting 


In manufacturing enterprises, a product is usually built before it is sold. In most 
businesses that provide services, the service is performed before payment is re- 
ceived. An insurance operation is unusual in that premium income is received 
before the service of risk assumption is performed. It is this fact that motivates 
concerns by regulators and consumers about insurer solvency, and it also creates 
financial reporting issues. 


Accounting is directed, in part, to matching the cost of providing a product or 
service with the revenue derived from selling it. The objective is to measure the 
economic gain or loss from engaging in these activities. Accounting in life insurance 
and annuity operations differs from that in many enterprises because income is 
received before costs are known. The reserve systems illustrated earlier, level ben- 
efit premium and expense-loaded premium, can be used to achieve an improved 
match between premium income and associated expenditures. 


The illustration is continued in Tables 15.2.5 and 15.2.6, in which the following 
assumptions are made: 
* The annual contract premium for each policy is 342.35, the expense-loaded 
premium plus an arbitrary amount of 10. The remainder, after paying the per- 
cent of premium expenses on the additional 10, is for profit and contingencies. 
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(a) (b) 
Reporting Benefit 


Reporting Benefit Plus Expense 
Reserves as Reserves as 
Income Statements Liabilities Liabilities 
During First Year 
Income 
Premium (10) 3 423.50 3 423.50 
Investment (1596) 548.82 548.82 
3 972.32 3972.32 
Charges to Income 
Expenses 
Percentage (20%) 684.70 684.70 
Constant (8) 80.00 80.00 
Claims (1) 1 000.00 1 000.00 
Increase in reserves 2 316.69 1 965.69 
4 081.39 3 730.39 
Net Income —109.07 241.93 
During Second Year 
Income 
Premium (9) 3081.15 3 081.15 
Investment (15%) 912.88 912.88 
3 994.03 3 994.03 
Charges to Income 
Expenses 
Percentage (6%) 184.87 184.87 
Constant (2) 18.00 18.00 
Claims (1) 1 000.00 1 000.00 
Increase in reserves 2 332.59 2 507.59 
3 535.46 3 710.46 
Net Income 458.57 283.57 
During Third Year 
Income 
Premium (8) 2 738.80 2 738.80 
Investment (1596) 1 283.59 1 283.59 
4 022.39 4 022.39 
Charges to Income 
Expenses 
Percentage (696) 164.33 164.33 
Constant (2) 16.00 16.00 
Claims and maturities (8) 8 000.00 ' 8000.00 
Increase in reserves —4 649.28 —4 473.28 
3 531.05 3 707.05 
Net income 491.34 315.34 
Notes: 
1. Investment income = (assets at end of prior year + premium income — expenses) (0.15). 
2. Total net income = —109.07 + 458.57 + 491.34 Col. (a) 
= 241.93 + 283.57 + 315.34 Col. (b) 


= 840.84. 
3. Alternative calculation (review specifications in Table 15.2.1B): 
total net income = (interest income on initial funds) + (accumulated value of net profit loadings) 
= 1,000[(1.15)? — 1] + 10[(10)(0.8)(1.15)? + 9(0.94)(1.15)? + (8)(0.94)(1.15)] 
= 840.91. 
The difference in results of these two calculations is attributed to rounding errors. 
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Balance Sheets 


(a) (b) 
Reporting Benefit 
Reporting Benefit Plus Expense 
Reserves as Reserves as 
Balance Sheets Liabilities Liabilities 
At End of First Year 
Assets 3 207.62 3 207.62 
Liabilities (Reserves) 2 316.69 1 965.69 
Surplus 890.93 1 241.93 
3 207.62 3 207.62. 
At End of Second Year 
Assets 5 998.78 5 998.78 
Liabilities (Reserves) 4 649.28 4 473.28 
Surplus 1 349.50 1 525.50 
5 998.78 5 998.78 
At End of Third Year 
Assets 1 840.84 1 840.84 
Liabilities (Reserves) 0 0 
Surplus 1 840.84 1 840.84 
1 840.84 1 840.84 


Notes: 
1. Increase in surplus = total gains (see note 2 to Table 15.2.5). 1,840.84 — 1,000 = 840.84. 
2. Surplus = (surplus at end of previous year + net income). 
3. Assets = [assets at end of previous year + (net income + increase in reserves)] 
= [assets at end of previous year + (premiums + investment income — claims — expenses). 


* The accounting statements are derived using a deterministic survival group, 
initially consisting of 10 insureds. Each accounting entry can be divided by 10 
to produce entries that can be interpreted as expected amounts for each initial 
insured. 

* Expenses are paid and investment income is earned exactly as specified in 
Tables 15.2.1A and B. 

* The hypothetical insurance operations start with an initial fund of 1,000. 

* In the accounting statements in column (a), benefit reserves alone are reported 
as liabilities. In the accounting entries in column (b), benefit reserves plus ex- 
pense reserves are reported as liabilities. 

The set of accounting statements that use benefit reserves as liabilities is internally 
inconsistent in a sense. This is true because future expenses and provisions for 
these expenses in future premiums are not incorporated into liabilities. 

The following observations indicate some additional key points in the accounting 

illustration. 


Observations: 


6. The amounts recognized as net income in the accounting statements are less 
variable when benefit plus expense reserves are reported as liabilities than in 
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the situation where benefit reserves alone are reported. Also, net income can be 
related to interest on surplus and the net profit loadings accumulated with 
interest. 

7. Total gain over the 3-year period is not affected by the method selected for 
reporting liabilities. 

8. In actual practice, expected results are not realized with the degree of certainty 
assumed in the illustration. 


The practice and therefore the vocabulary of life insurance accounting are com- 
plicated by the fact that several groups of stakeholders, each with its own respon- 
sibilities and interests, rely on these statements. The ideas illustrated in column (a) 
of Tables 15.2.5 and 15.2.6 are related to those historically used in the United States 
for regulatory purposes. The ideas illustrated in column (b) are related to those 
used in financial statements intended for use by the capital markets. 


15.3 Withdrawal Benefits 


In Section 11.4 the idea of withdrawal benefits to be paid to terminating 
policyholders was introduced. The primary purpose of that section was the estab- 
lishment of conditions under which premiums and reserves incorporating death 
and withdrawal benefits would be identical to those determined within a mortality- 
only model. This required that death and withdrawal be independent, and in Sec- 
tion 11.7 it was indicated that there are barriers to extending the result to the 
discrete model. 
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Premiums and Reserves 


In this section the extended illustration constructed in Section 15.2 is expanded 
to a double decrement model with withdrawal benefits. The amounts of the with- 
drawal benefits are denoted by b®),, and they are determined in Example 15.3.1. 
This example is based on the principle incorporated into the law regulating mini- 
mum withdrawal benefits in the United States. It involves using a mortality-only 
benefit model, with an arbitrary provision for expenses. The principle is based on 
an extension of ideas introduced in Section 11.4; namely, that if withdrawal benefits 
in the double decrement model are approximately equal to the expense augmented 
reserves, benefit plus expense reserves, determined using an associated mortality- 
only model, then the effect on premiums and reserves of adding a withdrawal 
benefit will be small. 


Example 15.3.1 


The benefit premium determined by the equivalence principle and the assump- 
tions listed in Table 15.2.1A is 1,000 P,z = 288.41. An arbitrary expense loading of 
40/ü,3 = 40/2.3875 = 16.75 is added to the benefit premium to produce an 
expense-loaded premium of 305.16. Within regulations this is called an adjusted 
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premium and is denoted in this example by 1,000 P23. Determine withdrawal ben- 
efits with the assumptions listed in Table 15.2.1 using the following prospective 
reserve-type formula: 


be), = 1,000(A,..,575 U Pss B. 3-1). 
Solution: 
be, = 1,000 Ass — 305.16 4,43 
= 768.75 — 305.16(1.7729) = 227.73, 
pO. = 1,000 Aysoq — 305.16 fyi 97 


= 869.57 — 305.16 = 564.41. v 


The assumptions used to expand the illustration are shown in Table 15.3.1. Tables 
15.3.2 and 15.3.3 are closely related to each other. In Table 15.3.2 the annual ex- 
pense-loaded premium using the equivalence principle is determined. Table 15.3.3 
corresponds to Table 15.2.4 and exhibits the calculation of benefit and expense 
reserves in the double decrement model. The observations following Table 15.2.4 
remain valid. 


Specifications of Illustration 
Including Withdrawal Benefits 


Withdrawal Benefits 
b2, = 227.73 $b, = 56441 


Multiple Decrement Probabilities 
qo = 0.1 qQ, = 0.1111 


q?=01 g@, = 0.1111 


Deaths and withdrawals are assumed to be independent as described in Section 
11.4. Withdrawals are assumed to occur only at the end of each year of age; that 
is, p, is a step function as shown in Figure 10.2A, the graph of ,p!. In this 
example, the value of gq® = q, and q@, = 4,41. 


Table 15.3.2 contains the data necessary to determine the (double decrement 
model) annual benefit premium, P23, annual expense loading, e, and the annual 
expense-loaded premium, G, by the equivalence principle. We have 


621.0011 — P24 (2.1661) = 0, 
Pla = 286.69, 
621.0011 + (0.2G + 8) + (0.06G + 2)(1.1661) — G(2.1661) = 0, 
G = 332.96, 
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(0.2G + 8) + (0.06G + 2)(1.1661) — e(2.1661) = 0 
e = 4627. 
As a confirmation, we have 
G = Piz + e, 


332.96 = 286.69 + 46.27. 


15.3.2 Accounting 


As indicated in Section 15.1, the equivalence principle provides a conceptual 
framework for financial reporting of an insurance enterprise. In this section the 
financial reporting illustration of Section 15.2.2 will be extended to the double dec- 
rement model. 

* The annual contract premium will be the annual level expense-loaded premium 

plus an arbitrary amount of 10 for profits and contingencies (less the percent 
of premium expenses on the 10). 

* The accounting statements are derived using expected values for death and 
withdrawal benefit payments and for number of survivals. There are 10 initial 
insureds. 

* Expenses are paid and investment income is earned as specified in Tables 
15.2.1A and B. 

* The hypothetical insurance operation starts with an initial fund of 1,000. 

* In the accounting statements in column (a), benefit reserves, mortality-only 
model, are reported as liabilities, and in column (b) benefit and expenses re- 
serves are reported as liabilities. 

The financial statements in column (a) can be viewed as internally inconsistent 
because of the failure to incorporate future expenses and withdrawal benefits and 
provisions for these expenditures in future premiums into liabilities. Column (a) is 
displayed because of its historic role in regulation. 


A comparison of Tables 15.2.5 and 15.2.6 with Tables 15.3.4 and 15.3.5 confirms 
the increased realism of financial statements using a double decrement model that 
incorporates expenses. The leveling effect on reported net income of the more com- 
prehensive reserve system is also apparent. If the withdrawal benefits had not been 
selected to reduce their impact on premiums and reserves in the change from the 
single decrement model to the double decrement model, the difference in financial 
results between the two models would have been more pronounced. 


15.4 Types of Expenses 


The accounting system of an insurance enterprise is designed to record, classify, 
and summarize financial transactions. The same system, though, will furnish data 
on activity levels: the number and amount of sales, the number of claims paid, the 
number of premiums billed, and so on. After collecting this information, analysis 
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Income Statements (10 Initial Insureds) 


(a) 


Reporting 
Single Decrement 
Benefit Reserves 

as Liabilities 


(b) 
Reporting 
Double Decrement 
Benefit and Expense 
Reserves as Liabilities 


During First Year 
Income 
Premiums (10) 
Investment (15%) 


Charges to income 
Expenses 
Percentage (20%) 
Constant (8) 
Death benefits (1) 
Withdrawal benefits (1) 
Increase in reserve 


Net income 


During Second Year 
Income 
Premium (8) 
Investment (15%) 


Charges to income 
Expenses 
Percentage (6%) 
Constant (2) 
Death benefits (0.8889) 
Withdrawal benefits (0.8889) 
Increase in reserves 


Net income 


During Third Year 
Income 
Premium (6.2222) 
Investment (15%) 


Charges to income 
Expenses 
Percentage (6%) 
Constant (2) 
Benefits (6.2222) 
Increase in reserves 


Net income 


3 429.60 


549.55 


3 979.15 


685.92 
80.00 

1 000.00 
227.73 


2 059.28 
4 052.93 
—73.78 


2 743.68 


832.28 


3 575.96 


164.62 

16.00 
888.90 
501.70 


1 556.83 
3 128.05 
447.91 


2 133.97 


1 047.56 


3 181.53 


128.04 
12.44 
6 22222 


—3 616.11 
2 746.59 
434.94 


3 429.60 
549.55 


3979.15 


685.92 
80.00 

1 000.00 
227.73 
1743.52 
3 737.17 


___ 241.98 


2 743.68 
832.28 


3 575.96 


164.62 
16.00 
888.90 
501.70 
1732.15 
3 303.37 


272.59 


2 133.97 
1 047.56 


3 181.53 


128.04 
12.44 

6 222.22 
=3 475.67 
2 887.03 


294.50 
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Balance Sheets (10 Initial Insureds) 


(a) (b) 
At end of first year 
Assets 2 985.50 2 985.50 
Liabilities (Reserves) 2 059.29 1743.52 
Surplus 926.22 1 241.68 
2 985.50 2 985.20 
At end of second year 
Assets 4 990.24 4 990.24 
Liabilities (Reserves) 3616.11 3 475.67 
Surplus 1 37413 1514.57 
4 990.24 4 990.24 
At end of third year 
Assets 1 809.07 1 809.07 
Liabilities (Reserves) 0 0 
Surplus 1 809.07 1 809.07 


Notes on Tables 15.3.4 and 15.3.5 
1. Total net income = 73.78 | 447.91 + 434.94 


= 809.07 Col. (a) 
= 241.98 + 272.59 + 294.50 
= 809.07 Col. (b) 


2. Alternative calculation of total income 
(Interest income on initial funds) + (Accumulated value of profit loadings) = 
1,000[(1.15)* — 1] + 10[10(0.8)(1.15)* + 8(0.94)(1.15)? + (6.2222)(0.94)(1.15)] = 809.26 
The difference in the results of these two calculations is attributed to accumulated rounding errors that started 
with the use of a contract premium rounded to two decimal places. 


can be performed with the goal of relating major expense items to the activities 
they support. These allocations will guide the determination of expense loading on 
premiums for insurance policies sold in the future. If the equivalence principle is 
applied, the actuarial present value of expense loadings will equal the actuarial 
present value of expenses charged to the policy. 


Classification and allocation of the expenses of an insurance organization are 
perplexing tasks. An example is given in Table 15.4.1. Here a tentative classification 
system is adopted and the results traced. 


In the determination of expense-loaded premiums, attention is concentrated on 
the insurance expenses. However, investment expenses are typically viewed as an 
offset to investment income and reflected in premiums through a reduction in the 
assumed interest rate. 


In some instances practice indicates a natural relationship between expense items 
and activity levels. For example, it is common to compensate sales agents by a 
commission structure of percentages applied to first-year and renewal premiums. 
In Section 15.2 the commission paid was 10% of the premium in the first year and 
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Classification Scheme for the Expenses of an Insurance Organization 


Expense 
Classification Components 
Investment (a) Analysis 
(b) Costs of buying, selling, and servicing 
Insurance 
1. Acquisition (a) Selling expense, including agents’ commissions and advertising 
(b) Risk classification, including health examinations 
(c) Preparing new policies and records 
2. Maintenance (a) Premium collection and accounting 


(b) Beneficiary change and settlement option preparation 
(c) Policyholder correspondence 


3. General (a) Research 
(b) Actuarial and general legal services 
(c) General accounting and administration 
(d) Taxes, licenses, and fees 


4. Settlement (a) Claim investigation and legal defense 
(b) Costs of disbursing benefit payments 


2% in the second and third years. Taxes on insurance organizations, especially those 
levied by the states, are often a percentage of the premium collected within the 
taxing jurisdiction. In Section 15.2, 2% of premiums were allocated to taxes, licenses, 
and fees. 


The allocation of other items of expense is less clear-cut, and a combination of 
statistical analysis and judgment is often used. It is common practice to allocate 
acquisition expenses to the first policy year in premium-loading formulas because 
marketing and risk classification expenses are incurred for the purpose of gener- 
ating and selling new insurance business. Some of these acquisition expenses vary 
with the size of the premium, commissions, for instance. Same vary with the 
amount of insurance, such as risk classification expense. Some expenses, like the 
creation of records, are incurred for each policy issued, independent of the size of 
the policy or premium. 


The classification and allocation of expenses is an important management tool 
for controlling the operation of an insurance system. However, in the determination 
of premiums, the view of expenses is prospective rather than retrospective. The 
goal is to match future expenses with future premium loadings. Therefore, expense 
trends with expectations for inflation or deflation and future economies attributable 
to automation are built into expense loadings. 


The provision within expense-loaded premiums for expenses classified in Table 
15.4.1 as Insurance, General (a), (b), and (c) and for the expenses incurred in cre- 
ating an insurance distribution system remain controversial. These expenses do not 
relate directly to activity associated with an individual policy. Some of these issues 
are discussed in Section 16.4. 


Chapter 15 Insurance Models Including Expenses 


479 


Table 15.4.2 provides an illustration of the classification system in Table 15.4.1 
for insurance expenses and associated loading factors. 


ustration of the Allocation of Future Insurance Expenses 


First Year Renewal Years 
Per Percent Per Percent of Premium 
Per 1,000 of Per 1,00  . by Policy Year 
Classification Policy Insurance Premium Policy Insurance 2-9 10-15 16 over 
1. Acquisition 
a. Sales expenses 
Commission — — 60% — — 7.0% 5.0% 3% 
Sales offices — — 25 — — 25 15 1 
Other sales related 12.50 4.00 — — 
b. Classification 18.00 0.50 — — — — — — 
c. Issue and records 4.00 — — ES — — — = 
2. Maintenance 2.00 0.25 — 2.00 0.25 — — — 
3. General 
a,b,c 4.00 0.25 — 4.00 0.25 — — — 
d. Taxes — — 2 — — 20 20 2 
Total (1, 2, 3) 40.50 5.00 8796 6.00 0.50 11.5% 85% 6% 
4. Settlement 18.00 per policy plus 0.10 per 1,000 insurance 


Example 15.4.1 


Using the equivalence principle, develop a formula for the expense-loaded an- 
nual premium on a whole life policy, semicontinuous basis, issued to (x) for an 
amount 1,000b. The expenses are those listed in Table 15.4.2. Use a single decrement 
model, or assume that withdrawal benefits will be determined so as to have no 
effect on premiums determined using the single decrement, mortality-only, model. 
A 15-year select life will be used under the assumption that expenditures for risk 
classification will result in select mortality. 


Solution: 
Let G(b) denote the expense-loaded premium for a policy with a death benefit 
of b thousand. Then, using the equivalence principle, 


(actuarial present value of = (actuarial present value of 
expense-loaded premium) claim and claim settlement 
expense plus other expenses); 


G(b)a,,, = 1,000b Aw + [40.50 + 5.00b + 0.87G(b)] 
+ (6.004;,; + 0.50ba,,1) 
+ [(0-115a5,& + 0.08544, + 0.0644.) GO) 
+ (18.00 + 0.10)A,,, ; 


————————————————————— 
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G(b) (Gp = 0.87 i7 0.115211 = 0.08554. = 0.06,5\4p.4) 
= (1,000.1 Ay; + 5.00 + 0.50a,,)b + 40.50 + 6.002, + 18.00À,,, . 


The level expense-loaded annual premium rate for death benefit 1,000b is 


_ (1,000.1 Aj, + 5.00 + 0.500.) + 40.50 + 600m, + 18.004) _ 


G(b 
e) 0.942, — 0.755 — 0.084 ,;9 — 0.025, iis 


The level expense-loaded annual premium for each death benefit amount of b, 
measured in units of 1,000, is 
G(b) _ 1,000.1 Aw + 5.00 + 0.50a,,,; + (40.50 + 6.00a,, + 18.00 Au) /b 
b 0.94d,, — 0.755 — 0.034,,34 — 0.025475 MED 4 


In practice, premiums are usually stated as a rate per unit of insurance. For life 
insurance, these rates have typically been per 1,000 of initial death benefit. For 
immediate life annuities, the rates have typically been stated per unit of monthly 
income. 


In Example 15.4.1, because of expenses that do not vary directly with b, the 
expense-loaded premium rate G(b) depends on b. Provision for these per policy 
expenses can be made by special methods. One method is to replace 5 with an 
expected policy amount. A second method would be to separate the per policy 
expenses from those expense elements that vary directly with policy size and to 
balance these per policy expenses with a separate policy fee, independent of policy 
size. In Example 15.4.1 the annual policy fee would be 


40.50 + 6.008, + 18.00À,, 
0.94i.. — 0.755 — 0.03% 33 — 0.025, ass 


Often the policy fees are averaged over issue age so the policy fee is constant with 
respect to issue age. 


15.5 Algebraic Foundations of Accounting: 
Single Decrement Model 


In this section many of the ideas illustrated in Section 15.2.2 will be made more 
precise. Frequent reference to Tables 15.2.5 and 15.2.6 can help the reader follow 
the arguments. 


One of the objectives of financial accounting is the determination, at periodic 
intervals, of the elements of the balance sheet equation 
A(h) = L(h) + U(h). (15.5.1) 


In (15.5.1), A(h) denotes the amount of assets, L(i) the amount of liabilities, and 
U(h) the amount of owner's equity (surplus in the terminology of insurance ac- 


counting) at the end of accounting period h. Changes in surplus can be represented 
by 
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AU(h) = AA(h) — AL(h) = net income in period h + 1. (15.5.2) 


We illustrate this basic model using an algebraic development under idealized con- 
ditions as stated in Table 15.5.1. 


Level Benefit, Level Premium Insurance 


1. Plan of insurance Whole life, unit amount 

2. Payment basis Fully discrete 

3. Age and time of issue Issued to (x) at the beginning of the first accounting period 
4. Expenses No expenses or expense loadings 

5. Experience Investment experience conforms to that assumed 


Accounting entries will be in terms of expected values at 
policy issue for each initial insured 


The mathematics of the illustration build on the reserve recursion formula (8.3.10) 
with b, = 1, 7, , = Py and ,V = „V, Multiplying by ,_,p, (1 + i) we have 


n-1Px Vx T PAA E 4 Qana = Pe nVo h =1,2,.... (15.5.3) 


Under the restrictive assumptions that have been made, (15.5.3) can be inter- 
preted as the expected progress of insurance assets and liabilities for each member 
of an initial group of insureds. The left-hand side can be interpreted as the expected 
cash flows affecting assets. The right-hand side is the measure of the expected 
liabilities for each member of an initial group of insureds. 


We illustrate by examining the first accounting period. During this period the 
expected assets per initial insured change as follows: 


Increase Premium income = P, 
Interest income = P, i 
Decrease Death claims = 4, 


If there are no initial funds, l 
A(1) = AQ) + [A(1) ~ A(0] = 0 + [P + ò) - g, 
and using (15.5.3) with h = 1, we have 
A(1) = p, V, = L(). 
In this illustration, A(1) — LG) = U(1) = 0. 
Formula (15.5.3) can also be used to study the progress of accounting statements 


in a recursive fashion for all policy years. Suppose that at the end of accounting 
period h 
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A(h) = L(h) 


and that we start the process during accounting period h + 1: 


premium income nPx Px 
AA(h) = 4 + interest income > = 4 + ,p, (V, + Pi 
— death claims — Px Verne 


Then, 
A(h + 1) = Ath) + AA(R) 
ie nVa + p, Px + GV, + PAI Px dal 
= Px ID, + VAA + 0] — up. dos 
= Pr n1 Va = LI 1). (15.5.4) 


In this illustration, with no initial funds, profit, or contingency loadings, tracing 
expected results yields A(h) — L(h) = U(h) = 0, h = 0,1, 2, 3, .... 


We now modify the assumptions of Table 15.5.1 by assuming that the benefit 
premium is loaded by the positive constant c and that the expenses for each sur- 
viving policy, paid at the beginning of accounting period h, are e, ,. The loading 
constant may contain a component for profit; that is, the actuarial present value of 
the loadings c may be greater than the actuarial present value of the set of e, ,, 
h=1,2,.... 


The augmented version of (15.5.3), incorporating loaded premiums and expenses, 
is 


n—Px LA + u(h AS 1] * (P, + c) = e; i] (1 + i) h-Px xh 


= P hV tu) h-L293,... (15.5.5) 


The elements introduced into the augmented version of (15.5.3) are underlined. In 
(15.5.5), u(h) denotes the anticipated surplus for each surviving insured at the end 
of accounting period h. 


Subtracting the unloaded version, (15.5.3), from (15.5.5) yields 
gap uh — 1) + (ce — 6 9] O + Ò = p, ulh) h=1,2,3,.... (15.5.6) 
Multiplying difference equation (15.5.6) by v^ and rearranging terms yields 
vi" apy [ut — 1) + (c = eD] = v" p, uth), 
N[p ^ pone D] = wt t gno (e era) (15.5.7) 


Imposing the initial condition u(0) = 0, we obtain from (15.5.7) 
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h 


h 
Y Alvi jP: ulj- DI = > vit ape c e), 
A 


j=l 


h 
v" p, ulh) = 2 gri jas (C — 6:4) 
f 


h 
ip. WH) = 2, (1 97 Lap, (c = 6). (15.5.8) 
£ 


That is, the expected surplus at the end of h accounting periods for each initial 
insured is the accumulated value of the expected contributions to surplus in each 
earlier accounting period. This result should be compared with Table 15.2.5, foot- 
note 3. 


If benefit reserves are reported as the measure of liabilities, the expected entries 
for each initial insured in the accounting statements of our idealized insurance 
system at the end of the accounting period h are as follows. 


Balance Sheet (at end of accounting period h) 
A(h) = L(h) + U(h) 
= Px iV F nx u(h) 


h 
us > (1+ DI ap, (C g) 


Income Statement (h-th accounting period) 


Income 
Premium income nx (P, + c) 
Investment income nx baV. + uh -1-P,-c-e i 
Total n-wx (Pe c0 + i) + f,4V, + uh — 1) — e, jJ) 
Charges to Income 
Death claims n—Px deni 
Expenses n-iPx Ca 
Changes in reserve liability — ,p, aV — , p, , ,V, 
Total MPs V7 nPar QaVs T 6a) + ne dena 
Net income (change in surplus) , sp, [u(t — Di + (c — e, Q0 + i] (15.5.9) 


In completing the accounting statements we have made use of (15.5.8) and 
(15.5.3). The left-hand columns of Tables 15.2.5 and 15.2.6 provide numerical illus- 
trations of this display. The tables are in terms of a deterministic survivorship 
group rather than expected entries for each initial insured. Thus the expected sur- 
plus at the end of h accounting periods for each initial insured is 


iP. Wh) = Lap. uh — 1) + 4 ap, Dui = Di + (C~ e 4X0 +i (05.510) 


Formula (15.5.10) is identical to (15.5.6); however, it was derived from an account- 
ing viewpoint. Multiplying by v" and rearranging yields 
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Afu"! h-1Px u(h DI = v^ h-1Px (c UV ep1) 


which is (15.5.7) rederived with accounting interpretations. 


Earlier in this chapter the point was made that, in practice, expenses tend to 
decrease as duration increases. Thus the expected surplus, 


h 


ip. U(h) = 2 ear j-1Px (pe ej), 


jel 


will typically be negative for small values of h and positive for larger values. This 
observation is made with respect to an accounting model in which benefit reserves 
are reported as the measure of liabilities, loadings are level, and expenses decrease 
with time following policy issue. 


To avoid the situation in which assets are less than liabilities, in the early du- 
rations, several actions are possible: 
* The insurance organization may obtain additional capital for the initial surplus, 
u(0), to keep 


h 
Au dn e ey oa (C goa) 
j=l 
positive for h = 0,1, 2, 8, .... 

* Loadings may depend on duration so that c, — 6, = 0, h = 1, 2,3,.... 

* The liabilities of the insurance organization could be based on a reserve prin- 
ciple that would reduce reported. liabilities in early policy years. The reserve 
principle of reporting benefit plus expense reserves used in column (b) of Ta- 
bles 15.2.5 and 15.2.6 is an example of such an action. (This last alternative is 
the subject of Sections 16.6 and 16.7.) 


15.6 Asset Shares 


To provide an algebraic foundation for accounting within a double decrement 
model, using the equivalence principle, it is necessary to develop a set of recursion 
relations. These recursion relations have many applications, and some of these ap- 
plications are developed in Sections 16.4.2 and 16.5. The basic variable in these 
recursion equations has been given different names, depending on the applicatión. 
In this section we call it asset share, a term laden with a long history. In other 
sections, depending on the application, different operational meanings are attached. 


15.6.1  Recursion Relations 


A life insurance policy is a long-term contract involving income to the insurer 
from premiums and investments and outgo as a result of death and withdrawal 
benefit payments and expenses. Contract premiums actually charged for a unit of 
insurance are influenced by competition, and withdrawal values are influenced by 
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law and competition. There is a need for a calculation of the balance, in the sense 
of actuarial present values, between the various elements of the price-benefit struc- 
ture. The asset share calculation, outlined in this section, is designed to fill this 
need. It is not a historic summary of past results, but a prospective calculation of 
some complexity attempting to capture most elements that influence the expected 
financial progress of a group of policies. 


We will start with an extension of (15.5.5) for a unit of insurance, 
PP (GAS) = Lap? (AS + GA = 6) — e 4] + i) 
= Pra eV li::3;273, 1 (15.6.1) 
Multiplying (15.6.1) by 1/, p? yields 
Pea GAS) = DAS + GL — G4) - e d +9 
-qQ,..—-q9,,.,CV = h-12,8,.... (15.6.2) 
In (15.6.1) and (15.6.2), 


AS denotes the expected asset share ft years following policy issue, immedi- 
ately before the start of policy year h + 1 


G denotes the level contract premium 
C, denotes the fraction of the contract premium paid at time A for expenses 
€, denotes the amount of per policy expenses paid at time h 


0, denotes the probability of decrement by death, before the attainment of 
age x + h + 1, for an insured now age x + h 


q&, denotes the probability of decrement by withdrawal, before the attain- 
ment of age x + h + 1, for an insured now age x + h 


„CV denotes the amount of the withdrawal benefit paid at time h. This is also 
called a cash value. 


Formula (15.6.1) is based on the assumptions of a fully discrete payment basis, unit 
death claims paid at the end of the year of death, and ,CV paid at the end of the 
year of withdrawal. 


Formula (15.6.1) is a generalization of the recursion relationship connecting suc- 
cessive terminal reserves. It will be rewritten in several ways that are reminiscent 
of similar manipulations with reserve equations. Multiplying (15.6.2) by v"), , 
and rearranging the terms yields 


AU yet n145) = [G(1 — c, 4) MEM pt 


— (d, , + dO, , ,CV) v" h-1,2,3,.... (15.6.3) 
The sum of the left-hand side over h = 1,2,...,n telescopes to 
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n 


12), v" „AS — 19 AS = Y, ([C( (1 = Cpa) eae 
A=t 


= (dy + dh, CV) v^). (15.6.4) 

If ,AS = 0, we have ,AS equal to 
S UGA = era) — eraa Fc uat ane CVA t 
T] 


h-1 xn 


(15.6.5) 


For a whole life insurance, we set n = w — x in (15.6.4). Then, recognizing that 
ultimately the expected asset share is zero, we rearrange (15.6.5) to obtain 


w-x Q—Xx 


Gi? = AD + > (Go, 4 + 6,4) v1, p + 2 r- p? q2,-, u" ,CV. (15.6.6) 


Formula (15.6.6) can be interpreted as a general formula for an expense-loaded 
premium using the equivalence principle. Appropriate modifications can alter the 
formula from a whole life to an endowment or term policy. 


Making the substitution 
pelea) 3 
allows us to rewrite (15.6.2) as 
,AS = [, ,AS + G1— e ) ^ e i Aa 3 
Mia — AS) = 98-4 GCV = 448). (15.6.7) 


This form emphasizes the importance of the difference, ,CV — ,AS, on the pro- 
gression of asset shares. 


Asset share calculations can be viewed as tracing the expected progress of the 
asscts, per surviving policy, of a block of similar policies. The calculations for fixed 
contract premiums, expense commitments, and cash values can be made to check 
the balance between the various components of the price-benefit structure. The 
objective of the calculations might be to determine if ,AS = ,V, for all but the very 
early policy years. 


15.6.2 Accounting 


Let ,AS = ,V + u(h), where ,V is the reserve liability and u(h) the anticipated 
surplus for each surviving insured at the end of accounting period h. The values 
for u(h) may be negative, especially during early policy years. Assume that reserve 
liabilities are generated by the recursion relation 


aV pas = GaV + P) a e) 
ew ex cV. EN 2, 3e (15.6.8) 
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Formula (15.6.8) is a recursion relation that determines benefit reserves within the 
double decrement model. These correspond to the benefit reserves calculated in 
Table 15.3.3. 
Multiply (15.6.2) and (15.6.8) by ,_,p® and subtract to obtain 
u(h) p? = [uh = 1) + G0 = 63) = era — PI + i) yp 


h=1,2,.... (15.6.9) 
Let G = P + c and Go, , + e, , = E, , (total expenses), and (15.6.9) becomes 
uh) pO = [uh — 1) + c - Eyal 9 2 apo (15.6.10) 


which is a double decrement version of (15.5.10). Multiplying recursion relation 
(15.6.10) by v^ and rearranging terms yields 


Av 1 pap" u(h — 1) = v"! , p? (c — E, 4). 


Following exactly the same steps as in Section 15.5 to obtain (15.5.8), we obtain 
h 
„pe uh) = È (1+ DI ape E). (15.6.11) 
z 


The remaining developments in Section (15.5) follow in identical fashion with the 
substitution of corresponding multiple decrement for single decrement probabilities 
and the addition of expected withdrawal benefits ,_,p q@,,_, „CV. The illustra- 
tion in Tables 15.3.4 and 15.3.5, column (b), provides a worked example of these 
ideas. 


Example 15.6.1 


Consider again the illustration that was started in Table 15.2.1 and expanded to 
include withdrawal benefits in Table 15.3.1. Assume, as in Tables 15.3.4 and 15.3.5, 
that G = 342.96. Calculate a set of asset shares. 


Solution: 
We use (15.6.2) to guide our calculation. 
Period 
h {AS + GA = €4.,) — ej,](1 + 7) — 1,000 lri = V Goal E Fe 
„AS 


1 {[0 + 342.96 (1 ~ 0.20) — 8.0](1.15) — 1,000(0.1) — 227.73(0.1)}/0.8 = 229.44 


2 {[229.44 + 342.96(1 — 0.06) — 2.0](1.15) — 1,000(0.1111) — 564.41(0.1111)}/ 
0.7778 — 589.46 


3  ([589.46 + 342.96(1 — 0.06) — 2.0](1.15) — 1,000] / 1.0 = 46.32 


The motivation for calling ,AS an asset share can be appreciated by a comparison 
of the solution to this example and the final assets reported at the end of the third 
year in Table 15.3.5: 
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(Asset Share) (Expected number of insureds = Total Expected Assets 
receiving death, maturity, or 
withdrawal benefits at the 
end of policy year three) 


(46.32)[(10)(0.6222)] = 288.22, 


(Expected assets at the end — (Assets assumulated 
of the third policy year) from the initial fund) 


1,809.07 — 1,000 (1.15)? = 288.20. 


The difference is due to rounding in each computation. v 


15.7 Expenses, Reserves, and General Insurances 


A number of new ideas, using two simple illustrations, are developed in Sections 
15.2 and 15.3. In Section 8.2 reserves for a general life insurance, single decrement 
model, ignoring expenses, were displayed. The development started with the fol- 
lowing loss variable for T(x) > t: 


T(x) 
jb = bry vO — Í m, U^ f du. 


Our goal is to extend this model to incorporate features of recent sections. First we 
will add a benefit associated with withdrawal, 

T(x) 

; bos — Í m2 v“ du, decrement by death 
Lo = TO) | 
beet — Í av" du, decrement by withdrawal. 

t 
The superscript ? has been added to the loss variable and premium rate symbols 
to denote that a withdrawal benefit has been added to the initial model. 


Second, we add expenses at rate E, at time t, measured from issue. This corre- 
sponds to what was done in (15.6.10). The subscript e is joined to the loss variable 
symbol and the premium rate symbol to denote that expenses have been added to 
the model. It is assumed that ,72 has been determined by the equivalence principle: 


T(x) 
Ims vO — Í (m2 — E u" du, decrement by death 
t 


tHe 


T(x) 
D vO — Í ,"2 — Eu“ du, decrement by withdrawal. 


Then, changing the integration variable to s = u — t, we can write the conditional 
expectation of ,L2, given T(x) > t, 
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æ ] y-t 
ELLE] = Í |o Qd i (res — E. v? a| yas uc, y f dy 


t 


oo y-t 
+ i [p poe i bns E,4,)U° a| y dea wey —t)dy. (157.1) 


Now change the outer integration variable to u = y — t and collect terms as 


u 


oo 2 
eua = (7 [X st, tene = fr eni = ae deuten at 


Using integration by parts on the second term yields 


i 2 
E[,L2] m i v" b bi, Y) (u) = Em + Euu ely du 
= 


o: 


= Í v"[f(u:t)] du. (15.7.2) 
[U 
Formula (15.7.2) is of interest because the function 
2 
fet) = [Enn + 2 bf, uu) — mei PO, (15.7.3) 
na 


can be interpreted as the expected cash flow at time t + u arising from the insurance 
policy, given survival to time t. 


Because positive values of f(u:t) are associated with expected cash outflows from 
the insurance enterprise, some actuaries prefer to consider the function gut) = 
—f(u:t) in which expected cash inflow would have positive values. Formula (15.7.3) 
also provides yet another interpretation of reserves. Reserves become the present 
values of future expected net cash outflows. Formula (8.6.1) provides the same 
interpretation in a less comprehensive model. 


In Sections 15.2.2 and 15.32 it is illustrated that reserves can differ in their degree 
of comprehensiveness in accordance with the purpose of the valuation. In this 
section a very general insurance was introduced. For regulatory purposes reserves 
might be based on formula (8.2.4) under the assumption that to ignore expenses 
would be conservative in the sense that typically reserves are decreased by includ- 
ing expenses. The withdrawal benefit might also be omitted under the assumption 
that a properly determined withdrawal benefit will have only a small effect on 
reserves. For financial accounting to be used by the capital markets, (15.7.2) would 
usually be the basis of reserves. 


In the financial management of life insurance companies, the rate of change in 
reserve liabilities with respect to changes in the valuation interest rate is of consid- 
erable concern. Using (15.7.2) and viewing the premium rate set at time 0 to be 
independent of future valuation interest rates, and assuming that the valuation 
interest rate is independent of the probabilities of death and withdrawal, we have 
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d i 
ES ELL] = -f uv" f(u:t)du. (15.7.4) 


Example 15.7.1 


Exhibit the expected cash flow function f(u:t) for a fully continuous whole life 
policy, ignoring expenses, and display dE[,L1] /d8 in actuarial present-value func- 
tions. Remember that the premium was set at time 0 and is not a function of the 
current valuation interest rate. 


Solution: 
Modifying formulas (15.7.3) and (15.7.4) we have 


fut) = Inu) — PAM Pei 


and 
dieu o eos 
d8 E[L;] c 5 uv [nsu E POOLE; du 
x XA se * P(A 2), , 
where (JA),,, and (1a),,, are calculated at the valuation interest rate. v 


Typically, 2(0:0) < 0 and there exists a uy such that g(u:o) > O for u > u The 
time u that expected cash flows cross from negative to positive may be useful in 
financial planning. 


Example 15.7.2 


Display the equation that would be used to determine the number u, for the 
policy described in Example 15.7.1. 


Solution: 


f(w0) = [p.(u) = P(A) LP, = 0 
or 


usu) = P(A,). v 


15.8 Notes and References 


In this chapter we have used the clumsy term "expense-loaded premiums" for 
what some would call gross premiums. The use of the longer term is intended as 
a warning that the subject of premiums contains many topics other than the benefit 
premiums discussed in previous chapters and the expense loadings introduced 
here. These topics include competitive considerations, profit loadings in nonparti- 
cipating insurance, expected dividends in participating insurance, risk factors, and 
the impact of withdrawal benefits. Guertin (1965) discusses many of these topics. 
Chalke (1991) has criticized the traditional cost-plus determination of premiums. 
The criticisms are built on a foundation of classical microeconomics. 
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Fassel (1956) discusses the issues involved in estimating and allocating per policy 
expenses. Until the time of Fassel’s paper, most per policy expenses were included 
in the loading for expenses that vary with the amount of insurance (assuming an 
average size policy). In fact, the use of either policy fees or the band system was 
viewed for many years as an inequitable allocation of expense charges. 


Brenner et al. (1988) is a treatise on life insurance accounting. Horn (1971) studies 
the impact of various reserve systems on the time incidence of reported net income. 
Asset share calculations have a long history. Huffman (1978) discusses refinements 
in asset share calculations. 


reece 
Exercises 


Section 15.2 


15.1. a. A gambling enterprise collects 0.55 from each of 1,000 customers on July 
1 of year Z. It immediately invests the funds in a savings account earning 
3% interest each 6 months. On July 1 of year Z + 1, 1,000 coins will be 
tossed, each assigned to a specific customer. If the customer's coin comes 
up heads, the customer receives a prize of 1. If the coin comes up tails, 
the prize is 0. Supply the figures for the balance sheet and income state- 
ment for the gambling enterprise on December 31 of year Z. Use actuarial 
present values for liabilities. 


Balance Sheet 


Assets Liabilities 
Savings account Reserves 
Surplus 


Income Statement 
Premium income 


Interest income 


Increase in revenues 


b. The random variable Y is the amount of the payments made on July 1 of 
year Z + 1 and has a binomial distribution. Using a normal approxima- 
tion, evaluate 


Pr[Y(1.03)7! — A > 0] 


where A represents the assets as of December 31 of year Z. 

c. If the enterprise had only one customer, the scale of the operation would 
be 0.001 of that in part (a). Show that the probability displayed in (b) is 
equal to 1/2 for the reduced enterprise. 


152. An expense augmented loss variable for use with a whole life policy, fully 
continuous model, is given by 


—————————————————————— 
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15.3. 


where 


and 
X = c + (g — €) dg. 


In these expressions, L is interpreted as the loss variable associated with the 
benefit portion of the policy and X with the expenses. The symbol c; denotes 
nonrandom initial expenses, g the rate of continuous maintenance expense, 
and e the expense loading in the premium. The equivalence principle has 
been adopted and E[L] = E[X] = 0. Show that 

a. X = Cob 

b. Var(L,) = (1 + cy? Var(L) 

c. Cov(L, X) = oA, — (A,Y]/ (62. 


A merchant has accounts receivable at the end of each annual accounting 
period. Experience has indicated that there is a probability of 0.25 that no 
payment will be received and 0.75 that full payment will be received at 
time T. The p.d.f. of T is given by f(t) = 4 — 8t, 0 < t « 0.5, where t is 
measured in years. At the end of a year, the merchant has 100 accounts 
receivable, each of amount 100. The random variable R; is the present value 
at the end of the year of account i. 

a. Verify that 


R; — 0 with probability 0.25, 


Li 


100 v” with probability 0.75. 


b. If R, j = 1, 2, 3, ..., 100 are independent random variables, calculate 
100 100 


(i) ELD R1, (ii) Var(*, R), when 8 = 0.06. 


O 


. Repeat (b) if ô is 0. 

d. The merchant elects to report an actuarial present value as the value of 
the accounts receivable. The results of part (a) are used. What is the re- 
ported value of accounts receivable? 

e. As an alternative, the merchant might use the results of part (c) as the 
reported value of accounts receivable. What amount would be reported? 

f. Another method for reporting accounts receivable would be to use the 

results of (c), è = 0.00, and to report 


[Es] - «Je (2). 


For what value of k is the amount reported in part (f) the same as in 


part (d)? 
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Section 15.3 


15.4. a. In the illustration in Table 15.3.1 assume that b®, = 257.41 and b®, = 
581.16, the benefit reserves for the single decrement model, and determine 
P*3 using the equivalence principle. 
b. Assume that bÊ; = 218.41 and b®), = 559.16, the total reserves for the 
single decrement model, and determine G, the expense-loaded premium, 
using the equivalence principle. 


Section 15.4 


155. The expense-loaded annual premium for a 1,000 endowment-at-age-65 life 
insurance with level annual premiums issued at age 40 is calculated using 
the following assumptions: 

* Selling commission is 40% of the expense-loaded premium in the first year 

* Renewal commissions are 5% of the expense-loaded premium for policy 
years 2 through 10 

* Premium tax is 2% of the expense-loaded premium each year 

* Maintenance expense is 12.50 per 1,000 of insurance in the first year and 
4.00 per 1,000 of insurance thereafter 

* The benefit premium is to provide for the immediate payment of death 
claims with no premium adjustment on death 

* A 15-year select-and-ultimate mortality table is to be used. 

Write an expression for the expense-loaded premium. 


15.6. The expense-loaded premium for a single premium n-year endowment in- 
surance is determined using the following assumptions: 
* Taxes are 2-1/2% of the expense-loaded premium 
* Commission is 4% of the expense-loaded premium 
* Other expenses are 5 in the first year and 2.50 in each renewal year per 

1,000 of insurance. 

Claims are paid at the moment of death and expenses are incurred at the 
start of each policy year. Develop a formula for the expense-loaded premium 
issued to (x) for an insurance of 1,000. 


15.7. For a fully discrete whole life policy of amount 1, the level expense-loaded 
premium is based on the following schedule of expenses: 
e An initial expense of e; 
* Each policy year, including the first, an expense of e, + e, P, 
* The cost of claims settlement, paid along with the claim, of e, per unit of 
insurance. 
If G =a P, + c, determine a and c. 


15.8. There are two random variables in this exercise. The random variable T(x) 
is interpreted as time-until-death of a life age x at issue. The random variable 
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B is interpreted as the death benefit chosen by a randomly selected applicant 
for a whole life policy that uses a continuous model. The expense augmented 
loss variable associated with this policy is 


L(T(x), B), = 0 T«0 
= Bv! + aBāp + 083 
+ p(Bm + faq — (Bu + faq 0 « T. 
In this loss variable: 
aB = rate of expense payments that are proportional to the death benefit, 
paid continuously during the lifetime of (x) 
0 = rate of expense payments that are independent of benefit and pre- 
mium amounts, paid continuously during the lifetime of (x) 
p(Br + f) = rate of expense payments that are proportional to premium pay- 
ments, paid continuously during the lifetime of (x) 
T — portion of continuously paid premium proportional to the death 
benefit 
f = rate of policy fee paid continuously during the lifetime of (x). 


Assume that T(x) and B are independent. 
a. Use a conditional equivalence principle, that is, 
E[L(T(x), B)]B = b] = 0, 


and exhibit a formula for the premium rate per unit of insurance; that is, 
derive a formula for a + f/b. 
b. Use the unconditional equivalence principle 


E[L(T(x), B),] = 0 


and exhibit a formula for the constant premium rate per unit of insurance. 


159. The p.d.f. of the amount of insurance issued on an individual policy for a 
particular plan of insurance is given by 


f(b) — kb? — b 10 


where b is measured in thousands. Calculate 

a. The normalizing constant k 

b. The expected policy amount 

c. The median of the distribution of amounts of insurance. 


15.10. A type of whole life policy, issued on a semicontinuous basis, has the fol- 
lowing expense allocations. 


Percentage of 
Expense-Loaded Per 1,000 


7 Premium Insurance Per Policy 
First-year 30% 3.00 10.00 
Renewal 5% 0.50 2.50 
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a. Write formulas for the expense-loaded first-year and renewal premiums 
assuming that per policy expenses are matched separately by first-year 
and renewal policy fees. 

b. Write the formula for the policy fee to be paid in each year if per policy 
expenses are not matched separately by first-year and renewal policy fees. 


Section 15.5 


15.11. The continuous analogue of (15.5.5) is the differential equation 
d dm I FONS 
di tPx LVA.) + a(t)] = Pr [P(A,) + 9, V(A,) 
+ e — e(t) + a(t) — ut]. 


Using this equation, and (8.6.4) rearranged, to express 


d c 
di [Px VAL 


show that 
t 


p, u(t) = Í 


0 


e yPx TE — &y)] dy. 


Section 15.6 


15.12. If, in relation to (15.6.7), ,,AS, is the asset share at the end of 10 years based 
on G, and , AS, is the corresponding quantity based on G, write a formula 


for AS, = ,9A5,. 


15.13. The continuous analogue of the difference equation (recursion relationship) 
in (15.6.3) is 


5, pp v AS = (GL ~ e - ani? v 


EDS D [MPE + MEXE) iCV] v'. 


In this differential equation bars have been added to payment rate symbols 

to denote continuous payments. 

a. Solve this differential equation and use the initial condition ,AS = 0 to 
obtain the continuous version of (15.6.5): 


AS = I IGA — e(s)) — e(s)] pP v? ds 


t 
- [oe uto + wo Ev e ast fur p. 


b. If the policy is a continuous model whole life policy, ¿AS = ,_,AS = 0, 
show that 


o0 


Gat? = AO + [ [Ge(s) + e(s) + us) CV] pe v ds. 


0 
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Section 15.7 


15.14. a. 


Start with (8.2.7) and derive the single decrement, without provision for 
expenses, version of (15.7.2): 


WV = | v“ fon m(t + u) = Tul m" du 


= ik v" f(u:t) du = Í (1 + D) g(u: 0) P 


tx 


In solving this exercise the assumption should be made that an aggregate 
mortality table is used as it was in Sections 7.2 and 7.3. 


. At time f the future force of interest changes from 8 to 8’. No change in 


the distribution of time to death is expected because of this change in 
interest rates, and the insurance contract prohibits a change in 7,,,. The 
symbol ,V' denotes a reserve valued at rate 8'. Exhibit a formula for 


Va, 
[If the change from ô to 8’ is related to observed changes in capital market 


interest rates, the difference ,V' — ,V might be used to estimate the change 
in the market value of the reserve liability.] 


pa—————————————— a ——Á—  d— H—— s — 
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BUSINESS AND REGULATORY 
CONSIDERATIONS 


161 Introduction 


In Chapter 15 a major step is taken toward bringing the models for life insurance 
developed in earlier chapters into accordance with business reality. Operating ex- 
penses and withdrawal benefits are introduced, and the implications of these new 
elements for premiums, reserves, and financial reports are illustrated. 


Several topics are presented in this chapter that extend the theme of Chapter 15. 
Two basic ideas provide a thread that connects them. 


The first idea is the development of single decrement models that approximate 
the results of more comprehensive multiple decrement models with expenses to a 
sufficient degree of accuracy for a particular purpose. For example, in many juris- 
dictions such approximate models are used in defining regulations. The motivation 
for these approximations comes from the perceived conceptual and computational 
complexity of multiple decrement models that incorporate expenses. With current 
computing capabilities, this motivation is reduced. 


The second of these basic ideas comes from economics. Those who supply the 
capital to start and stabilize insurance enterprises expect to be rewarded for their 
investment. Contract premiums need to have an expected profit component that is 
related to the risk assumed by the investors. If the insurance organization devel- 
oped from a mutual or cooperative endeavor, the corresponding issue is how to 
return favorable financial experience in an equitable fashion to the members. To 
address these issues, ideas must be drawn from economics. 


16.2 Cash Values 


Sections 11.4 and 15.3 are devoted to benefits paid on withdrawal and the pre- 
mium and financial reporting consequences of these benefits. Withdrawal benefits 
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are also called nonforfeiture benefits, because they cannot be lost as a result of the 
premature cessation of premium payments. 


The determination of premiums and reserves has as a prerequisite the adoption 
of a principle. Likewise, in the determination of nonforfeiture benefits, a guiding 
principle is required. In this section we adopt a simple operational principle that 
is close to the one adopted in United States insurance regulation. The principle is 
that the withdrawing insured receives a value such that the benefit, premium, and 
reserve structure based on the single decrement model remains appropriate in the 
multiple decrement context. Adoption of this principle also permits the use of a 
less complex model for regulatory purposes. 


This principle is motivated by a particular concept of equity involving the treat- 
ment of the two classes of policyholders, those who terminate before the basic 
insurance contract is fulfilled and those who continue. Clearly several concepts 
of what constitutes equity are possible, ranging from the view that terminating 
policyholders have not fulfilled the contract and are therefore not entitled to non- 
forfeiture benefits, to the view that a terminating policyholder should be returned 
to his original position by the return of the accumulated value of all premiums, 
pechaps less an insurance charge. The concept of equity, illustrated in this section, 
is an intermediate one; that is, withdrawing life insurance policyholders are entitled 
to nonforfeiture benefits, but these benefits should not force a change in the 
price-benefit structure for continuing policyholders. 


The development in Section 11.4 does not include consideration of expenses and 
corresponding premium loadings. Therefore, if the general principle stated in that 
section is adopted for determining the value, at the time of premium default, of 
nonforfeiture benefits, some allowance needs to be made for these missing factors. 
An approximate method for adjusting benefit reserves for initial expenses not yet 
recovered from premium loadings, and for the risk of withdrawal at a financially 
inopportune time for the insurer, is to define 


CV = QV - SC. (16.2.1) 


In (16.2.1), ,CV is the cash value of nonforfeiture benefits, ,V is the terminal reserve, 
and ,SC is the surrender charge, all at time k = 1, 2, 3,... following policy issue. 
Because of the difficulty of collecting additional funds from a withdrawing policy- 
holder, ,CV = 0. l 


The cash values defined in (16.2.1) are the basis of what are called withdrawal 
benefits in Sections 11.4 and 15.3. In the earlier sections, these were denoted by 
BY},. These nonforfeiture benefits need not be paid in cash but are the basis for 
actuarially equivalent insurance benefits as described in Section 16.3. 


A continuing theme in the regulation of the cash value of nonforfeiture benefits 
has been the need for direct recognition of the amount and incidence of expenses. 
One idea, in accord with this theme, is to define a minimum cash value for a unit 
insurance as 
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CV = A(k) — P á(k) 


= V — (P — P) á(k). (16.2.2) 


Here A(k) and ä(k) are, respectively, actuarial present-value insurance and annuity 
symbols appropriate for time k, k = 1, 2, 3, ... following policy issue, ,V denotes 
a terminal reserve at the same time, P is an annual benefit premium, and P" is 
called an adjusted premium. The symbols A(0) and 4(0) will be abbreviated to A 
and ä, respectively. The regulatory problem becomes that of defining adjusted 
premiums. 


The 1975 report of the Society of Actuaries committee studying nonforfeiture 
benefits and related matters contained consideration of two types of expenses in 
defining adjusted premiums. First is a level amount per unit of insurance, denoted 
by E, incurred each year throughout the premium paying period. Second is an 
additional expense for the first year of amount E,. The contract premium rate G is 
assumed to be composed of an adjusted premium and the level annual expense 
component E. The first-year expense component E, is assumed to be provided by 
the adjusted premium. That is, 


G = P* +E, (16.2.3A) 
Gà = (P + Ejä = A + E + Eä. (16.2.3B) 
From (16.2.3B) we obtain 


P = —— (16.2.4) 
ü 
Formula (16.2.4) can be rewritten, by substituting 4 = a + 1, as 
P-—EQ4Pa-A. (16.2.5) 


Example 16.2.1 E 


The 1980 National Association of Insurance Commissioners (NAIC) Standard 
Nonforfeiture Law adopted (16.2.2) and (16.2.4) to define minimum cash values. 
The law specified that for policies with level benefits and contract premiums Ep = 
1.25 min(P, 0.04) + 0.01, where P denotes the benefit premium rate per unit of 
death benefit for the policy. Exhibit the provision for first-year expenses E, and the 
corresponding adjusted premium if (a) P < 0.04 and (b) P = 0.04. 


Solution: 

E, p 
a. P « 0.04 1.25P + 0.01 A+ 125P + 0.0 

ü 
b. P = 0.04 0.06 A + 0.06 
RS XR 

Example 15.3.1 can be interpreted as using (16.2.2) and (16.2.4) to determine cash 
values with E, — 0.04. v 
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In this section we have discussed the framework for defining minimum cash 
values used in many jurisdictions. The method is another example of a single dec- 
rement model, with somewhat arbitrary assumptions about the amount and time 
incidence of expenses, being used as an approximation to a more comprehensive 
double decrement model. In the history of nonforfeiture value regulation, changes 
in the general framework have been infrequent. 


For a jurisdiction to complete the definition of minimum cash values, the interest 
rate and the life table to be used must be specified. Legislative changes to update 
the interest and mortality bases of minimum cash values have occurred more fre- 
quently than have changes to the general framework. The 1980 NAIC law provides 
for revisions of the maximum interest rate according to a formula based, in part, 
on an index of average interest rates prevailing during a period of time before 
policy issue. 


Some of the modifications required when contract premiums or benefits are not 
level are discussed in Section 16.9. These modifications are covered with the closely 
related modifications required to adapt regulatory reserve liability standards to 
nonlevel contract premiums or benefits. 


Because the original contract was one of insurance, there is a view that at least 
one of the nonforfeiture benefits should also be insurance. In this view, the cash 
value is a device to define the new insurance benefit. These insurance options are 
discussed in Section 16.3. Also, cash values form the basis of another important 
policy provision, the policy loan clause. This provision provides that the insurer 
will grant, on the security of the policy's cash value, a loan not greater than the 
cash value. At one time the interest rate on such loans was stated in the policy. In 
response to volatile interest rates, however, there has been a move to link policy 
loan interest rates to some market interest rate appropriate at the time the loan is 
made. Upon settlement of the policy on death, maturity, or surrender for cash, the 
outstanding indebtedness is subtracted from the proceeds. 


Insurance Options 


Cash values are available as a lump sum or as an insurance benefit of equal 
actuarial present value. Three common insurance benefits are discussed here. 


Paid-up Insurance 


The equivalence principle is used to determine the reduced amount of paid-up 
insurance according to the benefit provision in the policy. If premium default oc- 
curs at time k, as measured from policy issue, the general equation for the amount 
of paid-up insurance available, denoted by b,, is 
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CV = b, ACh, 


CV 


t7 A (16.3.1) 


where ,CV is the cash value available and A(k) is the actuarial present value for a 
unit of future benefits under the policy at time k. In practice, various elaborations 
on the symbol A(k) indicate, if appropriate, that continuous payment of claims and 
various term and endowment benefits are required. 


For a unit of insurance and in the special case when ,CV = ,V, where ,V is a 
benefit reserve, (16.3.1) may be rewritten to provide additional insight. Some of 
these ideas were developed in connection with (7.3.2) and (7.4.6). In this special 
case, the symbol ,W = b, = ,V/A(k) is used to denote the amount of paid-up 
insurance. In Table 16.3.1 some of the relationships between ,W and other actuarial 
quantities are listed. Additional relationships of this type are called for in Exercises 
16.7 and 16.8. 


There is a general reasoning argument that leads to the results in Table 16.3.1. 
At age x + k the benefit premium for a whole life insurance of 1 is P,,,. Thus an 
annual premium of P,, payable commencing at age x + k, would be sufficient to 
provide insurance of only P, / P,;. Since P, is the benefit premium actually paid 
for a unit of insurance, the difference at time k, 1 — P, / P,,;, must be provided by 
the reserve. This reasoning can be applied to the other insurances. 


Amounts of Reduced Paid-up Insurance 


Special Case b, = ,W = ,V/A(k) 


Fully Continuous Basis Fully Discrete 


Whole Life 
NA A, 4 7 P(A) Bere Ay 7 Piu, 
WA.) = x+k 2 JATE W. = x XA 
ee a dE 
= PAD =1- Pe 
P(A) Pig 


n-Payment Life (k < n) 


Ås = P) LATTE 


E Ava — OP. a 
"WA, TW. xk nt x Üxikn k] 


Ark Ask 
-1 PAD Sean 
PO nek 


n-Year Endowment (k « n) 


ATLA Ags. nk 
y= 


= P(A, 3) à, 


Wa Ai = P ÉL 


Au Ave 
zd en PA) = Poa 
P(A, csi) Perea 
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16.3.2 


Extended Term 


The equivalence principle is used to determine the length of a paid-up term 
insurance for the full amount of the policy. The equation to be solved for s, in 
connection with an insurance with unit amount, is 


CV = Adag. (16.3.2) 


In the case of an endowment insurance, it may be that s > n — k, the remaining 
time to maturity. In that case the amount of cash value not used to purchase paid- 
up term insurance is used to buy a pure endowment of amount 


EV — Adis 
Aser) 


(16.3.3) 


If a policy of amount b is subject to an outstanding policy loan of amount L at 
the time of premium default, life insurance policies usually provide that the ex- 
tended-term insurance will be for amount b — L. Without this provision a policy- 
holder with a policy loan of amount L and current death benefit of b — L could, 
by the act of premium default, increase the amount of insurance to b. In the case 
of a policy loan of amount L, (16.3.2) is modified to 


b,CV — L = (b — L) Ads. 


If the terminating insured can elect either a reduced paid-up or an extended- 
term insurance equivalent, the insurer has granted an option to the terminating 
insured. Those in good health tend to elect reduced paid-up insurance, and those 
in impaired health extended term. To compensate for the cost of this option, some 
insurers use a life table with higher mortality in AENG Azzz in (16.3.2) than 
is used in determining A(k) in (16.3.1). 


The basic idea is that the transition of a policyholder from one status defined in 
the policy to another is information that should be used in determining the con- 
ditional distribution of time until death following the transition. This idea also 
appears in the discussion of accelerated benefits in Section 17.7 and of last-survivor 
insurance in Section 18.9. 


Example 16.3.1 


A semicontinuous whole life insurance with a 100,000 death benefit is issued to 
(40). On the basis of the Illustrative Life Table with uniform distribution of deaths 
over each year of age and i = 0.06, determine the following as of duration 10: 

a. The minimum nonforfeiture value according to the 1980 NAIC law. 

b. If the policy cash value is 8,700, the length of the extended term insurance 
period. 

c. Repeat part (b) with a policy loan of 5,000 outstanding. 
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Solution: 

[The following calculations are done on the Illustrative Life Table spreadsheet 
constructed for the computing exercises.] Use of the Illustrative Life Table for both 
the original pricing and the determination of the length of the period extended 
term insurance available at termination may not be realistic, as the future lifetime 
of an insured electing the extended term option may be governed by higher mor- 
tality rates than the future lifetime of a newly insured life. 

a. P(A) = Aggy / ig = (i/8)Aag/ digg = 0.0112 11537 

E, = 1.25 Min[P(A,5), 0.04] + 0.01 = 0.0240 14421 

P" = P(A) + Eo/ä, = 0.0128 32315 

Min Cash Value @ 10 = 8,620.2247 

Benefit Reserve @ 10 = 10,770.4823. 

b. From (16.3.2) we seek an s such that 


8,700 = 100,000A%,, 
or 
0.08700 = Aly. 


To accommodate the assumption of a uniform distribution of deaths within each 
year of age, we start by searching for the integer | s| such that 


Alois] « 0.08700 « Als 
From the Illustrative Life Table we have 


Als = 0.083094960 


and Aag = 0.090194845. 


[Hint: See (b), page 119.] 


Thus, 


s—13 


0.087 = Ala = 0.083094960 + v? ips, Í Jeg v! dt and 


0 


0.003905040(1.06)* 1 — yp 
13P50 des log(1.06) ’ 
v5 33 = (.968948162 and 


S = 13 + 0.541355012. 


This would probably be rounded up to 13 years and 198 days. 
c. We now seek an s such that 


(8,700 — 5,000) = (100,000 — 5,000)A1,3 
or 
0.038947368 = Alg. 


Proceeding as in part (b), s = 6.444084519, which rounds up to 6 years and 163 
days. v 
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16.3.3 Automatic Premium Loan 
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Another policy provision, one that is not classified as a nonforfeiture benefit by 
all actuaries, is the automatic premium loan. This provision keeps the policy in full 
force, if premium default occurs, for as long as the cash value is greater than the 
balance of the policy loan, which will be increasing because of interest and unpaid 
premiums added to the balance. The option to restore the policy to full force with- 
out a loan is available unilaterally to the insured under this option. Because the 
restoration to full force under the other nonforfeiture options typically requires the 
payment of accumulated due contract premiums and, often, evidence of insurabil- 
ity, there is lack of agreement on the classification of this benefit. 


For default at time k, on a policy with a continuous payment basis for unit 
amount, the maximum length of the premium loan period would be determined 
by solving 

G Spi = CV (16.3.4) 
for t. In (16.3.4), 

* G is the contract premium per unit of insurance 

* .CV is the cash value per unit of insurance and 

* i is the policy loan interest rate. 

In practice, t is sometimes taken as an integer such that 


G5; = ka c V 
and 
Gär; 7 paa V. 


The remaining cash value, ,,,CV — G&q, is used to buy extended-term insurance. 


Example 16.3.2 


A fully continuous whole life insurance for unit amount issued to (x) is changed 
to a nonforfeiture benefit at the end of k years. 

a. If ,CV = ,V(A,), express the ratio of the variance of the future loss associated 
with the changed insurance, immediately after the change, to the variance of the 
future loss at duration k on the original insurance if the nonforfeiture benefit is 

(i) Paid-up insurance 
(ii) Extended-term insurance. 

b. If x = 35 and k = 10, calculate the ratios in parts [a-(i)] and [a-(ii)] on the basis 
of the Illustrative Life Table with interest at 6%. (See Exercise 6.10 and Exercise 
7.23.) 
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Solution: 


a. (i) By (7.2.5), the variance before the change is 
PAD a, uua LESEN; 

| T : | PA. J (A 4] z ü = c x . 

For the paid-up insurance the loss variable is 
WA.) pues V, 
which has variance 
LWADP PA. — (A1. 
The ratio of this to the variance before the change is 
[,W(A)F (1 - A5 

which is less than 1. 


(ii) In the case of extended-term insurance, we have from (16.3.2) and (4.2.5) that 
the variance after the change is 


"Alis (Ala. 


The ratio of the variances is 
[Ads - Adzay'l 0 - A 
"Arik E (Ayan) 


w0W(Ags) = 1pV(Ags) / Ags = 0.08604 /0.20718 = 0.41529 
Ags = 0.13254 


[0.41529 (1 — 0.13254)? = 0.13. 
The variance of the loss on the paid-up insurance is 13% of the variance of 
the loss at duration ten on the original insurance. 

(ii) ,,V(ÀS) = 0.08604 Ala 


yields a value of s between 19 and 20. With s = 19, 


ie 
~ 

[e 
— 


"Aba — (Abay = 0.04308 
3 A (1 — Ag)? = ~os (080/46) = 1.11. 
PAs — (Ags)? | s) 0.02922 (0:8646) 


Since s is between 19 and 20, the variance has increased to approximately 
111% of what it was before the cessation of premium payments. EA 
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16.4 Premiums and Economic Considerations 


Sections 15.2.1 and 15.3.1 develop ideas about introducing expected expenses into 
premium formulas by applying the equivalence principle. The resulting premiums 
are described as expense-loaded premiums, but they also could be called expected- 
cost premiums. In Sections 15.2.2 and 15.3.2 a provision for contingencies and prof- 
its is introduced by adding a flat extra amount to the expense-loaded premium. 
The formulation of profit objectives and the inclusion of these objectives into the 
premium determination process are not discussed. 
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In this section four premium determination methods, which can be stated in 
terms of the models that incorporate expenses, are reviewed. The four methods are 
studied in an order related to increasing economic sophistication of the profit 
objective. 


LLLI a TP I RY SR eR IT IIIT 
16.4.1 Natural Premiums 


In determining the contract premium, a method called the natural premium and 
reserve method can be used to fix premiums and cash values in one coordinated 
process. The method starts with the calculation of a set of expense-loaded premi- 
ums and reserves using the single decrement model as is done in Table 15.2.4. The 
withdrawal benefits are then set equal to the total reserves, benefit plus expense 
reserves, and a profit component is added to the expense-loaded premium to pro- 
duce a contract premium. The method relies on the fact that withdrawal benefits 
determined in this fashion will have a small impact on premiums and reserves 
determined within a double decrement model recognizing expenses. Of course, the 
resulting withdrawal benefits must be checked to confirm that they satisfy regu- 
latory minimum values. The terms natural premiums and natural reserves have 
been used with a different meaning in some actuarial applications. Section 15.3 
provides insights into this method. 


LO OOSEMSA gn eed 
16.4.2 Fund Objective 


Formula (15.6.6) is described there as a general formula for an expense-loaded 
premium determined by the equivalence principle. The developments of Section 
15.6.1 can be extended to provide a method for introducing an expected profit 
objective component to produce a contract premium. 


In this extension, management sets an asset share goal, K > „V, for instance. If 
expected expense and cash value obligations are known, (15.6.5) can be used to 
determine G, the contract premium, using the following development. Let a trial 
value of the contract premium, denoted by H, be selected arbitrarily, and let „AS 
be the result of using (15.6.5) with this H and n — 20: 


20 
vás = P [HA — cp) — enil] Oa (+ i77 


~ Ga + dE CV) + p / ETE (16.4.1) 


The fund goal is K, which should be the result of applying (16.4.1) with G replacing 
H. Then by subtraction, 


(Ga PD C, 9 524 (d genes 


(7) ^ 
Ila 


20 
K — ,AS = > 
h=1 


and the desired contract premium is given by 
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G=H+ 


(K — AS) oo p 
20 


; (16.4.2) 
» E yay 
DNI 

The effect of the second term in (16.4.2) is to produce a correction to the initial 

premium H that will cause the fund goal K to be reached in an actuarial present- 

value sense. The denominator of the second term can be interpreted as the actuarial 

present value of the increase in profit of a unit increase in the contract premiums. 


hm —  M— M lilii I Se meee) 
16.4.3 Rate of Return Objective 


Profit objectives in business are often stated in terms of a rate of return on the 
investment in the business. One view is that the principal investment made in 
creating an insurance enterprise is in developing a distribution system. An expected 
rate of return on the investment in the distribution system, in this view, can be 
expressed as a fraction of the actuarial present values of the sales commissions 
generated by the distribution system. In addition, this view also recognizes that 
because of the time incidence of expenses, the insurance enterprise must finance 
the acquisition expenses when a policy is issued, with the expectation that the 
policy will yield a future stream of returns. 


To incorporate these ideas into a pricing method we start with the asset share 
model developed in Section 15.6. One necessary change is to separate the percent- 
age expense term, c, = g, + t, where g, is the commission rate paid and t, combines 
other percentage expenses such as premium taxes. 


In Table 15.3.4 the financial operations of a very small life insurance enterprise 
are traced assuming no deviations from expected results. The recursion relationship 
used to generate Tables 15.3.4 and 15.3.5 is closely related to asset share formula 
(15.6.7). We rewrite (15.6.7) assuming that after each year the difference , AS' — ,V 
is recognized as book profit or loss, to be denoted by ,BP, and the initial asset share 
for policy year h + 1 will be set as ,V. The symbol ,V denotes a reserve liability 
fixed in advance. The prime has been added to the asset share symbol as a reminder 
that ,BP is extracted from the expected fund progress as a profit. 


Because ,BP is measured at the end of the policy year for each insured who 
entered the year, we have 


WBP = ,AS' = V = {hV 4H —$264 tra) — 6l t3) 
-= Pra (l-V) qua GCV —4V)) — aY. 


The book profits (,BP) are computed using an arbitrary initial premium H, which 
could be taken as the benefit premium; ,BP can be negative. This is likely especially 
in early policy years. 


The actuarial present values of book profits at the time of issue are given by 


DF ap? BP = vipa Ef BP h= 1,2 3,... 


oS E 
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where v; is valued at rate of interest j, the rate of return desired on the investment 
in new business. The asterisk has been added to the pure endowment symbol as a 
reminder that it is valued using a double decrement model and interest rate j. 


For the initial choice of premium H, the actuarial present value at issue of book 
profits to the investor in the insurance enterprise is 


Z = © v; pE „BP. 
1 


The actuarial present value at issue of future sales commissions based on the initial 
choice of premiums is 


X= Hf > Sinan aby, 


and the actuarial present value at issue of increased book profits to the investor 
for each unit increase in premium H is 


Y= 2 C= ger hE + DU EE 


The quantity Y is closely related to the denominator in (16.4.2). The difference is 
that Y measures the impact of a unit change in premium over the entire policy 
period, while in (16.4.2), the impact is measured only for 20 years, at the end of 
which time a fund objective is to be met. 


We let G, as before, denote the contract premium that meets the economic goal 
and assume that G > H. Two modified values are introduced. Let 


Z-Z-(G-HY (16.4.3) 


denote a modified value of the actuarial present value of book profits to the investor 
and 


G 
X'-—X 16.4.4 
= (1644) 


denote a modified value of the actuarial present value of future sales commissions. 


The economic goal can be described as 
Z'-bX ` (16.4.5) 


where b is the required profit rate on the investment in the distribution system. 
Then, from (16.4.3) 


(G-H)Y-Z'-Z 
and using (16.4.4) and (16.4.5), we have 


Z-(G-HY-bX-b E X. (16.4.6) 


Formula (16.4.6) has an economic interpretation. The right-hand side of the equa- 
tion states the economic goal. The left-hand side has two terms. The first term (Z) 
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is the actuarial present value of book profits with the initial choice of contract 
premium H. The second term, (G — H)Y, is the increase in the actuarial present 
value of book profits from increasing the contract premium by G — H. 


Solving (16.4.6) for G yields 
es HY HE 
HY bx” 


which will meet the rate of return requirement j on investment in new business 
and the profit rate on commissions b, which is related to the investment in the 
distribution system. 


16.4.4  Risk-Based Objectives 


Another justification of profit loadings is that the investor should be compensated 
directly for accepting risks. As in Section 15.3, let ¿L, denote the expense augmented 
loss variable at issue associated with an insurance policy in a double decrement 
model. Then Var(4L) and V Var(4L.) would be possible measures of the risk asso- 
ciated with the policy. Let the expense-loaded premium determined by the equiv- 
alence principle be denoted by P'. The contract premium, with a risk-adjusted profit 
loading, might be 


P' + c Var(oL,) c0 (16.4.7) 
Or 
P'ekWNarQL) k>0. (16.4.8) 


The premium in (16.4.7) involves the variance premium principle, and (16.4.8) in- 
volves the standard deviation premium principle. 


Var(,L,) measures the risk resulting from the uncertainty of the time and the 
cause of decrement. Because of the importance of investment rate risk in long-term 
insurances, some actuaries would either limit the application of the variance or 
standard deviation premium principles to short-term policies or incorporate ran- 
dom interest into the loss variables. 


If c and k are both constant, then the standard deviation premium principle has 
the appeal that both the expense-loaded premium and the contract premium are 
in the same monetary units. If, however, c is a function of the risk in terms of 
(monetary unit) !, then the expense-loaded premium and the contract premium are 
both in the same monetary units under the variance premium principle. 


An appealing property of the variance premium principle can be demonstrated 
by considering two independent expense-augmented loss variables, denoted by 
oL, (1) and 4L,(2). Then, 


c Varl,L (1) + 4L(2)] = c Var[oL,(1)] + c Var[oL,(2)]. (16.4.9) 
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On the other hand, 
k VVar[oL.(1)] + Vark LAD] < k VVar[L,()] + k V Var[5L,(2)]. 


The relationship in (16.4.9) is called the additive property of the variance premium 
principle. The additive property means that the premium for a sum of independent 
risks is the sum of their individual premiums. The profit and contingencies loading 
for a collection of independent policies is the sum of the loadings for the individual 
policies. Exercise 16.11 shows that a simple proportional profit and contingencies 
loading also has the additive property. 


Example 16.4.1 


Use the results in Table 15.3.2 to determine contract premiums by (a) the variance 
principle with c = 0.05 and (b) the standard deviation principle with k = 1.0. 


Solution: 


a. 332.96 + 0.05(224.25) = 344.17 
b. 332.96 + 1.0 V/22425 = 347.93. v 


16.5 Experience Adjustments 


512 


The set of asset shares as computed using (15.6.7), before a block of policies is 
issued, will almost certainly not equal the assets per surviving insured developed 
by experience. Nevertheless, the formulas of Section 15.6 can be used to gain in- 
sights into sources of financial gain or loss, measured with respect to expected 
results. Suppose that we trace the progress of ,AS to ,,,AS where the hat (circum- 
flex) indicates that the (k + 1)-st asset share is derived from the expected k-th 
asset share using experience cost factors. A cost factor based on experience will 
have a hat added. In particular, i,,, is the experience interest rate earned over 
the (k + 1)-st Epl year. The experience asset share will be given Dy 


"t = [AS + Ga — &) — jus ds) cotes e158) 
= 0 (4CV — r145). (16.5.1) 
Subtracting (15.6.7), which traced the expected progress of the asset share, from 
(16.5.1) yields 
à. AS — 4448 = (AS + GO). xe 


b. + [(G e, + e + i) - (G & + &1 + i.) 
c. F (qe, (1 — 44,AS) - qu, (1 — 4445)] 
d. + de GCV —1440) = gy Gul —33:445)]. 


(16.5.2) 
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In (16.5.2) the total deviation between the experience asset share and the ex- 
pected asset share has been allocated into four components. Component (a) is 
associated with the deviation between the experience and the assumed interest 
rates. Component (b) is the difference between experience expenses and ex- 
pected expenses, with an interest adjustment. Component (c) is the difference 
between assumed and experience mortality costs, and component (d) is the 
difference between assumed and experience withdrawal costs. 


Participating life insurance is based on the principle that premiums are set at 
a level such that the probability is very low that premiums and associated in- 
vestment income will be insufficient to fulfill the benefit and expense commit- 
ments implicit in the issuance of a block of policies. Under this principle, which 
can be viewed as an alternative to the equivalence principle, the expected value 
of a loss variable should be negative to generate financial margins to provide 
for deviations in experience unfavorable to the insurance system. As the uncer- 
tainty about experience is removed by the passage of time, the margins for 
adverse deviations built into the original price-benefit structure can be released 
and returned to the policyholders who, through higher premiums, carried the 
risks. These returns of funds not needed to match future risks are called divi- 
dends. A simplified version of (16.5.2) is used frequently in the analysis that 
leads to the determination of dividends. 


For the simplified version, we start with a modification of (15.6.7). In this 
development ,F will take the place of ,AS. The new symbol denotes a fund 
share that is no longer a consequence of the expected operation of the insurance 
system. Instead, the values of ,F are amounts set in advance such that, with 
future premium and investment income, the block of policies under consider- 
ation has a high probability of meeting its benefit and expense obligations. Thus, 


par = kE + GA -= e o el + i) = qu nF) 
i qu (4CV. = kF). (16.5.3) 


In (16.5.3), Cy €y qP y and q®@, are typically set at levels somewhat higher than 
expected, and i is set at a level somewhat lower than expected in order to 
provide margins to cover adverse deviations. These margins result in a small 
probability of a need for outside funds. 


Formula (16.5.4) describes the fund share progress for a unit of insurance 
where experience cost factors are denoted with hats; that is, 
paF + D = LF + GO- 6) êa + ia) 
= qt (1 — gF = eD) 
"3 49, G4 CV = eE 7 aD) (16.5.4) 


In (16.5.4) the dividend is denoted by ,,,D; it is the difference between the 
predetermined goal of ,,,F and the fund share generated by experience. Sub- 
tracting (16.5.3) from (16.5.4) yields 
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a. 1D = (GF + Gis, — i) 


b. + [(Ge, + e) + i) — (Ge, +ê + £4] 

c. *  - pe PQ - a0 

d. *(QaQCV — pF G2, - 28) 

e. + kD (08, T (8). (16.5.5) 


The components of (16.5.5) may be identified with experience factors that de- 
termine their size. Thus, (a) is associated with interest, (b) with expenses, 
(c) with mortality, (d) with voluntary terminations, and (e) with the payment 
of dividends only to survivors. If ,,,CV = ,,,F and dividends are paid to in- 
sureds who die and to insureds who withdraw, and if G c, + e, is denoted by 
E, whereas G ĉ, + @ is denoted by Ê, then (16.5.5) can be written in a three- 
term form, 


"EID > GE + G)(f., UE 1) 
PIECE) = ÊL + ial 


+ (1 = PUR, - 003). (16.5.6) 


Example 16.5.1 


In Example 15.6.1 a set of asset shares was computed for the 3-year annual level 
premium endowment insurance. Recall that the example was designed for conven- 
ience and ease of calculation rather than realism. Make the following assumptions 
about experience: 


oF = ,AS = 0 

FAS = 229.44 

oF = ,AS = 589.47 

i, = 0.15, 7, = 0.16 

g® = 0.085, 3? = 0.200 

$0, = 0.090, 3? = 0.100 
Ck =t, fork = 0, 1, and 2 
à, = 10, 8, = 1. 


Calculate ,D and D using (16.5.5), assuming that dividends are paid to those who 
die or withdraw. 
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Solution: 


yD ;D 
(a) Interest (0  342.96)(0) (299.44 + 342.96)(0.01) 
GF + G)ü - i) 
t + + 
(b) Expenses 
(Ge, +e) + i) — [342.96(0.20) + 8](1.15) [342.96(0.06) + 2](1.15) 
(Ge + &)(1 + i.) — [342.96(0.20) + 10](1.15) — [842.96(0.06) + 1](1.16) 
+ + + 
(c) Mortality 
[1,000 — ,,,F] [1,000 — 229.44](0.015) [1,000 — 589.47](0.0211) 
(a, - 89) 
+ + + 
(d) Withdrawal 
[;4CV ~ pai Fl [227.73 — 229.44](—0.1) [564.41 — 589.47] 
(ac. —- 489 X (0.0111) 
(a) 0.0000 5.7240 
(b) —2.3000 0.9342 
(c) 11.5584 8.6623 
(d) 0.1708 —0.2781 
Total 9.4292 15.0424 


16.6 Modified Reserve Methods 


Two salient ideas about financial reporting for life insurance enterprises are in- 
dicated in the extended illustrations developed in Sections 15.2.2 and 15.32. The 
first of these ideas is that cash flows, and thus economic gains, are not affected by 
the method selected for reporting liabilities. The second is that using reserves de- 
rived from a multiple decrement model and incorporating expenses results in a 
more level stream of reported annual net income than when single decrement ben- 
efit reserves are used. 


In Section 16.1 it was pointed out that single decrement approximations to more 
comprehensive multiple decrement models incorporating expenses are frequently 
used, especially for regulatory purposes. In this section the use of such an approx- 
imation for financial reporting will be developed. 


A general fully discrete insurance on (x) is introduced by way of (8.2.1). Later in 
Chapter 8 it was shown that for a fixed schedule of death benefits, it is not nec- 
essary to determine a sequence of constant benefit premiums to define the corre- 
sponding benefit reserves by the equivalence principle. Nevertheless, regulatory or 
economic restrictions, such as ,V = 0, may make some sequences of nonconstant 
benefit premiums infeasible. Other examples of such restrictions might be the 
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requirement that the benefit premium used for reserve purposes be less than or 
equal to the contract premium and, except for the first policy year, the benefit 
premium be a fixed proportion of the contract premium. 


For insurance policies that provide for constant benefits and constant benefit 
premiums, a system of notation and nomenclature has been developed to define 
modified reserve systems with nonconstant benefit premiums that provide a more 
realistic matching of premium reserves and related expenses. These modified re- 
serve systems are constructed using a single decrement model under the assump- 
tion that nonforfeiture values have been determined so as to minimize the gains 
and losses due to withdrawals. 


A modified reserve method is one that does not use the actuarial present value 
of a set of level benefit premiums as a deduction from the actuarial present value 
of future benefits in defining reserves. Instead, a sequence of step premiums is 
defined. Usually no more than three different levels are involved, although the 
theory would permit more steps in the path. The three premium levels are denoted 
by a, the first-year benefit premium; B, the benefit premium for the next j — 1 
years; and P, the level benefit premium assumed payable beyond the first j policy 
years. This set of premiums is constrained to have the same actuarial present value 
as the set of level benefit premiums so that 


ac B Ce 1) | P (dj i5) 7 Pig, 


a + Bama = Püs (16.6.1) 


where h is the length of the premium paying period. 


In the notation of Section 15.5 for level benefit premium reserves, amount c is 
expected to be available in the first policy year. This comes from a loaded premium 
of P + c to offset first-year expenses. If a < P, then P + c — a > c will be expected 
to be available, within the modified reserve accounting method, to match first-year 
expenses. If & < P, a consequence is that B > P. This can be seen by rewriting 


(16.6.1) as 
a + Bay = Pa + 1), 


xj—1i 


P—a 


B=P+ (16.6.2) 
Hy 
A second useful expression can be obtained from (16.6.1) as follows: 
B(ü.z T 1) = Pä ~ a, 
gap Pe (16.6.3) 
Arj] 


Thus a modified reserve method for policies with constant benefits and premiums 
can be defined by specifying the length of the modification period j and either the 
first-year premium o, the renewal premium 8, or the difference P — a. Figure 16.6.1 
provides a schematic diagram summarizing the relationship among the premiums 
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making up a modified reserve method. The actuarial present value at issue of the 
premium components depicted by the shaded areas A and B are equal as can be 
seen from (16.6.1) rearranged as P — a = (B — Pay 


Premiums in a Modified Reserve Method 


time 


In (16.6.1) and (16.6.2) we use the symbols a and f to denote, respectively, the 
first-year and renewal benefit premiums for a j-year modified reserve method and 
P to denote the general symbol for the level benefit premium. In a similar fashion 
we use the symbol VM% to denote a terminal reserve computed by a modified 
method. 


The following formula is used to calculate terminal reserves in the fully discrete 
case of an h-payment, n-year endowment insurance under a modified reserve 
method with a j-year modification period. During the modification period, k < j, 


hy y Mod E T " 
Med T Aria Bay ug ee je 


m Arka E Kern kg] (B Pagi Bug 


= Vea ea: nea) LEE 
The results of Chapter 8 for a general fully discrete insurance apply to a modified 
reserve system as described in this section. In (8.2.1), the correspondence is bí. 
=1, m) = a, T, = B, h = 1,2, . . .. This means that Theorem 8.5.1 holds for modified 
benefit reserves and can be used in risk management decisions. 


After duration j, reserves under the modified reserve method are equal to those 
under the level benefit premium method. 


Example 16.6.1 


Whole life insurances, on a fully continuous basis, are to have reserves deter- 
mined by a modified reserve method. Under this method, the first-year and renewal 
benefit premium rates are à, and B,, à, < P(A,); the modification period is the 
entire policy period. Define the future loss variable and write equations that may 
be used to evaluate reserves. 
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Solution: 


Mt — à dao 0zxT()-t«1-t 
" UM 2. "rt d ] (x)-t ous 
LO = 4v as in — Br iioa T(X)—- Tz1-t 
pit — B, arya t= 1. 
By analogy with (7.2.3), the reserve is 
VA, _ ie z7 Oe es TA] 7 B. Fess Ost<1 
Ayre = B. LT tz] 
In addition, 
,V(À,) E A Mer = [B.. m P(À] p pm 1. 
Since we require that 
a, Aa F B. 1g = PC A Maa F 14x), (16.6.4) 
we have, similar to (16.6.2), 
"ES P(A) — ala. 
B. z P(A,) X [ (A) - a, Hy 
jx 
and 
B. > P(A)). 
Therefore, 
VA) VASO. ten, v 


Example 16.6.2 


Using the information given in Example 16.6.1, derive a retrospective formula 
for ,V(A,)et, 


Solution: 
Consider the case where 0 — t < 1 and recall that 


Ax = à, 45 + B. 1 


= à (Z3 ur Tm Ex) + B. G 1E,). 


Then, using notation from Section 7.3, we have 


7(A yMod — A 5 @F 3 
VA) Ay ip — Oy tite] T By i-i 


z A, — à, a, 
ee eee e Ost<1 
Px 
= 0,8, ky 


In addition, 


VA) = WAM = (P(A) -alsa OSE <1. 


In the case t = 1, we recall that 


A, = à. Hx + By Gi zi T Gay Ep). 
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Then 


Ex 
€ a, T3 F (2 8 = k 
E; B. xtid-i1l ELS v 


16.7 Full Preliminary Term 


In order to develop a reserve method that increases the effective expense loading, 
G — a, in the first policy year to better match the large first-year expenses, a is 
usually constrained to be less than P. However, in accordance with certain regu- 
latory principles, there is a practical lower bound on the value of a. 


This lower bound is derived from the recognition that negative reserve liabilities 
are effectively accounting assets. Since the collection of future contract premiums 
is uncertain, some regulatory agencies have not permitted such negative reserves 
to be included in the balance sheet in statutory assessment of insurance company 
solvency. Thus a practical objective of the reserve method is to avoid a negative 
reserve at the end of the first policy year. This means that, for a level unit benefit 
policy, the smallest feasible value of a will be Atz on the fully discrete basis. This 
requirement was applied in Example 8.2.1. The result may be seen as follows: 


iv 2G, 
QS. 7 ik, = 9, (16.7.1) 
a= Ala. 


If a is set at the minimum level and the modification period, j, is the entire premium 
paying period, the resulting method is called the full preliminary term (FPT) 
method. Under the FPT method, the reserve at the end of the first policy year is 0. 


For this fully discrete basis, the renewal valuation premium B may be obtained 
from (16.6.1) by substituting for a general h-payment level premium insurance with 
actuarial present value denoted by A; that is, let A(1) denote the actuarial present 
value for an insurance issued at age x + 1 for the benefits remaining thereafter. 
Then 


Ala + B uta = Pág 
=A 
= Aly + E, A(1) (16.7.2) 
or 
_ iE, AQ) | AQ) 
ick] ArtR i 
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In words, p is the annual benefit premium for a similar insurance issued at an age 
1 year older, with premiums paid for 1 less year in the case of a limited premium 
paying period, and maturing at the same age as the original insurance. 


For a fully continuous basis, the smallest feasible value for the first-year premium 
rate, à, is A13 / 2,4, again based on avoiding a negative terminal reserve at time 1. 
That is, 


iV(A,) = 0, 
"x ~k, = 0, (16.7.3) 
"Tea 
Al 
az x: l 


The development for the renewal premium rate, B, corresponds closely with the 
development of (16.7.2) above: 


Ala + Bid = P(A) 2,4 
=A 
= Aly + E, A(1) (16.7.4) 
or . 
5 = AQ) __AQ) 
18-3 TEE 
The effect of the FPT method on accounting statements can be demonstrated by 


modifying (15.5.5). We note that expense-loaded premiums under FPT are given 
by 


P, +ce= Aatos B. 


where c, is the loading in the first year and c, is the loading in renewal years. The 
analogue of (15.5.5) where, as before, u(k) denotes the anticipated surplus for each 
expected surviving insured at end of accounting period k is, for u(0) = 0, 


[(Alg + &) eoll + à — 4, = p, ull) 


(cy — e) + i) = p, u(1) k — 0, (16.7.5A) 
Pall V + u(k)] sty (By + c) = ej u + i) E Px (ek 
= qa hka V + uk +] k-12... (1675B) 


Therefore, if 
Co = e = (P, + c — Ala ~ e) 0, 


the first-year surplus in our idealized accounting illustration will be positive. In 
realistic situations, 


Co = P, +e ~ Age 


Xt 


Section 16.7 Full Preliminary Term 


and p, u(1) will be greater than when liabilities are measured by level benefit pre- 
mium reserves. 


The recursion formulas, analogous to (8.3.10), are 


Al + i) — gq, = 0 (16.7.6A) 
and 
PAVE E BA +) He Gerk 5 eae te VE (16.7.6B) 
Subtracting (16.7.6B) from (16.7.5B) we obtain 
ip tu) + cy — e + 2) = up uk +1) k= 1,2,3,.... (1677) 


Multiply (16.7.5A) and (16.7.7) by v**!, let c; = cy when k = 0 and cj = c, when 
k=1,2,..., and we get 


A[v* py u(K)] = v* ,p, (c; — ey. (16.7.8) 
With u(0) = 0, difference equation (16.7.8) yields 


k-1 k-1 
2; Ale! p, u= 2; vi Pe Gj = e) (167.9) 
b dom 
k 1 i 
p, uk) = » a +X p, (G — e). (16.7.10) 
= 


As in (15.5.8), the expected surplus for each initial insured in our idealized model 
is the accumulated value of the excess of loadings over expenses in each earlier 
year. The following comparisons of the annual expected contributions to surplus 
for each surviving insured in the cases of FPT reserves and of level benefit premium 
(LBP) reserves may be developed using (15.5.7) and (16.7.8). 


FPT LBP 


Co — € > c-e 
G= < 6-8 k=1,2... (16.7.11) 


The inequalities displayed in (16.7.11) for the expected contributions to surplus are 
valid when a < P and B > P. 


16.8 Modified Preliminary Term 


If we adopt the principle that negative reserve liabilities are inappropriate on the 
balance sheet of an insurance enterprise, the FPT reserve method provides a min- 
imum first-year terminal reserve and minimum first-year premium. According to 
(16.7.11), the annual surplus contributions in the first year under FPT and LBP are 


FPT LBP 


Pte ei ty Sly = yp = C—O: 
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A difficulty arises in that the magnitude of P — Aly depends on the plan of insur- 
ance. Since P, is normally much greater than P15, the expense margin to be used 
to offset first-year expenses will also be much greater for an n-year endowment 
insurance than for an n-year term insurance. One school of thought holds that if 
P — Atq provides an acceptable expense margin for low-premium policies, it pro- 
vides an excessive margin for high-premium policies. Under this line of reasoning, 
low-premium policies may be valued satisfactorily under the FPT method, but 
high-premium policies should use a modified reserve method that will produce a 
positive first-year terminal reserve. 


A modified preliminary term reserve standard requires: (1) A decision rule by 
which policies are separated into low- and high-premium classes. (2) That for low- 
premium policies the FPT method, which specifies œ = Al, is permitted. (3) A 
definition of a valuation method for high-premium policies by specifying B, 
B — a, or an a > Aj; and the length of the modification period. 


An objective of government regulation is to reduce the threat to insureds that an 
insurance company cannot meet its obligations. In accordance with this objective, 
in some jurisdictions, an actuary is designated to have the responsibility to deter- 
mine that reserves make adequate provision for future obligations for an insurance 
enterprise. 


In other jurisdictions laws and regulations limit the choice of the methods and 
assumptions that may be used to estimate reserve liabilities for regulatory pur- 
poses. In some cases these laws and regulations define a modified reserve standard. 
Only one such standard remains of direct interest to actuaries practicing in the 
United States. The Standard Valuation Law defines the Commissioners Reserve 
Valuation Standard for life insurance. The elements of this standard are that 

* High-premium policies are defined as those for which B^" > ,,P,,,, the FPT 

renewal benefit premium for a 20-payment life 

* The FPT method is a minimum for low-premium policies 

* A specific Commissioners Reserve Valuation Method (CRVM) be used for high- 

premium policies. Here the premium payment period is the modification pe- 
riod and 


BEM cem aC RVM a 


= plea. = Ai. 
An application of (16.6.3) yields 

pe M = Pp + m — A (16.8.1) 
xhi 


where / is the length of the premium paying period. 
The decision flowchart implicit in a modified preliminary term standard, illus- 


trated by the Commissioners Reserve Valuation Standard, is displayed in Figure 
16.8.1. 


Section 16.8 Modified Preliminary Term 


duas 
Modified Preliminary Term Decision Flowchart 


EPT FPT 
B = Pus (No) (Yes) B i Up 


FPT 


High 
Benefit 


16.9 Nonlevel Premiums or Benefits 


Section 16.2 covers the development of a single decrement model with arbitrary 
assumptions about the level of expenses and their time incidence for defining min- 
imum cash values. In Section 16.8 a related development is done for the purposes 
of defining minimum reserves for financial reporting to regulators. In both of these 
sections the developments were limited to level premiums and benefits. The stat- 
utes supporting minimum reserve and minimum cash value regulation have typ- 
ically contained specific provisions for level premium and benefit policies. Because 
of the limitless variation that can exist in schedules of premiums and benefits that 
are not level, the interpretations needed to apply the principles of the statutes have 
been left to regulators and professional judgment. The job is to take statutory and 
contractual language and to produce a mathematical model that is consistent with 
the intent of the language. This type of endeavor is typical of many actuarial 
assignments. 


The main tool in adapting regulations designed for level death benefit and level 
contract premium policies to policies with nonlevel premiums or benefits is that of 
averaging. A sequence of nonlevel premiums or benefits will be replaced by a level 
sequence made up of weighted average premiums or benefits, respectively. The 
methods of adapting regulations for nonconstant premiums or benefits will differ 
by the weights used in the averaging. 


16.9.1 Valuation 


In Section 8.2 a general insurance, using a fully discrete basis, is discussed. This 
general insurance will be used to illustrate the problem. Recall that, under the 
insurance, a death benefit b;,, is paid at the end of policy year j + 1 if death has 
occurred in that year. Annual premiums are payable, contingent on survival, at the 
beginning of each policy year during the premium period. The contract premium 
G; is paid at time j, the beginning of policy year j + 1. 


We describe here the interpretation by Menge (1946) for applying the Commis- 
sioners Reserve Valuation Standard to this general insurance. Formulas are given 
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for a term insurance with a description of the modifications for an endowment 
insurance. These rules are directly applicable to insurance policies with schedules 
of benefits and premiums. Policies providing for benefits or premiums that are tied 
to investment performance, or that can be changed at the election of the owner of 
the policy, require special consideration. 


The first task is to determine the criterion for using FPT. As a first step, we 
calculate an equivalent level renewal amount (ELRA). For this insurance we have 


n-2 
j41 
2 biis UT Prev xij 
= i= 


ELRA 


(16.9.1) 

Ara 
The ELRA for an endowment insurance is calculated on the basis of the death 
benefits only and is thus also given by (16.9.1). ELRA can be interpreted as a 
weighted average benefit amount with weight 


pitt Pa eas 
AST 
In addition, the average ratio of renewal benefit premiums to renewal contract 
premiums is denoted by r; and is determined by 


j+1 
biz v! jPea fx+1+j 


r = V. ; (16.9.2) 
> Gi v ifa 
j=0 


The Menge interpretation depends on the assumption that the valuation premium 
is a constant fraction of the contract premium. 


For endowment insurances, pure endowment benefits are included in the nu- 
merator for fp. 
Under the Menge interpretation, FPT is allowed if 
re Gy = ELRA P; (16.9.3) 


If this condition is satisfied, FPT is interpreted as involving benefit premiums 
T = vbq, and a; = r,G, j = 1,2, ..., h — 1, where A is the length of the premium 
paying period. The modified reserve, for k = 1, is given by 


n—k-1 h-k-1 
Mod LN +1 = 5 j 
porco baa UT Padua — fr Gi; V Perk: (16.9.4) 
a j j j a pe 


For endowment insurances, pure endowment benefits are added to the first lerm 
of (16.9.4). 


In cases where (16.9.3) is not satisfied, the excess first-year expense allowance, 
comparable to B — a, is given by 


ELRA oP... — b, Ai. 
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A modified average ratio of benefit premiums to contract premiums, denoted by 
fæ is determined as 


n-1 
» bj yi ide; T (ELRA Py — b, Ala) 
E 


Fc = mI (16.9.5) 
G. vi p, 
2 v ap 
The modified reserve in this high-premium case is given by 
n—k-1 l h—k-1 
oS 2 ba pr Peek fx+k+; fc > Gej U! pus (16.9.6) 
j= j= 


For endowment insurances, the numerator of r¢ in (16.9.5) and the right-hand side 
of (16.9.6) are adjusted to include pure endowment benefits. 


Example 16.9.1 


Calculate the annual benefit premiums under the Commissioners Reserve Valu- 
ation Standard for a special 30-year endowment policy issued at age 35. The benefit 
is 150,000 for the first 20 years and 100,000 thereafter with a maturity benefit of 
100,000. The contract premium is a level 2,500 for 10 years and thereafter is 1,250. 
Use the Illustrative Life Table with i = 0.06. 


Solution: 
The ELRA is based on the death benefit and is calculated as 


2Ada + Ad. 
ELRA = 50,000 ( 329 +m) 
36:29] 


— 130,153.30. 


The rp factor is given by 


„„ = 90000 (2A; + Adi 
F 1250 fazg59 + faze) 


= 0.91014604 
and 
19P36 = 0.0116543. 
For FPT to apply, (16.9.3) must be satisfied. However, since 
re Go = (0.91014604)(2,500) = 2,275.37 > 1,516.85 = ELRA P, 


FPT is not allowed. The excess first-year expense allowance, corresponding to 
B — a, is given by 


ELRA P, — b, Ala = 1,516.8456 — 284.9395 = 1,231.9061 
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and 

_ 90,0002A5555 + A373) + 1,231.9061 
1,250(üs 53 + das) 

— 0.88223578. 


C 


Thus the renewal benefit premiums are 
rc(2,500) = 2,205.59, years 2, 3,..., 10 
r-(1,250) = 1,102.79, years 11, 12,..., 30, 
and the first-year benefit premium 


= re(2,500) — 1,231.9061 
= 973.68. Y 


An alternative interpretation of the Commissioners Reserve Valuation Standard 
as it applies to policies with nonlevel death benefits is contained in Actuarial Guide- 
line XVII developed by the National Association of Insurance Commissioners. 
These guidelines do not have the force of law in most states but are designed to 
serve as guides in applying statutes lo specific circumstances. 


The guideline first requires the calculation of the average of the death benefits 
at the ends of policy years 2 through 10. Let M denote the average value; that is, 
8 


> bo 


M= j-0 
9 E 


If 


n-2 

j+1 
2 bj, v! jPx+1 deasj 
E 


5 > M 19P x417 

Heil 
then rc is determined by (16.9.5) with M replacing ELRA. If the alternative 
inequality holds, then r, is determined by (16.9.2). Reserve formulas (16.9.4) and 
(16.9.6) remain valid. The purpose of the guideline is to replace ELRA with the 
simpler M. 


Cash Values 


The issues that arise with nonforfeiture benefits for such policies are similar, but 
there are differences. The 1980 NAIC law refers to an average amount of insurance 
(AAI) and indicates that this amount is based on benefit amounts at the ends of 
the first 10 policy years. Thus, in the notation of the general insurance of Section 
8.2, 
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when n = 10. A level benefit premium is 


n-i 

j+1 
2, bi, 1 9" jPx fysj 
j= 


yA 


P= (16.9.7) 
An additional term is included in the numerator of (16.9.7) if pure endowment 
benefits are included. The formula for the first-year expense allowance depends on 
P and AAI and is defined as follows: 


E Is + O01AAI P < 0.04AAI 


- (16.9.8) 
0.06AAI P = 0.04AAI. 


1 


The adjusted premium for any policy year is a multiple, ry, of the corresponding 
contract premium for that policy year where 


E, + > ba vit jPx dj 
: (16.9.9) 


The minimum cash value is given as 


n-k-1 h-k-1 


,CV = » ba pe iPeekxaka; T IN > Gi vi fx (16.9.10) 
i= i 


Again, both (16.9.9) and (16.9.10) must be modified if pure endowment benefits are 
provided. 


Example 16.9.2 


Calculate the minimum cash values at durations 1, 2, 10, and 20 for the special 
30-year endowment policy described in Example 16.9.1. Use (16.9.8), (16.9.9), and 
(16.9.10) with the Illustrative Life Table and 6% interest. 


Solution: 

The death benefit is 150,000 for the first 20 years and 100,000 thereafter. However, 
since the AAI is based on the first 10 policy years, AAI = 150,000. The level benefit 
premium for this policy is, at issue age 35, 

Z 50,000(2A35.39 | Assag) 
iss 


— 1622.9358. 


P 


Since 


P = 1,622.94 = 6,000 = 0.04AAI, 


Chapter 16 Business and Regulatory Considerations 


then, according to (16.9.8), 
E, 


1.25P + 0.01AAI 


3,528.6698. 


The contract premiums are 2,500 annually for 10 years and 12250 annually for the 
remaining 20 years. The adjusted premium multiple, ry, is 


= E, + 50,000(2A35.39 + Asm) 
1,250 (35:30 + llssig) 


= 0.9667466. 


YN 


Formula (16.9.10) was used to obtain the following cash values for this contract. 


k ,CV 
1 0.00 
2 669.73 
10 22 519.81 
20 48 776.92. 


Formula (16.9.10) gives —1,483.53 for ,CV; however, negative values of CV cannot 
be collected from withdrawing policyholders, so it is arbitrarily set equal to zero. 


v 
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Cummins (1973) outlines the history of nonforfeiture values in the United States 
with emphasis on the pioneering work of Elizur Wright. Developments in other 
nations followed different paths. The 1941 NAIC report on nonforfeiture benefits 
provides an historical summary of United States regulation, a brief review of prac- 
tices in other countries, discussion of the philosophic considerations regarding eq- 
uity for withdrawing policyholders, and a development of the adjusted premium 
approach for defining minimum cash values. The 1975 Society of Actuaries com- 
mittee report on nonforfeiture requirements is especially interesting for its discus- 
sions of problems in connection with policies that provide for variation in benefits 
after issue. Richardson (1977) supplemented this later report with an expense in- 
vestigation for the purpose of defining the loading factors in adjusted premiums. 


Shepherd (1940) developed the ideas on natural reserves and premiums. In two 
papers, one covering asset shares and nonforfeiture values (1939) and one covering 
gross premiums (1929), Hoskins developed many of the ideas in Section 16.4.2. The 
premium determination method that depends on a rate of return objective is a 
simplified version of work by Anderson (1959). Anderson also provides extensive 
background material on margins for contingencies and profits. 
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Dividends are discussed in detail by Jackson (1959) and by Maclean and Marshail 
(1937) in a monograph that also traces the history of surplus distribution. Cody 
(1981) expands earlier models to a more comprehensive model. 


Full preliminary term reserves are also called Zillmerized reserves for the Eur- 
opean actuary who developed the method. The Commissioners method and related 
recommendations were developed by two National Association of Insurance Com- 
missioners (NAIC) committees with almost identical membership: the Committee 
to Study the Need for a New Mortality Table and Related Topics (1939) and the 
Committee to Study Nonforfeiture Benefits and Related Matters (1941). In recog- 
nition of their common chairman, these committees were popularly known as the 
Guertin Committees. Menge (1946) wrote a comprehensive paper on technical as- 
pects of the Commissioners method. Tullis and Polkinghorn (1992) have written a 
monograph on the many issues that arise in valuing life insurance liabilities. 
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Exercises 
Section 16.3 


16.1. A company is planning to adopt a new life table. Indicate how you would 
determine the ages at policy issue, and times since issue, for which the re- 
duced paid-up life insurance nonforfeiture benefits under whole life policies 
will be increased and for which they will be decreased. Use only a table of 
the annual benefit premiums for whole life policies computed on the bases 
of both the old and the new mortality tables. Assume that the cash values 
are calculated by applying the same percentage of the benefit reserve under 
the new table as was used under the old table. 


162. An n-year, n-payment endowment insurance on a fully discrete payment 
basis, with unit amount of insurance, is issued to (x). In the event of default 
of premium payments, the insured has the option of 
* Reduced paid-up whole life insurance or 
* An extended term insurance, to the end of the endowment period, with a 

reduced pure endowment paid at age x + n. 

* The cash value at time t is ,V,q and is sufficient to purchase paid-up whole 
life insurance of amount b or to purchase extended-term insurance of one 
together with a pure endowment at age x + n of amount f. If A,,,z-; = 
2A,4 express f in terms of b, Ada, and „Erot 

16.3. A 20-year endowment insurance of unit amount on a fully continuous pay- 
ment basis issued to (30) is lapsed at the end of 10 years when there is an 
indebtedness of amount L outstanding against the cash value ,,CV. Express, 
in terms of actuarial present values, 

a. The amount of pure endowment, E, at the regular maturity date if ex- 

tended term insurance for the amount of the policy less indebtedness, 
1 — L, can be continued to the maturity date; 
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b. The amount of the reserve on the extended-term insurance and the pure 
endowment 5 years after the date of lapse. 


16.4. It has been suggested that the amount of reduced paid-up insurance should 
be in proportion to the number of annual premiums paid to the total number 
of premiums payable under the terms of the paT: Compare the amount 
of paid-up insurance under this suggested rule with 23W, and ,,W,, 1039 using 
the Illustrative Life Table and 6% interest. 


16.5. Show that 
Asus 


and interpret the equation. [Hint: Use (8.6.2) to write the derivatives of 
VAa) and Acci 


dct. & 
di [W(A.3)] = 


16.6. In the early years of life insurance, one company defined its cash values as 
CV = h (Ga — G) atk) =k = 1,2,... 


where the symbol G denotes a contract premium at the indicated age, and 
ü(k) denotes a life annuity due commencing at age x + k, continuing on 
survival to the end of the premium paying period. In practice h was set at 
2/3. If, by the 1980 NAIC law, the contract premiums for a whole life policy 
are taken as adjusted premiums, and if it is given that P, and P,,, are each 
less than 0.04 and h = 0.9, show that 


CV = (0.909 + 1.125P,) ,V, + 1.125(P,,, — P,). 


167. Let ,W = «CV / A(k) where ,CV = A(k) — P à(k), as in (16.2.2), and P* is an 
adjusted premium. Construct a table for the three policies shown in Table 
16.3.1 under a fully discrete model, relating ,W to adjusted and level benefit 
premiums. 


16.8. If WM% = ,V"*! / Ack), where ,V™* is the reserve at the end of the k-th policy 
year under the Commissioners Standard, as discussed in Section 16.8, con- 
struct a table for the three policies shown in Table 16.3.1, under a fully 
discrete model, relating ,WM to renewal and level benefit premiums. 
Assume the premium payment period in the limited payment plans is less 
than 20 years. 


169. If CV = ,,,V(A)), 
a. Show that (16.3.4) for the length of the automatic premium loan period 
can be written as H(t) = 0 where H(t) = à, G8 + 4,4. — Oy 
b. Confirm that H(0) « 0 for survival functions where the force of mortality 
is increasing and, that as t — «c, H(t) becomes positive and unbounded; 
c. Calculate H'(t). 


= 
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Section 16.4 


16.10. 


16.11. 


16.12. 


16.13. 


If, in relation to (16.4.1), 194S; is the asset share at the end of 10 years based 
on G and ‚AS, is the corresponding quantity based on G,, write a formula 


for AS, — AS}. 


Denote the expense-loaded premium determined by the equivalence prin- 
ciple by P’ and the contract premium, loaded for profit and contingencies 
by G. If G = P'(1 + 0), 0 > 0, the contract premium has been determined 
by the expected value premium principle. This principle derives its name 
because the contract premium is proportional to the equivalence principle 
premium. Confirm that the expected value premium principle has the ad- 
ditive property. This can be done by working with two independent loss 
variables, ,L7(1) and ,L3(2), where the asterisk indicates that the premium 
included in the loss function is (1 + 0) times the expense loaded premium 
determined by the equivalence principle. Confirm that 


B[4L() + obe(2)] = ELED] + B[9L2(2]. 


Suppose that there is an experience premium, denoted by G, based on realistic 
mortality and expense assumptions such that 
GH ty hag E ot. 1 = pak) 


where § = G6, + êp k = 0, 1, 2, .... In addition, assume ,,,CV = ,4F for 

k = 0, 1, 2,3,.... Show that under these assumptions 

a. pF = (F + G= AA +) = AR = eek 

b. If dividends are paid to insureds who die or withdraw, (16.5.4) can be 
written as 


eF + aD = GF + G — 11 + fen) — AM, 0 — pa) 


and 
«D = (G = OWL + ten) + GF 6-96). 
This exercise outlines the experience premium method of dividend 
calculation. 
The recursion relation between successive life annuity values is given by 
(Gn — DA + i) = Porn Ösen h-0L2... 


a. If the actual experience interest rate is ins, and the experience survival 
probability is p,,,, the fund progress will be described by 


(ts E )ü F ep = Panky shea + Ay) 


where À,., is the survivor's share of deviations. Show that 


A = (14 A (ün = 1) + (Pran n Peu) fy ined 
h ^ 
= Pen 


and interpret the result. [This formula is the basis of the two-factor con- 
tribution formula for annuity dividends.] 
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b. If the annuity income at the end of the year is adjusted to be r,,, times 
the income as of the beginning of the year where 


(gin — DO + f) = Pian) ua, 
express r,,; in terms of i, i, ,,, Praw and Py). 
Section 16.6 
16.14. For a modified reserve method the period of modification is equal to the 
premium paying period. Show that 
Var =e (B +d) teeny 


16.15. A modified reserve method for a whole life insurance, fully continuous basis, 
is defined by 


Ee 
waa be: Oh are 
a(t) "i Osi<m 


where B is the level premium for t = m. 
a. Write a formula for B. 
b. Write a prospective formula for ,V(A,)"*^, t < m. 


16.16. Calculate a} and BY" in a modified reserve method for a fully discrete 
whole life insurance where ,V/^" = K. The modification period is the pre- 
mium paying period. 


16.17. Under a modified reserve method for a fully discrete whole life insurance 
policy, the annual benefit premiums, P,, are replaced (for reserve purposes) 
by annual premiums of «” for the first n years and 8” thereafter. Show 


that 

pes —p ü 

MX Xi. 1. 

P, zz ay” nËx 

16.18. Show that 
? P-a), 
A4 ea Vie = ( ite Atk] 
j 


where j is the length of the modification period. Note that this difference 
can be interpreted as the unamortized portion of the extra first-year expense 
allowance. 


16.19. Use the general symbols of (16.2.2) to define a modified reserve model for 
a level benefit, level premium policy: 


,VM" = Alk) Bà) k=1,2,3,.... 


———————————— 
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Confirm the following steps: 
a. V = vg, + vp, Ak + 1) - B — Bup, ü(k + 1) 
= vq, — B E vp, V 


(VE + Bü -*)-q-,,VM) + VM k-12.... 
b. If JV" is defined as (a — B) the recursion relation in (a) can be extended 


tok — 0. 
c A v V" = vg —4(1 —, VM ve —5012,..... 
d. Summing the expression in part (c) over k = 0, 1, 2,..., n — 1, confirm 
that 
n-1 
V" = Bi — (B = a)(1 + i — Xia. 
k=0 
Section 16.7 


16.20. Show that 


16.21. A two-year preliminary term reserve method is defined with three valuation 


premiums: 
First year: Aia 
Second year: Ass 
Thereafter: Level benefit premium for age 


x + 2, no change in benefits or 
premium paying period. 
Show that, for this method, the reserve on a whole life policy to (x) is given 
by 
,VMoà = aver — 0 
QUA = V, (Prag P) =k = 3, 4,5,.... 


(This type of reserve system is common in health insurance.) 


16.22. Consider a fully discrete whole life insurance on (x). A?" is defined as in 
(8.5.1) with ma = Aly m, = Puy h = 1,2,..., and ,V = ,V'"". Show that, 
if V, > 0, 
Var[A?"]K(x) = 0, 1,...] = v^ p,q, > Var[AgK(x) = 0, 1,.. .]. 
Section 16.8 


16.23. A proposed reserve valuation method has a first-year premium a and a 
renewal premium f applicable in all renewal years. The first-year premium 
is constrained to be at least equal to Ai. This provision allows the use of 
FPT for some policies and some ages. The excess of B over a cannot exceed 
0.05. Assume that on a particular valuation basis d — 0.03, a, = 17, aay = 9, 
A33 = 2/3, and Alz = 0.01. 
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a. Calculate B for a whole life policy issued to (x). 

b. Calculate ,, V^" for this method. 

c. Assuming a = Ai; = 0.01, calculate a test value for B for a 12-year en- 
dowment insurance on (x). Confirm that this value for B is inadmissible 
since B — a > 0.05. 

d. Using the result in (c), calculate B for a 12-year endowment insurance on 
(x). 


Mod 
e. Calculate V i 


16.24. A modified preliminary term reserve standard is described as follows: 

* Policies are divided into two classes: Class I, if the FPT renewal premium 
is greater than ,oP,,,; Class II, if the policy does not belong to Class I. 
For policies in Class I, the first-year premium is the same as that defined 
by the Commissioners Reserve Valuation Method. The renewal premium 
is such that the level benefit premium reserve is reached at the end of the 
premium paying period or 15 years, whichever comes first. 
* For policies in Class II, the FPT method is prescribed. 
For a fully discrete payment basis, 20-payment, 20-year endowment issued 
to (x), write an expression for a and B under this standard. 


16.25. If g^" > Ppi the k-th terminal reserve by the Commissioners method on 
a fully discrete basis life insurance issued to (x) and paying level benefits 
may be written as 


Ax d 2 x 
QVEM E ae + ioPa Sek] PT Sx] zm. 
kx ku 
Derive an expression for T. 
Section 16.9 
16.26. Assume BT > ,,P.,, and 
b = 1 j—0,1,...," — 1, 


G=P1+0) j-20L..,h-1 


Show that (16.9.7) reduces to the formula for the k-th reserve by the Com- 
missioners Standard. 
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SPECIAL ANNUITIES AND 
INSURANCES 


17.1 Introduction 


In this chapter we study a wide variety of policies that provide special annuity 
and insurance benefits; our aim is to determine actuarial present values, benefit 
and contract premiums, and benefit premium reserves. In Section 17.2 we examine 
a number of annuity contracts for a single life where the period during which 
payments are made may be longer than the future lifetime of the annuitant, or 
where there are benefits payable upon death. These contracts can arise from a 
settlement option under a life insurance policy, from the provisions of a pension 
plan, or from provisions of an individual annuity policy. Section 17.3 covers the 
closely related matter of the family income policy. Variable products, where benefit 
levels and reserves depend on investment results, are the subject of Section 17.4. 
These products become important when price inflation erodes the value of benefits 
stated in terms of fixed monetary units. In Section 17.5 types of policies that provide 
wide flexibility for changing benefit amounts and premium levels are examined. 
Some life insurance policies provide for benefit payments before death when the 
insured becomes terminally ill or has lost the ability to perform specified activities 
of daily living. These are called accelerated benefits. In Section 17.6 a multiple 
decrement model for such policies will be introduced. The model resembles the 
disability insurance models introduced in Chapter 11 in that both the time and 
amount of accelerated benefits payments may be random variables. 


17.2 Special Types of Annuity Benefits 


In this section we concentrate on calculating the actuarial present values of spe- 
cial forms of annuity benefits. The payment patterns depend on the contract pre- 
mium collected. We determine the appropriate contract premium using the equiv- 
alence principle. We emphasize continuous payment annuities and justify the 
corresponding results for m-thly payment annuities by analogy. 
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Section 5.2 contained an analysis of n-year certain and life annuities. That type 
of life annuity provides for a guarantee of payments for at least n years. The an- 
nuities in this section can be viewed as special cases where the number n bears a 
relationship to the consideration paid for the annuity. 


One illustration is the installment refund annuity. A sufficient number of pay- 
ments is guaranteed so that the annuitant receives at least as much as the contract 
premium that was paid. Thus, for such a continuous annuity with contract pre- 
mium G, the actuarial present value of benefits is 


ag + aie lG 


If the contract premium is to contain a loading of r times the premium, the equiv- 
alence principle requires that G satisfy 


G( — r) = ña + cE, desc. (17.2.1) 


The difference between the left- and right-hand sides of the above expression could 
be evaluated for integer values of G. Then, an approximate value of C that equates 
the two sides is found by linear interpolation. Similar expressions hold for discrete 
versions, and G could be found for those in a similar manner. 


A related annuity that contains some insurance features is the cash refund an- 
nuity. A death benefit is defined as the excess, if any, of the contract premium paid 
over the annuity payments received. If G is the single contract premium and T is 
the time of death, the present value of benefits on a continuous basis is 


_ Jāņ + (G - Tw? TxG 
Z t ju 172.2) 
The actuarial present value of these benefits is given by 
00 G 
EZ- [a piso d [ (6 sot piso d 
—-üa.tG Alg E (Aya. (17.2.3) 


As for the installment refund annuity, the principle equivalence is used to deter- 
mine G. If the loading is r times the contract premium, then 


Gü -n =4,+ GAlg — (Aia. 172.4) 


Linear interpolation can be used to approximate G after the difference between the 
left- and right-hand sides of (17.2.4) is evaluated for integer values of G. 


Example 17.2.1 


Consider a partial cash refund annuity with the present-value random variable 
defined as 


z= ay + (G — Tw! T<pG,0<p<1 
A7) T = pG. 
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a. Show that (17.2.4) may be rewritten for a partial cash refund annuity as 
G0 -rn=4, + pGAliza = QA) aa. 

b. Form H(G) = Gr + à, + pG Als — (lA)za = G for the purpose of determining 
G such that H(G) — G, by using an iterative solution method. The method will 
employ H(G) = Gaa- 

(i) Display H'(G) and H”(G). 
(ii) Discuss the signs of H'(G) and H"(G) in the neighborhood of a root. 


Solution: 


a. Apply the equivalence principle to obtain 
G(1 — r) = B[Z?] 


pG 
f [45 + (PG — £)v'] p, m(t) dt 


& [t pn di 


pi 


pG 
à. + sc | v' iPx w(t) dt 
G 


p 
m Í Ev! iPx w(t) dt 
= a, + pG Ala = A). 
b. (i) H'(G) =r + pAl;a + p[pG v «qp, i,(pG) — pG v? cp, i. (pG)] 


=r+ pAlza, 


H"G) zm p? pee pGPx ps (pG) 20, 


(ii 


— 


The rate of convergence of iterative methods for solving nonlinear equations 
depends on the magnitude of the first derivative [H'(G)] in the neighbor- 
hood of the solution of the equation. Assume H(Gj) = G;,, is used to solve 
iteratively for G. We know that H'(G) > 0 and H'(C) = r + påla = 
[G — a, + QA)sal/G. But G > à, > a, — (A)izqg > à, — (IA), > 0, so 
0«G - à, + (IA).zq < G. Thus 0 < H'(G) < 1 in the neighborhood of 
the value of G such that H(G) = G. The condition that |H'(G)| < 1 in the 
neighborhood of the solution is a sufficient condition for the iterative solu- 
tion procedure, H(G) = G,,,, to converge to G. v 


17.3 Family Income Insurances 


An n-year family income insurance provides an income from the date of death 
of the insured, continuing until 1 years have elapsed from the date of issue of the 
policy. It is typically paid for by premiums over the n-year period, or some period 
shorter than n years, to keep benefit reserves positive. Again, we start with a 
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continuous annuity. If T is the time of death of the insured, the present value of 
benefits is 


a= Ten 
z= {2 d PR (17.3.1) 
Usually, the interest rate involved in the annuity factor, 2,— is the same as that 
in the present-value factor, v. A variation of this type of contract is the mortgage 
protection policy where the annuity factor in the benefit function represents the 
outstanding balance on a mortgage. The mortgage interest rate used in evaluating 
i.— may then be different from that used for evaluating v”. 


The actuarial present value for the family income benefit is given by 


BIZ] = [viae pov. dt. (17.3.2) 


This integral can be converted to a current payment integral by integration by parts, 


3 [ v p, dt = f v (1 — p) dt 434—453. (17.3.3) 
The interpretation of the middle integral is that the annuity is payable at time J, 
for t < n, only if (x) is dead at that time, the probability of that event being 
1 — p, The first and third expressions in (17.3.3) can be interpreted as requir- 
ing a continuous payment, at a constant rate of 1 per year, until time n, but the 
payments must be returned if (x) is alive. 


We conclude this section with an example combining aspects of a family income 
policy and a retirement annuity with a term certain. 


Example 17.3.1 


Calculate the actuarial present value of the benefits under a policy issued at age 
40 providing the following annuity benefits payable continuously at a rate of 1 per 
year: 

* In the event of death prior to age 65, a family income benefit ceasing at age 65 

or 10 years after death, if later, and 

* In the event of survival to age 65, a life annuity with 10 years certain. 


Solution: 
We prepare to write the current payment integral. The following table gives the 
conditions required for payments at time f and the corresponding probabilities. 


Time Condition Probability 
0ctx25 (40) is dead Lapa) 
25 3h (40) was alive at t — 10 mom 
t > 35 (40) is alive Pao 
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The actuarial present value is 


25 35 o 
| v' (1 — Pa) dt + f V. Pa dt + if v' Pa dt. 


35 


If we replace t — 10 by s in the middle integral, we obtain 


25 
s+10 — p (5 E 
fi v Pa ds = V^ (Goz — Aom) 


Thus the actuarial present value of the benefit can be written as 


rey — F 10 aa at IC IA 
Ay — ñez + UU (oss A955) F flag — oz v 


17.4 Variable Products 


We consider several products where the benefit levels and reserves depend upon 
the investment results. The investments associated with a product may be of any 
type. Typically, the particular investments are selected to be in accord with the 
announced objective of the insurance or annuity product. The original impetus for 
these products was to participate in the higher expected total returns (dividends, 
interest, and capital gains) available in equity investments and thus to provide 
some measure of protection against inflation. A typical contract provides guaran- 
tees concerning mortality and expense charges. Thus, the policyholder is not 
charged for adverse experience, nor does the policy benefit from favorable expe- 
rience from these two sources. We examine the mechanisms for change in benefit 
level on an individual policy basis. 


17.4.1 Variable Annuity 


We consider here the variable annuity. During the premium-paying or accu- 
mulation period, a fund is accumulated from a single contribution, or from periodic 
deposits, at rates of return depending upon the investment performance of the 
fund. Typically, variable annuities make guarantees on maximum sales, adminis- 
trative and investment expense charges, and the mortality basis in use. If we ignore 
gains and losses attributed to withdrawals and to death benefits at guaranteed 
levels, the expected growth of the fund share is given by 


[F, + m(1 — eg — & JQ + ia) = Fest + deabus 7 Fea (17.4.1) 


see (16.5.3). Here F, is the fund share at time k; m, is the size of the deposit at 
time k; c, is the fraction of the premium, “ny charged for those expenses at time k 
that are proportional to the premium paid at that time; e, is the charge at time k 
for expenses not proportional to the premium; b,,, is the benefit paid at time k + 1 
for death between times k and k + 1; i, is the actual investment return, net of 
investment expenses, for the year following time k. The second term on the right- 
hand side of the equation is equal to 0 during the accumulation period, so we have 
the fund growing with interest only. 
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At retirement, the existing fund share is used to purchase a paid-up annuity, the 
purchase rates computed on a predetermined mortality basis and an assumed in- 
vestment return (AIR). If the AIR is low, then the initial annuity payment will be 
low relative to the fund share, but the contract can be expected to provide an 
increasing payment pattern that offsets some of the effects of inflation. Let the AIR 
be denoted by i and, again, let the net actual investment return in the year following 
time k be i;,,. If the annuity benefit is paid only to those living at the beginning of 
each year, with the annuity payment level at time k equal to b,, the reserve just 
before the payment is b, d,.,, with x the retirement age. The equation for the pro- 
gress of the fund share would be 


(b, Ük T bj s thar) = b, apa (17.4.2) 
But from (5.3.4), we have 


(uy E 1) * i) = Pee [TTE (17.4.3) 
Dividing (17.4.2) by (17.4.3) gives 
1+ 4 
bai = by "eeu (17.4.4) 


Thus, if i; > i, the benefit level will increase. Nolte thal a high AIR can lead to a 
situation where the benefit amounts are frequently decreased. 


The result, (17.4.4), holds for other payout options. This is indicated for the 
n-year certain and life annuity in Exercise 17.11. It also holds for m-thly payouts 
in slightly modified forms. First, let us consider adjusting the payout amount 
monthly. The formula connecting the annuity values for the first and second 
months of a contract year is 


402 1 m 22 
n= 12 1+ 12] T 1/12Px+k 2 aas, 


while the progress of the fund share would be expressed by 


b 402) __ b, i+ Hen == b 52 
k Ax Ek 12 12]. 1/12Px+k 9p 12 äh aya- 


Division yields 


b. + i42 /12) 


Peay = 1 403/12 (17.4.5) 


Alternatively, we could adjust the payment size on an annual basis even though 
the payout is monthly. First, the formula for successive annual reserves for a 
monthly annuity is 


GRL RADA + I = Ppor ifle. 
The equation for the growth of the fund share would be 


(b, aa xL äga + teat) = Pest Peri aa 
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Thus we make a charge, b, à(2) 3, for the present year’s annuity payments. Dividing 


the last two expressions gives (17.4.4) again, 
1+ thet 


baa = b, eee a 


17.4.2 Fully Variable Life Insurance 


There are a large number of possible designs for variable life insurance. We 
examine three distinct designs, all based on a whole life insurance. Each of these 
designs can be adapted to limited payment life insurances or to endowment in- 
surances. Each is based on annual premiums with immediate payment of claims. 
Benefit amounts are changed at the beginning of each year. 


The first design is what we call fully variable life insurance. Benefit amounts 
change with investment results, and premiums are kept proportional to benefit 
amounts. We start with a unit benefit amount and benefit premium P(A,). The 
terminal reserve at time k is equal to the product of ,V(A,) and b, the benefit 
amount to be paid in the year following time k. The benefit premium payable at 
time k is b, P(A,). Upon receipt of the benefit premium, term insurance for the 
benefit for the year is purchased, the cost being b, Aj. The equation that connects 
the expected fund size at the beginning and end of the year and is used to define 
the benefit for the subsequent year is 


[b. VA us b, P(A,) da b, Azz + ica) = Poe bs ja VÀ). (17.4.6) 


But we know 


[VÀ + PA, — Apgal + i) = Pere e VA. (17.4.7) 
Dividing (17.4.6) by (17.4.7), we obtain 
je 
boc xr (17.4.8) 


This is the same relationship that holds during the payout phase of a variable 
annuity, namely, (17.4.4). 


17.4.3 Fixed Premium Variable Life Insurance 


We next examine a fixed premium variable life insurance. The main difference 
from the fully variable design, as the name suggests, is that the benefit premium 
remains constant. Again we start with a unit benefit amount and write the equation 
connecting expected fund sizes, 

[by VO) + P(A,) z b, Adyglü zB ir.) = Peek bas 1 V(A,). (17.4.9) 
Combining this with (17.4.7) gives us 
VA +P (A,)/ b, — =) 1+ ty 


baa = b, | V n P(A,) = AJ 1 ¥ j . (17.4.10) 
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The first factor on the left-hand side of (17.4.9) can be written as 
(b, — 1) VG) * ViA,) +P (Àj) - b Ad. 


This shows that the fixed benefit premium supports both the initial face amount 
of 1 and the additional benefit, b, — 1, generated by the actual investment returns. 


17.4.4 Paid-up Insurance Increments 
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Here we consider an alternative used for the third design. We consider the 
changes in the benefit amount as paid-up and use the premium to support only 
the original benefit level. The equation connecting fund shares becomes 


[by = 1) Any + ,VCAÀ,) + P(A,) "ari b, Alit ate it) 
= Peek Ibr ~ 1) År + i VAY). (17.4.11) 
The left-hand side of (17.4.11) can be transformed as follows: 
ib, Uu Asti) [A VA) a PAD a ipii) 
= [b, Tm Astei ~ PAG c+ ~ DI t ir) 
= [b, exit A di = PAGE c+: dete I + ira) 
P(A,) 1+ ita 
PU) li l 


The right-hand side of (17.4.11) is most easily transformed by using the paid-up 
insurance formula for the reserve. It becomes 


i ; P(A) || 
x bu. = DA. + Ay. dco 
Pyxtk f 1 ) kl kl | Pä) 


> Prx+k Ay gay |^ x 


= Pxek A rubr | 


P(À,) | 
PU 24) 


Making these substitutions into (17.4.11), we find that the recursion formula for the 
benefit amount is 


P(À,) P(A,) | 1+ ia iai 


LO PULO) | EO PAg] der 
This third design has the advantage that if, after a period of years with favorable 
investment returns resulting in b, > 1, the investment returns level off at the AIR, 


then the benefit amounts will remain fixed. This is not true for the second design 
that led to (17.4.10). 


The paid-up insurance increment design has been used most frequently in com- 
mercial practice. Exercise 17.14 explores another design. 


Section 17.4 Variable Products 


17.5 Flexible Plan Products 


In the early 1970s insurance companies began to offer several types of policies 
intended to provide the policyholder a broad range of options for changing benefit 
amounts, premiums, and plan of insurance. The companies typically allowed small 
increases in death benefit amounts without new evidence of insurability, but larger 
increases required such evidence. The insurance plans usually included all types 
of level premium, level benefit term plans, which as a limiting case include whole 
life. The more expensive plans offered were either all limited payment life plans 
or all endowment plans. 


In Section 8.2 a model for life insurance policies with nonconstant benefits and 
premiums was developed. The schedule of premiums and benefits was assumed 
to have been determined when the policy is issued. In this section the option for 
changing benefits and premiums within bounds established by the contract is avail- 
able to the insured. Both participating (with experience-based dividends) and non- 
participating versions were made available. A special dividend option was devised 
to allow the dividend to be added at net rates directly related to the cash value. 
This larger cash value was then used to extend the expiry date on term plans or 
to increase the benefit amounts on permanent plans. We refer to such products as 
flexible plans and illustrate a particularly simple version that shows some of the 
inherent complexities. We conclude the section by describing a second design that 
has less emphasis on the plan of insurance and some features in common with 
variable life plans, as described in the previous section. 


PALER IT I DE aE A YC HUM vum eig 


17.5.4 Flexible Plan Illustration 


Basic to the design of the type of flexible plan considered here is a formula used 
in reserve calculations relating the contract premium to the benefit premium. We 
use the following very simple relationship applied to both term and limited pay- 
ment life plans, the latter being our choice for permanent coverage, 


0.8G = P. (17.5.1) 


Here G is the contract premium and P is the benefit premium. 


Another basic decision is to determine the form of the total expense charge and 
the related question of the adjustment of the reserves at times of plan change. We 
use full preliminary term reserves and nonforfeiture values in our illustration. It 
should be noted that the nonforfeiture and valuation laws may require higher min- 
imum values, particularly for limited payment life plans. We define jV = -E 
where E, is the excess first-year expense allowance. This idea also appeared in 
Section 16.2. Then, from our adoption of full preliminary term reserves, we have 
iV. = 0 and, assuming a fully discrete basis, 


oV + P = vgb, 
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thus 
E, = —AV = P — vgb. (17.5.2) 
The equation connecting initial benefit amount, b, initial benefit premium, P, and 
initial plan of insurance with h, the premium payment term, is 
oV F Pág s bAla. (17.5.3) 
Here j equals either h (in case of a term plan) or e — x (in case of limited payment 
lifc). Reserves arc most easily determined by retrospective formulas since, as we 


will see, minor adjustments in benefits in the final year of a policy are usually 
required. Thus 


oV + Pag — bALa 
Ey ` 


We illustrate the application of these formulas with the following example. 


V= (17.5.4) 


Example 17.5.1 


Consider a policy issued at age 35 with an initial gross premium of 1,000 and 
an initial benefit amount of 120,000. Use the Illustrative Life Table with 6% interest 
to determine the excess first-year expense allowance, the fifth-year reserve, and the 
plan of insurance. 


Solution: 
From (17.5.1), we have P = 800. Therefore, the excess first-year expense allowance 
is 
—V = P — 120,000vq3, = 572.05, 
and the fifth-year reserve is given by 


_ —572.05 + 80043 — 120,000A1.5 


V 
! sEs5 


= 2,491.24. 


The renewal benefit premium for 120,000 of whole life insurance at age 35 on a full 
preliminary basis is 120,000 P4, = 1,057.37. Since our benefit premium is only 800, 
the plan of insurance is one of the term plans. It can be verified that, by using 
retrospective formulas, 


aV = 3,975.72 
and 
4V = —1,313.14. 


Thus the plan of insurance is Term to Age 74. The reserve remaining at time 39 
would typically be used to provide term insurance for a fraction of the following 
year. In our example, the number of days is given by 


E a 365 — 230 
120,000A1,. i v 
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At the time of change of benefit amount or premium, a new benefit premium is 
calculated along with any change in the reserve that might result from, for instance, 
a change in the assumed excess first-year expense allowance. For our simplified 
plan, the benefit premiums are a constant percentage of the contract premiums, 
and we assume that the revised reserve at the time of change, ,V', is equal to the 
full preliminary term reserve on hand. The relationship between the revised re- 
serve, new net premium, P’, and new benefit amount, b', is of the same form as 
(17.5.3), namely, 


QVI Pligsag = D Ada. (17.5.5) 


Here j and h would, in general, change with the new relationship between premium 
and benefit amounts. Again, j equals either h or o — x — k, and it is most convenient 
to evaluate reserves by a retrospective formula. Thus, for g = 1,2, 3,..., we have 


JV * P'l an -b ATTER] 
gEx+k 


We continue with three examples that are continuations of Example 17.5.1. These 
illustrate different types of change and show some characteristic calculations. 


D 
ig 


(17.5.6) 


Example 17.5.2 


The policyholder in Example 17.5.1 wishes, 5 years after issue, to change the 
contract premium of the policy to 2,000 and the benefit amount to 150,000. Deter- 
mine the reserve 10 years after original issue and the new plan of insurance. 


Solution: 
P’ = 1,600 and ,V' = 2,491.24 (,V’ = ¿V in Example 17.5.1). Thus, by (17.5.6), 


, 249124 + 1,602 94 — 150000415 


10 
5E 49 


= 10,319.89. 
We know the plan of insurance is one of the limited payment life plans since 
2,491.24 + 1,6004,) exceeds 150,000A,,. It can be determined that the reserve at age 


69 is the first one to exceed the actuarial present value of 150,000 of whole life 
insurance at the same age. Thus, 


, 2,491.24 + 1,60047 — 150,000A} oa 


34 = 


29E 4 
= 75,597.32, 


while 150,000 A, = 74,954.44. When the policyholder attains age 69, the policy will 
probably be changed to a paid-up life policy with face amount 


75,597.32 = 151,287. 
As M 
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Example 17.5.3 


The policyholder in Example 17.5.1 wishes to change the policy after 5 years to 
Life Paid-up at Age 60 with a contract premium of 2,000. Determine the benefit 
level that results from these changes. 


Solution: 
P = 0.8(2,000) = 1,600, thus (17.5.5) gives us 


2,191.24 + 1,6008,,55 = b' Ag. 
Solving for b' gives b' — 132,090. v 


Example 17.5.4 


After 5 years, the policyholder in Example 17.5.1 wishes to change his policy to 
Term to Age 65 with a coverage of 150,000. Determine the contract premium ap- 
propriate after the change. 


Solution: 
P = 0.8G; thus (17.5.5) gives us 


2,491.24 + 0.8Gá,,5; = 150,000Aj,z3. 
The solution of this equation is G = 895.00. v 


17.5.2 An Alternative Design 
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A second design combines aspects of variable life insurance with the preceding 
design of a flexible plan policy. The emphasis on the plan of insurance is not as 
strong in this design as it was in the first. Further, the emphasis is on the risk 
amount (previously referred to as the net amount at risk), rather than on the benefit 
amount. The risk amount can be determined at the beginning of policy year 
k * 1, and a fund growth equation can be written in terms of this factor, which 
we denote by r}. Our analysis will be in terms of an annual model but, in practice, 
a monthly or even more frequent calculation is more common. The basic growth 
equation for the fund share, the analogue of (16.5.3) without allowance for with- 
drawals, is 


GF + G-E- n Ac + iiu) = pai. (17.5.7) 


Note that accumulation is under interest only, and, in case of death, the policy- 
holder receives both the fund share, that is, the fund at the beginning of the year, 
F + G — E — r, Ada, and the risk amount adjusted for interest to the date of 
death. The risk amount might be selected to maintain an approximate level total 
benefit amount. The policyholder is given considerable flexibility in the choice of 
G, the contract premium, and rẹ, the risk amount. The insurer typically makes a 
number of guarantees. Usually, ij,, is an investment return that must be at least 
equal to some minimum rate i. The risk charge is typically guaranteed to be no 
more than r, Ayza where the 1-year term insurance actuarial present value is 
calculated on the basis of interest rate i and a mortality table used in statutory 
reserve calculations. 
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The amount r, typically must be equal to or greater than a lower bound estab- 
lished by tax regulations. The objective of these regulations is to prevent the fa- 
vorable tax treatment given to life insurance contracts to be extended to contracts 
that are essentially savings programs. 


Plans of insurance based on recursion relationship (17.5.7) have been called uni- 
versal life. The encompassing title has been justified by the options granted to the 
insured to change the relative emphasis on death benefits and savings by changing 
the premium and death benefits. In some cases, the policy commits the insurer to 
use accumulation rates i, that are based on a investments with a particular allo- 
cation. For example, i, might be based on investments in common stocks. Such 
policies are called variable universal life policies. 


Expense charges, E in (17.5.7), currently used are of several forms, including 

* A constant percentage charge against all contract premiums 

+ Surrender charges such as a large but declining (with duration) percentage of 
the first-year premium or a transaction charge such as 25 for each withdrawal 

+ A flat amount per policy either in the first year only or a smaller amount for 
each policy year, and 

* A first-year charge expressed as an amount per 1,000 of benefit. 


The charges most subject to regulation are the excess first-year expense charges 
and the risk charges. Expenses are covered by the insurer, in addition to the stated 
formula charges, by a number of devices. Some of these are 

* Reduced interest credits, limited to the guaranteed rate, for an initial corridor 

of policy cash values, for example, the first 1,000 of cash values 

- An interest rate spread of 1 to 1 1/2% between the net investment yield and 

the rate applied to the cash values, and 

* Recognizing that part of the risk charge actually contains some provision for 

expenses, just as do regular term insurance premiums. 


As stated above, the emphasis on plan of insurance is not strong. At any time, 
a calculation parallel to that used in Examples 17.5.1 and 17.5.2 could be performed 
to determine the plan that is implicit in any specific pattern of premiums and 
benefits, current risk charges, expense charges, interest rates, and reserve. 


17.6 Accelerated Benefits 


Some life insurance contracts provide special benefits if the insured transfers to 
a state characterized by serious restrictions on daily activities and extraordinary 
care expenditures. Payment of those benefits reduces the basic death and with- 
drawal benefits. As a consequence, they are called accelerated benefits. 


The word state is used to describe the two environments that characterize the 
distributions of time and cause of decrement because the word plays a similar role 
in the study of stochastic processes. Within insurance, the two states are labeled 
active and disabled. 
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Accelerated benefits can be divided into two classes. In one class a lump sum is 
paid, usually at the time of a confirmed diagnosis of the existence of a terminal 
illness. These are frequently called dread disease benefits. A second class involves 
income payments that commence when the insured has become unable to perform 
certain specified necessary activities of daily living. Some policies provide that the 
assistance needed to perform these activities must be provided in a long-term care 
institution. Other policies may permit the care to be provided at home or in a long- 
term care institution as long as that care is made necessary by the incapacity of the 
insured. This second class is often called long-term care benefits. 


In presenting formulas for benefit premiums determined by the equivalence prin- 
ciple for such policies, we will use the multiple decrement model developed 
in Chapter 10. There is one important addition. As in Chapter 10, the symbol 
ip? w(t) denotes the joint p.d.f. of the random variables time until decrement and 
cause of, or type of, decrement. The index j = 1 is associated with death, j = 2 
with withdrawal, and j = 3 with transfer to a new state denoted by h. In our 
applications, h is a state such as being diagnosed as having a terminal illness, or 
being disabled to an extent that necessary daily services must be provided. For 
lives in state h, who entered that state at age x + t, the p.d.f. of time until decrement 
and cause, or type, of decrement is denoted by ,(hp)®, (hi), (u) for u > 0, where 
(hj) = 1 denotes decrement as a result of death, and (hj) = 2 denotes decrement 
due to withdrawal. This can be viewed as a conditional p.d.f. given transfer to 
state h at time t, measured from the time the policy was issued. 


Our model does not provide for transfer from state h, the disabled state, back to 
the active state. Thus the three states to which an active life can transfer can be 
called absorbing states. References to models that permit returns to the active state 
are provided in Section 17.7. 


Because of the known health impairment in state h, the distribution of time and 
cause of decrement in state h is undoubtedly different from that in the active state. 


17.6.1 Lump Sum Benefits 


This section consists of an extended example that employs the equivalence prin- 
ciple to determine the benefit premium rate for a life insurance policy that pays an 
accelerated benefit at the moment of transfer to state h. In practice h is typically 
the state of being diagnosed as having a terminal illness. 


Example 17.6.1 


The elements of the policy are given in Table 17.6.1. 

a. Display the loss variable associated with the policy described in Table 17.6.1 for 
a life (x) to whom the policy is issued. 

b. Use the equivalence principle to derive a formula for the annual benefit pre- 
mium rate. 
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E. e sns s 
Description of Immediate Benefit Policy 


Death benefit: 1 paid at the moment of death while in the active state 
0.75 paid at the moment of death while in state h 


Withdrawal benefit: ,CV paid at the moment of withdrawal from the active state 
0.75 ,4,CV paid at the moment of withdrawal from state h at 
time t + u, where t is the time of transfer to state h 


Accelerate benefit: 0.25 paid at the moment of transfer to state h 


Premiums: The premium is paid at a constant rate until death, withdrawal 
or Lransfer to state h 


Solution: 


a. The loss variable associated with this policy contains a new element. The symbol 
B®, was introduced in Section 112. In this example it denotes the actuarial 
present value of benefits paid while the insured is in state h. The actuarial pres- 
ent value is determined as of the moment of transfer to state h. 


Loss Variable Domain p.d.f. Formula 
L — v? — map O=T,J=1 put 17.6.1(a) 
= v! CV — mín O=T,J=2 pet) 17.6.1(b) 
=v! BO. — mig 0xT,]-3 putt) 17.6.1(c) 
Be. em Ey agr ;-3 (GU, HJ)] where 


bu, hj) = 1025 + 0.75 v" Osu, hj = 1 (hpi, aR 
ae, 0.25 + 075 v ,,,CV Osu hj=2 (APEU) 


xb xf 


17.6.1(d) 


b. There are three components of E;;[L]. The components relate to (17.6.1[a]), (b), 
and (c), and they will be denoted, respectively by I,, Ij; and L: 


L= Í (v! — way) pO p tdt, 17.6.2(a) 
0 
I, = Jl (v' CV — màs) p? uM, 1Sa 
and 
L= Í (v! BO, — way) pO a P (t)dt. 17.6.2(c) 
In turn 


BO), = |oss + 075 i v^ hp? (ha) (us) du 


+ 075 | v" CV Cap), (hy) 2a) iu 17.6.2(d) 


ig a eS eS SS 
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Using the equivalence principle and (2.2.10), we have 
L+i,+1=0. 


Solving for m, the benefit premium rate, we obtain 


0 


[av + [ v cv peueeyt + [v no. ewe 


ao (17.6.3) 
The methods illustrated in Section 11.2 can be used to evaluate integrals in 
(17.6.3). v 


In Table 17.6.1 it was specified that an immediate payment of 0.25 be made 
at the moment of transfer to state h, and an additional payment of 0.75 is paid 
as a benefit on subsequent death. The table could have called for an amount b, 
0 = b = 1, to be paid on transfer to state h and 1 — b at the time of subsequent 
death. 


Income Benefits 


This section will consist of an extended example that will use the equivalence 
principle to determine the benefit premium rate for a life insurance policy that 
provides an accelerated benefit consisting of income payments that reduce the 
death benefit. The salient difference between Example 17.6.1 and Example 17.6.2 is 
in the definition of the conditional actuarial present-value function B®. 


Example 17.6.2 


The policy under consideration has many of the feature of the policy described 
in Table 17.6.1. There is, however, no cash benefit at the moment of transferring to 
state h. While in state h, the death and withdrawal benefits are not reduced during 
a short elimination period of length e. For example, e might be 2 months. If the 
insured does not terminate in the elimination period, an income benefit at annual 
rate of 0.25 is paid for 2 years with a corresponding reduction in death and with- 
drawal benefits. Table 17.6.2 displays the definition of the benefit function from 
which BY), = Euryjrj-alb(U, HJ)] is found. Apply the equivalence principle to de- 
termine the benefit premium rate. 


Solution: 

The solution follows the path of Example 17.6.1 except that B9), is the conditional 
expected value of the function defined in Table 17.6.2 and replaces the correspond- 
ing function shown in 17.6.2(d). and (17.6.3). v 


In Example 17.6.2 the income benefit was paid at an annual rate of 0.25 for 2 
years; the annual income rate could have been b for n years where 0 = bn = 1. 
Changes in b and n would change the relative emphasis on income and death 
benefits. 
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Definition of Present Value of Benefits While in State h 


P. V. Benefits b(u, hj) Domain p.d.f. 
v" Osu<ehj=1 Ope, (aa)? u) 
0.25 v^ &-; + [1 — 025(u — e)] v” ecucect2,hj-1 
0.25 v' dy + 0.5 v" e+2<u,hj=1 
v" CV Osu<ehj =2 (Ip, ap)? (u) 
025v ang + [1 — 0.25 — e)] v” „CV esucet2,h-2 
0.25 v a + 0.5 v" ,,CV et2zuhj-2 


17.7 Notes and References 


The foundations for variable annuities were built in a paper by Duncan (1952). 
Since 1969 there has been a flurry of activity on variable life insurance. The paper 
by Fraser, Miller, and Sternhell (1969), and its extensive discussion, is the basic 
reference. Miller (1971) provides a less formal introduction and some numerical 
illustrations. Papers by Biggs (1969) and Macarchuk (1969), and discussions of 
those, provide additional information on variable annuities. 


It is difficult to discuss flexible plans of insurance in a book devoted to basic 
actuarial models. Issues related to these plans are primarily regulatory and admin- 
istrative. The type of policy described in Section 17.5.1 is studied by Chapin (1976). 
The type of policy in Section 17.5.2 is the subject of a paper by Chalke and Davlin 
(1983). 


Accelerated benefits, when issued as a rider to a basic policy, were discussed by 
Keller (1990). An appendix to the paper contains data on rates of transfer to a long- 
term care facility and the expected length of stay. 


Jones (1994) provides an introduction to actuarial models in which transfers in 
both directions between the active and disabled states are possible. 
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Exercises 
Section 17.2 


17.1. The present value of a continuous annuity providing payments until n years 
after the death of an annuitant (x) is 


Z = ipu. 


Express the actuarial present value in current payment form. 


17.2. Show that Var(Z), where Z is defined in Exercise 17.1, is 
vA, — A 
8? f 
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17.3. 


17.4. 


Assume that à > 0 and p,(t) = p, 0 = t. Use (172.1) to develop the formula 
1 — e 8G  g-«-9Gc 


ò u tô 


G(l — r) 
to be solved for G. 


Restate the formula of Exercise 17.3 for the case 8 = 0, p > 0, and 0 <r 
< 1, and confirm that it does not have a positive solution. 


Section 17.3 


17.5. 


17.6. 


17.8. 


17.10. 


If Z is defined as in (17.3.1), show that 


2À = — (A.sY 
Va(Z) = 2 = xi 


Prove that the actuarial present value of an n-year continuous family income 
insurance with the annuity value calculated at a force of interest 5’ is 
Aca €" "Ava 
ò , 


where "Al. is evaluated at a force of interest 8” = 8 — 8’. 


A policy provides a continuous annuity-certain of 1 per annum beginning 
at the date of death of (x). If death occurs within 15 years of policy issue, 
the annuity is payable to the end of 20 years from policy issue. If death 
occurs between 15 and 20 years from policy issue, the annuity is payable for 
5 years certain. Coverage ceases 20 years from policy issue. Write an exact 
expression for the actuarial present value. 


A contract provides for the payment of 1,000 at the end of 20 years if the 
insured is then living or an income of 10 a month in the event of death 
before the 20th anniversary of the policy. The first income payment is due 
at the end of the policy month of death, but no payments are made after 20 
years from the date of policy issue. Write the formula for the annual benefit 
premium at age x. Premiums are paid at the beginning of each policy year, 
and at most 20 payments are made. 


Show that 


" x "A Alsi -— v nx 
xai $ E 


a. In relation to Example 17.3.1, construct the present value of benefits as a 
function of the time-until-death. 

b. Express the actuarial present value of benefits by the aggregate payment 
technique. 

c. Verify that integration by parts in the answer for (b) yields the expression 
obtained in Example 17.3.1. 
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Exercises 


Section 17.4 


17.11. 


17.12. 


17.13. 


17.14. 


a. Verify that 


(x 1) i) = pL + 9,3. 
b. Verify that (17.4.4) holds for a variable annuity with the payout made on 
an n-year certain and life basis. 


a. Rearrange (17.4.10) to the following equivalent form: 


" -|e d LE 
SO DE Eee VA] 1+ i 


b. If for the formula in part (a), 44, = i k = 0, 1, 2, . . . , and b, = 1, show 
that b, = 1,k=0,1,2,.... 

c. If for the formula in part (a) i}, = i for some k > 0 and h = 1,2,..., 
show that the b,., will be constrained toward 1. 


Rework Exercise 16.13(b), assuming pi,, = p,,, and show that r,,, = 
b,+1/ b, as given in (17.4.4). 


A fixed premium variable whole life insurance, discrete model, has death 
benefit b,,, in year k + 1 equal to Fa + (1 — 44V) = 1 + (Fa, Z 44V, 
where the fund share F, satisfies the recursion equation 


(Fi + PA + iai) = Grn Op + Prak Fea 


Here i+ is the interest rate earned on the matching investments in year 
k + 1, and the premium P, and reserve ,V, are based on the interest rate i. 
a. Show that the recursion equation can be rearranged as 


(Fy + PJ + tesa) = dead — pV) = Fea 
and interpret this equation. 
b. Ifi =k =0,1,2,..., show that Fp = ,,,V, so that b,,, is constant 
at 1. 
c. Show that 


ba, = b, + (Fe + Prin — GV, + PLL 


[Note that in this design the death benefit for year k + 1 is bj, 
rather than b, as in (17.4.9). Further, the 1-year term insurance cost, 
as of the beginning of year k + 1, is here 5,4 q,,,/ (1 + ij,,) rather than 
b, qu / (1 + i), as in (17.4.9): The administration of this design depends 
on the discrete model and the fact that death claims are paid at the 
end of the period.] 


Section 17.5 


17.15. 


The policyholder in Example 17.5.1 wishes to change the policy after 5 years 
to Endowment Insurance to Age 65 with a annual contract premium of 5,000. 
Determine the benefit level that results from these changes. 
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17.16. a. The policyholder in Exercise 17.15 decides to elect only 160,000 of En- 
dowment Insurance to Age 65, but will still pay a annual contract pre- 
mium of 5,000 until a final, fractional premium is payable 1 year after the 
date of the last full premium. At what age is this fractional premium 
payable? 

b. For the policy in part (a), what would be the reserve at the end of 10 
years after the change to the endowment form? 


Section 17.6 


17.17. Use the results of Example 17.6.1 and the assumptions that pf) = p™, 
KPE) = pO, PE = pO, (ha) (u) = (hp) ®, (hu) ) = (hp)®, and ,CV = 
0 and the force of interest 8 > 0 to show that 


= ouo a gor | (129 + (025)? + 0.258 
Er sd (ni)? + (hu)? + 8 


17.18. a. Rewrite the result in Exercise 17.17 as 
=o (hp)? + 0.25(hp)® + 0.258 
— P(A.) = uo 
71d) = 0 [er S 
b. This difference can be viewed as the extra benefit premium rate associated 
with the accelerated benefit. If (hi)? = 0, 


ae (hp) + 0.258 
= Eee a ees 


c. Observe the behavior of m — P(A,) as 8 > 0 and as 8 — c in (b). 
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Exercises 


ADVANCED MULTIPLE 
LIFE THEORY 


18.1 Introduction 


In Chapter 9 we defined the joint-life and last-survivor statuses, expressing their 
time-until-failure random variables in terms of those for the individual lives. We 
extended the concepts of Chapters 3-5 for this to obtain actuarial functions for the 
statuses of just two lives. On the assumption that the future lifetimes of the two 
lives were independent, the multiple-life actuarial functions were expressed in 
terms of the single-life functions, making it possible to calculate them using readily 
available life tables for single lives. Probabilities, annuities, and insurances, contin- 
gent on the order of the deaths of the two lives, were also discussed in Chapter 9. 


In this chapter we extend these ideas to more than two lives. In fact, with more 
than two lives, the idea of a surviving status can be generalized. (See Sections 18.2 
and 18.3.) With the ultimate goal of numerical evaluation of these functions, we 
use Theorem 18.2.1 to express the survival functions of these statuses in terms of 
only joint-life survival functions. Again, under the independent lifetimes assump- 
tions, we evaluate these joint-life survival functions as products of individual life 
survival probabilities. Theorem 18.2.1 is a form of a general theorem of probability 
theory used in the so-called inclusion-exclusion method. A statement and proof of 
this more general theorem, designated as Theorem 18.2.2, is found in the Appendix 
to this chapter. 


Contingent probabilities and functions and reversionary annuities are also gen- 
eralized to more than two lives. 


The annual benefit premium models of Chapters 6 and 7 are developed for the 
multiple-life statuses in Section 18.7, with some discussion of practical issues in- 
volved with one of the most common of these products, the second-to-die insurance 


policy. 
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18.2 More General Statuses 


For m lives, (x,), (x), - - - , Œm), the k-survivor status, denoted by 


E 
X1X5 tt Ly f 


exists as long as at least k of the m lives survive and fails upon the m—k+1-st death 
among the m lives. This is a survival status as defined in Section 9.3. The previously 
defined joint-life status and the last-survivor status are, respectively, the m-survivor 
status and the 1-survivor status. When referring to either of these statuses, we will 
use its special symbol rather than the general k-survivor form. The future lifetime 
of the k-survivor status is the k-th largest of the set of m lifetimes T(x,), T(x;), . . . , 
T(x,). Like the future lifetimes in Chapters 3 and 9, this one for the k-survivor 
status is the period of existence from a fixed initial time to a random termination 
time. With only a change in notation to display the status 


| ES 
HX Xm)” 


the probability distribution and life table functions of Chapter 3 are applicable to 
the future lifetime of this status. 


Annuity and insurance benefits are defined in terms of the future lifetime of a 
k-survivor status just as they were in Chapters 4 and 5 for (x). For a continuous 
annuity of 1 payable annually as long as at least k of the m lives survive, we have 
from (5.2.4) that the actuarial present value is 


ta Í U P dt. (18.2.1) 


The insurance paying a unit on the m—k+1-st death among the m lives would have 
the actuarial present value given by (4.2.6), that is, 


Arg 7 J U Pes Meses (P) dt. (18.2.2) 


Bam, 0 z a: 


For the analysis and evaluation of probabilities and actuarial present values for 
these benefits (and other combinations of benefits) we will define a new type of 
status. For the m lives (x), (x2), . . . , (Xm), the [k]-deferred survivor status exists 
while exactly k of the m lives survive; that is, it comes into existence upon the 
m—k-th death and remains in existence until the next death. The notation for this 


status will be 
[k] 
Xi Xz eee Xin ^ 


For k = m, the [m]-deferred survivor status coincides with the m-survivor status. 
For k = 0, the [0]-deferred survivor status exists forever following the m-th death. 


The status 
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is not a survival status as defined in Chapter 9. For instance, for k < m, p" 


which is the probability that exactly k of the m lives are surviving at time t, does 
not equal 1 at £ = 0 and thus does not meet the requirements of a survival function 


as given in Table 3.2.1. In addition, as t — œ, p__ goes to 1, which also violates 


VNE Kn 
those requirements. Moreover, for a [k]-deferred survivor status, the period of ex- 
istence does not equal the time to failure. This means that annuity benefits must 
be carefully defined for this new status. The annuity with actuarial present value 


4... is defined to be payable during the future lifetime of the [k]-deferred survivor 


status; hence it is a deferred annuity with a deferral period of random length. Since 
the time of failure of the [k]-deferred survivor status is equal to the time of failure 
of the k-survivor status, insurance benefits payable upon failure of the deferred 
status are essentially applications of the k-survivor status. 


Example 18.2.1 


A continuous annuity is payable as long as any of (w), (x), (y), and (z) are alive. 
At each death the annual rate of payment is reduced by 50%. Express the actuarial 


present value of such an annuity in terms of a, k — 1, 2, 3, 4. Assume a unit 


initial benefit rate. 


Solution: 
The actuarial present value is 
1 1 


~a!@+—q&8l4 -—q 2 PU nl 
WXYZ 2 wxyz 4 WXYZ 8 WXYZ 


The discussion of this annuity is continued (after Theorem 18.2.1) in Example 18.2.2. 
v 


In Chapter 9 we expressed last-survivor probabilities and related actuarial pres- 
ent values in terms of those for single- and joint-life statuses. We shall use the 
following theorem to aid in obtaining the same results for the k-survivor statuses. 
A more general statement of the theorem for arbitrary events, as well as its proof, 
is given in the Appendix to this chapter. The basic symbols and operations of the 
calculus of finite differences, as used below in Theorem 18.2.1, are reviewed in 
Appendix 5. 


Theorem 18.2. 
E a 


ZO ATi a Ro — 
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Theorem 18.2.1 is applicable for lives with dependent future-lifetime random var- 
iables. In most applications, however, we will assume mutually independent future 
lifetimes and calculate the terms of the ,D/s as products of individual survival 
probabilities. 


An illustration of the algebra implicit in (18.2.3) is provided by 


C pit c pte (Ac) Gp, + Py) + ACOP) 


Gp. + Py) + (c; p 2c)p.,- 


Example 18.2.2 


Express the actuarial present value of the annuity described in Example 18.2.1 
in terms of actuarial present values for annuities on single- and joint-life statuses. 


Solution: 
The actuarial present value is 


20 4 1 4—j 
| v! | , (3) sz] dt. 
i= 


The coefficients and their differences are given below. 


j 6 Ac; A?c; Ac; Ave; 
0 0 1/8 0 1/8 0 

1 1/8 1/8 1/8 1/8 = 
2 1/4 1/4 1/4 — — 
3 1/2 1/2 

4 1 eee eee es 


Thus, the integral is equal to 


Í v' G Di + TA dt = 5 + a, Hs ay + à) T ; Gory + Uo * A F Ayy). 

Such expressions can be examined for reasonableness by interpreting the final form 
in terms of a collection of annuities for which, at any outcome, the total of their 
rates of payment equals the rate of payment of the original annuity. For example, 
in this particular case the original annuity commences payment at rate 1, while the 
final form relates to a collection of four single-life and four joint-life annuities all 
paying at the rate 1/8. At a time between the first and second deaths, the original 
annuity’s rate would be 1/2, while three of the single-life annuities and one of the 
joint-life annuities would still be in payment status, each with rate 1/8. The rates 
at other times can be compared in a similar way. v 


We have an expression for ,p__" as a special case of Theorem 18.2.1. 


XXX, 


——————— H''—————————ÀÁ——— —Á———— —— — 
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Corollary 18.2.1 


Pa LCW OD. C (18.2.4) 
: : Jr : gp 
Proof: 
In Theorem 18.2.1, set c, = 1 and c; = 0 for j + k. For these c/s, Aa, = (E — 1) a 
= (IE p= kk+1,...,m. - 


Example 18.2.3 


Express the actuarial present value of a continuous annuity of 1 per annum while 
exactly three of five lives survive, in terms of actuarial present values of joint-life 
annuities. 


Solution: 
Using (5.2.4) and then (18.2.4), we have 


» 
ü B = | v! p....Pl dt 
Xi X3 Xg Xa Xi N 0 Hy X3 Xa X4 Xg 


Í v' (D, ~ 4 ,D, + 10 Ds) dt 
0 


= Hans + Geax, + 9 more joint three-life annuity values 
= A(R suu T a + 3 more joint four-life annuity values) 


+ 104 


X]1X2X3X4X5 " v 


From the relationship 


X, 


Prat Mai (18.2.5) 
- 


we have the following corollary to Theorem 18.2.1. 


Corollary 18.2.2 


For arbitrary numbers d,, dy d. zy bg 


X d Poot = dy + 2 AC, D, (18.2.6) 
FF 3 pe B 


Proof: 
Using (18.2.5), we start with 


m m m 

h — Ul 
` d, I xx, > > d, Par: 
h=0 h=0 j=h 


Interchanging the summations, we can write 


$ a pdn S (S a) taal 
j=0 j=0 \h=0 
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which, by defining G= x e for j = 0,1,..., m, is in the form of (18.2.3). For 
these c's, c) = A and Ac; = dj, for j = 0,1,..., m — 1, thus Alc, = A/? (Aa) = 


Atd, for j = ,m. Then we have, from the right-hand side of (18.2.3), 
Š$ d; Pao = do T > Atd, iD; m" 
jJ F 


Corollary 18.2.1 can be used to express the survival function of the k-survivor 
status in terms of joint- and single-life survival functions. 


Corollary 


Proof: 
In Corollary 18.2.1, set d, = 1 and d; = 0, for j # k. For these d's, A^ !d, = 
(E — id, = (11 j= kkt 1,..., m. u 


From the expression for its survival function in (18.2.7) we can obtain, by differ- 
entiation, a parallel expression for the p.d.f. of the future lifetime of the k-survivor 
status, T, as 


fb = 5 Peet) = DD (£c. (18.28) 


The actuarial present value and other characteristics of the probability distribution 
of the present value of a set of payments that depend on T can be determined using 
(18.2.7) or (18.2.8). In such determinations we use the fact that — ,Dj is the sum of 
the p.d.f.’s of the future lifetimes of the Ç’) joint j-life statuses of the m lives. 


Example 18.2.4 


Let T denote the future lifetime of the last-survivor status of three lives. Exhibit 
in terms of joint- and single-life functions 
a. The survival function 

E[v"] 
C. E[7]. 


Solution: 


a. By (18.2.7), 


ll 
Pn 


(C7 1y^ (8) Dj 


Pa X2X3 


ae 
! 
E 


D, + (-1) D, + Ds; 
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where 
Dy = Pa + Po + Prs 
D> = Pax + Prix de Praxas 


D3 E Px xoxo 
b. We denote E[v"] by Az and use (18.2.8) to obtain 


X1X2X3 
Ansa = | VDD; — Di + D9 di 


= Aa + Ar + Ag v (Ais + Ae + Ass) + Ages: 


c. Replacing v" by a in part (b) and denoting E[45] by 44:, we have 


ay X2X3 —— ay, à. a, (Gx t Ay, x, + 5.2) + yy xx 
For any survival status, v” + 84, = 1, so we can calculate either of the expected 
values from the other using Ac + lza = L v 


By differentiating both sides of (18.2.6), we can extend the relationship to the 
corresponding p.d.f.'s. This can be used for insurances paying an amount upon 
each death among the mm lives. 


Example 18.2.5 


Consider an insurance on (x), (y), and (z) paying 1 on the first death, 2 on the 
second death, and 3 on the third death. Express the actuarial present value for the 
insurance in terms of actuarial present values for unit amount insurances on single- 
and joint-life statuses. 


Solution: 
Let f() be the p.d.f. for the future lifetime of the j-survivor status. The actuarial 
present value is 


fi viuo + 25 + anon at 


In the notation of (18.2.6) we have the following: 


jd, Ad Ad, Wd 
0 0 3 -4 4 
i oa co 0 = 
2 2 1 

3 1 


Hence the actuarial present value is 


Í vt(—1)(3 Di — ,D3) dt = 3 (A, + A, + A) (Aay yg T A,,)- v 
Ü ~ 
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18.3 Compound Statuses 


In the previous section we defined statuses for several lives by means of the k- 
survivor status. Others statuses can be defined by compounding. A compound 
status is said to exist if the status is based on a combination of statuses, at least 
one of which is itself a status involving more than one life. We examine some 
possibilities in Example 18.3.1. 


Example 18.3.1 


Describe the conditions of payment for the annuities and insurances correspond- 
ing to the following actuarial present-value symbols: 


a. dag b. uus €. Tye 
d. A e. Aga yz f. Aaya 
Solution: 


2 


The annuity is payable continuously at the rate of 1 per year while at least one 

of (w) and (x) and at least one of (y) and (z) survive. Thus the annuity is payable 

while three or four of the lives survive and while two survive if one is from the 

pair (w), (x) and the other from the pair (y), (z). 

b. The annuity is payable continuously at the rate of 1 per year while at least two 
of the four lives survive and also while only one survives if that survivor is 
either (w) or (x). 

c. The annuity is payable continuously at the rate of 1 per year while either (x) is 
alive and an n-year period has not elapsed, or while both (y) and (z) are alive 
and an m-year period has not elapsed. 

d. A unit amount is payable at the moment of the first death if (y) or (z) dies first, 
and otherwise on the second death. 

e. A unit amount is payable at the moment of the second death if two deaths 
consist of one from the (w), (x) group and the other from the (y), (2) group. If 
not, the payment is made at the time of the third death. 

f. A unit amount is payable only after (y), (z), and one of (v) and (x) have died. 

In other words, it is payable at the moment of the third death if (w) or (x) remains 

alive, but otherwise at the moment of the fourth death. v 


In applications, a numerical value for any one of these actuarial present values 
would most likely be obtained by first expressing it in terms of those for single- 
and joint-life statuses. The relationships in Section 9.4 among T(xy), T(xy), T(x), and 
T(y), and among K(xy), K(xy), K(x), and K(y), hold for survival statuses (u), (v). For 
example, 


yr) + yT) = yt) 4 y Te) (18.3.1) 


Employing parts of Example 18.3.1, we will illustrate the process of using (18.3.1) 


and similar identities. First, we consider part (e): 
yt) = Au + Ags = A 


WXyz* 


—_—— aaaaaaaaeaaaaaaaaaamammmamsmsmmħÃăõț 
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Here, (u) = (wx) and (v) = (yz). To write Agony) as Auxy we have used 
min(min[T(w), T(x)], min[T(y), T) = min[T(w), T(x), Ty), T). (18.3.2) 
For part (c) of Example 18.3.1, we have 
cocum = Apt em — ya 
where the last term is obtained from 
min[T(x), T(y), TE), Te), TODI = min TO, T(y), TG, TG] 


for the case n = m. 


Other arrangements, as in parts (a), (b), (d), and (f) of Example 18.3.1, require 
the use of other relationships. For part (a), we want 


WXYZ 


(18.3.3) 


sl 

| 
tri 
E 

al 


where 
T = min[T(wx), T(yz)] 
= min{max[T(w), T(x)], max[T(y), TŒ} 


A simple answer, like (18.3.2), is not available for this random variable. To proceed, 
let us first assume that T(wx) and T(yz) are independent and look at s(t), the sur- 
vival function of T. Thus 


s(t) = Pr(T > t) = Pr(min[T(wx), T(yz)] > t) 
= Pr[T(wx) > t, T(yz) > t] 
Pr[T(wx) > t] Pr[T(yz) > t] 


= Pox Pe 
= (Pu ag Px T Pix Py T Pz Ml Pyz) 
= Pwy 22 Puz + Pry zu Prez rz tPoyz "F iPxyx 


< tPoxy ~ Pwxz + iPuxyz (18.3.4) 


for the independent case. Now, using (18.3.4), we obtain 


Il 


zig [vs dt 
0 


= gd Bg st lg Oye Oe ma Bape Bory (18.3.5) 


wy wyz Xyz wry — "wxz 


We return to (18.3.4) and show that a parallel relationship for the random vari- 
ables holds, and then that (18.3.4) is true without the independence assumption. 
We start with the assertion that for all possible outcomes, 


T(Gwx:yz) = T(wy)  T(wz) + Tory) + T(xz) — T(wyz) 
— T(xyz) — T(Gwxy) — T(wxz) + T(wxyz). (18.3.6) 


The outcomes can be collected into 24 mutually exclusive events according to the 
order of T(w), T(x), T(y), and T(z). Since the given assertion is symmetric in w and 
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x and symmetric in y and z, only six different outcomes require verification. As an 
example, consider T(w) < T(x) < T(y) < T(z) for which the left-hand side of (18.3.6) 
is T(wx:yz) = T(x) and the right-hand side is, on a term-by-term basis, 


T(w) + Tw) + Tox) + Tox) — Tw) — T(x) — Tw) — Tw) + Tw) = Tœ) 


as required. The other cases can be verified in the same way. 


An expression in annuities that is parallel to (18.3.6) can be established by similar 
reasoning. Thus, 


Ore) — Wa + Ate + Are + ir 


AT — Frege — ÜTuey) ~ Fram + Ten (18.3.7) 


Taking expectations of both sides of this expression we have (18.3.5). 


We emphasize two aspects of the independence assumption for this case. 
It would not be used to establish (18.3.7), nor is it required in the expectation 
calculation used to obtain (18.3.5) from (18.3.7). Again, however, to obtain joint-life 
status functions from single-life life tables, for convenience, we do assume that 
individual future lifetimes are independent. 


18.4 Contingent Probabilities and Insurances 
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In this section we extend the notion of contingent functions (Section 9.9) to more 
than two lives. We start with an integral expression for the required probability, 
or actuarial present value, which can then be rewritten in terms of probabilities or 
actuarial present value defined on the first death. It is then possible to use some 
of the techniques of Section 9.10 to complete the evaluation. In any case, numerical 
integration methods can be used. 


To obtain an integral expression for a probability, we use 
Pr(A) = Í Pr(A|T = t) f. (t) dt (18.4.1) 


where T will usually mean the time of death of an individual life. 


Example 18.4.1 


Express ,4,,;. in terms of functions contingent on the first death. 


Solution: 

Here A is the event that (y) is the second life among (w), (x), (y), and (z) to die 
and does so within n years. Since A is defined by T(y), we use T(y) as T in (18.4.1) 
to obtain 


ods = [ PAITO) = 8 py i dt. 
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The integral’s limits follow from 
fryt) = 0 t «0 

and 

Pr[A|T(y) = t] = 0 2m. 
Now, (y) will be the second to die if and only if there are exactly two of (w), (x), 
and (z) surviving at that time. If we assume that T(y) is independent of T(w), T(x), 
and T(z), then 

Pr[A|T(y) = t] = pP t<n 


om 


and 
ieee i i pe Py pt) dt 
= | (D, — 3 ,Ds) Py m(t) dt 
= son + fone as Miers -3 i 
(The second integral comes from applying Theorem 18.2.1.) v 


The similarity of the final expression of Example 18.4.1 to pxevious results that 
did not require independence suggests the assumed independence was not neces- 
sary. Alternative derivations in Exercises 18.18 and 18.38 will verify that this is the 
case. 


A contingent insurance can be analyzed by a similar procedure based on 


E[Z] = (i E[Z|T = t] f, dt. (18.4.2) 


Example 18.4.2 i 


Express A,,,, in terms of actuarial present values for insurances contingent on the 


first death only. 


Solution: 

Let Z be the random variable representing the present value at issue of the in- 
surance benefit. Since the insurance is payable on the death of (y), we choose T(y) 
to play the role of T in the conditional expectation of (18.4.2): 


Aug = E[Z] = i B[Z|T(y) = t] py m(t) dt. 


If, at the death of (y) at duration f, there is exactly one of (w) and (x) surviving, 
the unit benefit will be paid; otherwise no benefit will be paid. Thus, we have 


E[Z| T(y) = t] = v! pu 
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and 


Aaa — Í v' pi iPy m(t) dt 


0 


z Í v'GD, — 2,Dj) Py Ot) dt 
= a + A =2 A à 


Because the benefit is 1, Var(Z) can be obtained by the rule of moments. v 


18.5 Compound Contingent Functions 


The functions in this section are distinguished from those in the previous section 
by specifications on the order of deaths prior to the death when the benefits are 
paid, or the event is defined. These specifications on the prior deaths are indicated 
by numbers placed below the symbols for the lives involved. We examine two such 
symbols and note the distinctions possible in the notation. 


The symbols „9,2, and ,4,,? both refer to events in which T(x) < T(y) < T(z). They 
1 


nxyz 
1 
differ, though, in that the second death must occur before time n in the first event, 
while the third death must precede time n in the second event. 


It is not always possible to express compound contingent functions completely 
in terms of functions depending only on the first death. On the other hand, the 
function can always be expressed as one or more multiple integrals of the joint 
p.d.f. of the future-lifetime random variables of the lives involved. The example of 
this general procedure (Example 18.5.1) is more complex than others in this section. 


Example 18.5.1 


Derive an expression for the probability that (w), (x), (y), and (z) die in that order 
with less than 10 years between the deaths of (w) and (z) and less than 5 years 
between the deaths of (x) and (y). 


Solution: 
We first define the event A for use in a multivariate version of (18.4.1): 


Tw) < T(x) < Ty) < T(z) 
A= T(z) — T(w) < 10 : (18.5.1) 
T(y) -~ Tx) <5 


We choose to condition on T(w) and T(x) because these are involved in both the 
upper and lower bounds for T(y) and T(z). That is, 


Pr(A) — | | Pr(A|[TQw) = r] NA [TR) = s]) Srono lr, S) ds dr (18.5.2) 


rr ————————— P—————————— a 
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where 8rqr(", s) is the joint p.d.f. of T(w) and T(x). Now, Pr[A|(T(w) = r) à 
(T(x) = s)] is equal to Pr(A*) where 
gu su eM 
T(y «s*5 i 
and the probability is calculated by the conditional distribution of T(y) and T(z), 


given T(x) = s and T(w) = r. Thus, Pr(A*) can be set up in the sample space of the 
random variables T(y) and T(z). Two cases are displayed in Figure 18.5.1. 


Cases (A), s < r+ 5, and (B) r+5<s<r+10 


T(z) = u S«rts5 T(z) = u r+5<s<r+10 
ur 10 u=rt+ 10 
r +10 r+ 10 
RH d 
u=t 
r+5 rt5 A* 


Ty) =t 


(A) (B) 


Using the abbreviated notation h(t, u) for the conditional p.d.f. of T(y) and T(z) 
given T(w) = r and T(x) = s, we have 


st5 ¢r+l10 
Í Í ht, u) dudt r<s<rt+5 
S t 
r+10 fr+10 
Pr(A*) = Í [ hít, u dudt r+5<s<r+10 
s t 


0 s^r-ctlí10ors«r. 


Substituting into (18.5.2), we have 


o frt5 sT5 r+10 
Pr(A) = | i | i Í h(t, W)ETæ, roy, 8) du ar ds dr 


v fr+10 r+10 7-10 
+ i [ " | [ Í h(t, U)ZTra Toh", $) du a ds dr. 


Under the assumption of mutually independent future lifetimes, the integrand can 
be replaced by 


Pw pur) Px ps) Py p) uPz p.n). v 
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We now examine some compound contingent probabilities that can be written 
in terms of single integrals. We will first obtain equivalent forms for a probability 


by applying (18.4.1). 


Example 18.5.2 


Write three different integrals for 


44,2 and reduce one of them to probability 
1 


functions dependent on only the first death. Assume mutually independent future 
lifetimes. 


Solution: 
Here A — [T(x) « T(y) « T(z) « n]. We set three integrals by conditioning on 
each of the future lifetimes: 


a, = [| PAITO = A p, walt dt 


and 
paito = a = [2 Ee 

l tPyz nth ti is 7; 
thus 

x = i iPyz lied Px pf) dt. 
Similarly, 

Fey = i Pr[A|T(y) = 1] ip, i (f) dt 

= i Ax Pz nett Py py) dt 

and 


4g 7 [PAITO = Ap. mtd dt 


mmm [ xy Pz p. dt. 


The second of these integrals can be expressed in terms of first-death probabilities 
as follows: 


fly? = f (= PAP — Pa) Py e dt 


= Mae = es ~ Pz G4, nd xui v 
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Example 18.5.3 


Use (18.4.1) to write four different integral expressions for Assume mutu- 


nlsi 
12 
ally independent future lifetimes. 


Solution: 
Here A = (T(w) < T(x) < T(y) < T(z) and T(y) < n}. Then 


n 
ete n [ Pry: neret Pw Plt) dt 


= | tllo tPyz Ay iat Px pL) dt 
= [ Aux Pz Py P(t) dt 


T Í g Pz MAE) dE F uu p (18.5.3) 


The last line, obtained by conditioning on T(z), requires one expression for T(z) < 
n and another for 1(z) > n. v 


In the application of (18.4.1) to the examples of this section we have used the 
assumption of independent future lifetimes in writing the Pr[A|T = t] factors of 
the integrands. We now consider the numerical evaluation of these probabilities 
when a single Gompertz mortality law is used for each life involved. 


Example 18.5.4 


Under a Gompertz law, show that 


= 1 i 1 
fugis VE fwxyz A xyz Alyx 


Solution: 
Letting n — 9 in (18.5.3), we have 


Aussi = | tw tPyz Mee Px pt) dt. (18.5.4) 


0 
In Example 9.10.1(b) it was shown that, under the Gompertz mortality law, 
qi = ag q (18.5.5) 
ni xy c? niw 


where c” = c* + c*. Adapting this and substituting it for ..97/;.,.. in the integrand 
of (18.5.4), we obtain 
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oe: crt 
vos = | crt + cH illo Pyz Px paf) dt 


cy 


e 1 1 
mn (em Masse) 


Formula (18.5.5) can be extended to more than two lives and then used in this 
expression; therefore, 


c! c* c* 
3 — 
Pied c! t c* Act + ch b c o c" c b c + ct + ct 


c? e* c? 
C" c? c!" + c? JAc* 4+ c + eji + c 


= 1 1 1 
d A uwxyz E xyz ol] yz y 


18.6 More Reversionary Annuities 


In Section 9.7 we examined a number of insurance and annuity contracts involv- 
ing more than one life. Included in that discussion were the more common types 
of reversionary annuities, those involving only two lives and some examples with 
terms certain. We consider examples with terms certain measured from a date of 
death and examples with contingent events defining the start of the annuity pay- 
ments. We also restrict our discussion to continuous annuities. 


Let us examine two reversionary annuities with a term certain measured from 
the date of death. For a reversionary annuity paying an n-year temporary annuity 
to (y) after the death of (x), the term certain is a deferred status, so we go back to 
first principles. The present value at policy issue, Z, is 


0 T(y) x T(x) 
Z=40' aam TŒ) < T) s T(x) +n 
via, T(x) + n = T(y). 


Using (18.4.2) with conditioning on T(x) = t, we can write the actuarial present 
value as 


E[Z] = | . E[Z|T@) = t] p, m(t) dt 
0 


fe Í Py v' Ay stn) Px BAL) dt. (18.6.1) 


) 


By substituting 


ttn 
n 2 s-t 
Ayten — Í U s—tPytt ds 


into (18.6.1) we obtain 
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oc in 
B[Z] = | Í v? Py Px p (D) ds dt. 


Next we interchange the order of integration so that 


E[Z] 5 i ii v? Py Px Uu) dt ds + [ I v? sPy Px MCE) dt ds 


~ i v Py (1 E Px) ds + | T Py Gap. i Py) ds 


= Ay x! Ary +o” nPy By en (18.6.2) 
The second display in (18.6.2) is the current payment form for this actuarial present 


value. 


Another reversionary annuity of this type would be one where the annuity starts 
n years after the death of (x) and pays only as long as (y) remains alive. The present 
value at policy issue, Z, is 


Z= T(y) = T(x) + n 
(OP ar T(x) + n < Ty). 


Using (18.4.2) with conditioning on T(x) = t, we can write the actuarial present 
value as 


E[Z] = 1 E[Z|T(x) = t] py i. (0 dt 


- Í inp, V ee Pr WË) dt (18.6.3) 


0 


By substituting 


t+n g = E 
tenPy U Hy ent dd I U sPy ds 


into (18.6.3), we obtain 


E[Z] = v Py Px pt) ds dt. 
0 Jttn 


Next we interchange the order of integration, so that 


E[Z] = jl i v Py ‘Px us (f) dt ds 


il 


Í vU Py lup) ds 
=v" "Py Ayin 2A Luis) = v" nPy Asyn: (18.6.4) 
Another class of reversionary annuities that we consider is of, perhaps, limited 


commercial interest: those where some contingent event must occur before pay- 
ments start. We consider two such examples and proceed from first principles. 
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Example 18.6.1 


Express the reversionary annuity’s actuarial present value, which has symbol 
dij, (a) by definition and (b) in the current payment form by interchanging the 
order of integration in your answer to (a). 


Solution: 
Using (18.4.2) and conditioning on T(x) = t, 


Bg: x Í v' Px ps) Py Pz åy; dt 


0 


= f Px H(t) Py (f ve Pz i) dt 
7 | v* Pz li Px pt) Py «| ds 


ES Í v* Pz Oy ds. v 


0 


This result can be considered as the current payment form of the actuarial present 
value. It shows that the general form for reversionary annuities can be interpreted 
quite broadly with the possibility that the failure of status (u) can involve a con- 
tingent probability. In general, we have 


Aae = Í v! pp, Gq, dt. (18.6.5) 


0 


Our next example shows a particularly simple case involving two lives where the 
actuarial present value can be reduced to a form not involving integrals. 


Example 18.6.2 


Express the actuarial present-value symbol 213, in a form free of integrals. 


Solution: 
By (18.6.5), 


aly 73 i v' Py Hi dt 


Hn Li oc n 
= f v! Py li Px ur) d dt t Í v! Py li Px pas) ss dt 


= Í v' p, - py) dt + (1 — po | v' p, di 


n 


=; F7 Cat 3 
— dy Ayn U aPxy UTE v 
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18.7 Benefit Premiums and Reserves 


Here we examine benefit premiums and benefit reserves for the insurances of 
this chapter. As in Chapter 6, the benefit premium is defined by the equivalence 
principle. Following the development in Chapter 7, benefit reserves are defined 
prospectively as the conditional expectation of the future loss, given survival to the 
duration of the reserve. 


The premium payment period must end no later than the time of claim payment 
and, in the case of contingent insurances, when it is clear that no claim payment 
can be made. The period may be shorter. 


In the case of insurances payable on the first death, the premiums are payable 
only while all lives survive. Using the equivalence principle we have, for example, 
the following: 


Pd, = A, 


xy “Pay xy? 
oP (Ax 736) aaa = Adag, 
and 


P(A} jd 


= Al 

xyz Alius 

Insurances payable on the second or a later death give rise to more than one pos- 
sible premium payment period. To minimize the benefit premium that can be 
charged for a particular insurance benefit, we use the longest period. The following 
example illustrates the process for a number of cases. 


Example 18.7.1 


Using the equivalence principle, write the equation for the following benefit 
premiums: 
a. Pg b. PAZ; 


d. P(A.) e. PAs) 


c. PA 


WXY s) 


Solution: 


E D= Ag 


FYZ 
d P(Á.., i WXYZ = Ay: 
d. As long as (y) and at least one of (x) and (z) are alive, payment of the benefit 
is still possible. Therefore, 


o 2 


[e] 


BAZ) d — = AZ 


Y:XZ xyz" 


e. In this case payment of the benefit is still possible if all are alive or if only (y) 
and (z) are alive. Thus the appropriate premium payment period is the lifetime 
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of (yz), and 
PAS) Sw. 


As the conditional expectation of the future loss, the benefit reserve will depend 
on the condition of the status used in the calculation. The reserve is unique for an 
insurance payable on the first death because all lives must survive until termination 
of the insurance. We illustrate reserve formulas for two of these insurances: 


1 zs 1 —pl..s 
sV aT = A esae P Ay A0] P oes] 


where 


1 H Z 1 
P am Hag ma AT 
and 


5V ive = Ansys 5:z+5 Pij Ay Sey +525 ; 
For an insurance payable on the second or later death, the benefit reserve can be 
calculated with the given condition of the expectation being either (a) which lives 


are surviving or (b) only that the insurance has not terminated through the last 
death. 


Consider the simple case of a fully continuous unit insurance payable upon the 
failure of (xy) with premiums payable until the second death. Let ,L be the future 
loss at t. Given the information about which of x and y (or both) are surviving at 
t, we would have 


ELLIT) > t à T(y) > t] = Aog - PAg) faq, (18.7.1) 

ELLIT) >tN TCy) = t] = As T P(Az) A. (18.7.2) 
Or - DT 

ELLIT) = t à TO) > t] = Àj, — PAg) 4,41. (18.7.3) 


On the other hand if the given information is only that the survival status (xy) has 
not failed, the benefit reserve is 


VG) = Ele 


T(xy) > t] 
which we can calculate by the law of total probability as the sum 
ELL|T(x) > t à Tty) = t] Pr[TQO) > tN Try) = t] 
+ ELL|TQ) = t NA T) > t] Pr[T() = tN Ta) > t] 
+ ELL|T(x) > t à T) > f] Pr[TQ) > tN TG) > H. (18.7.4) 


In this expression the conditional expectations are given by (18.7.1)- (18.7.3). On the 
assumption of independent T(x) and T(y), the probabilities are of the form 


Px (1 7 Py) 


Pr[TG) > £ à Ty) s t|T@y) > :] = 
1 | r Px (1 E Py) x Py (1 = Px) + Px Py 


Combining these we have 
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1 
(Px (a Py) H Py (1 Px) Px Py 
T P vy Poly m PG), + Px Py Amar P(AZ ull. 
(18.7.5) 


VO) ~~ | | lup. e PALA S E PGÀ a, 


We now use the results from Section 9.7, 


and 
A 7 Aye Ay aA 
in the final bracketed term of (18.7.5) to establish the equality 
Py PlAsgn POS aul 
= Pr PAS + Ayse — Asa 7 POR + Ayer = Bav) 
Substituting this into (18.7.5) we have 
Ws) = [Px Arse + Py Aye 7 Pa Py Aag 
= PAS) Pr Bese t Py HV. — Px Py uy / Gp. + Py ~ Pry) (18.7.6) 


xy! 


Because (xy) is a survival status it has a proper conditional survival function, 
given that it has survived to f, which we will denote by ,pz,,. The benefit reserve 
for the insurance that was just discussed above can be calculated directly from the 
conditional survival function if it is first calculated. More precisely, 


Payee = PriT(xy) > u  t[TGy) > t] 


peal x a t+uPy ~ t+uPxy 

Px + Py = Pry 
We emphasize that only when t = 0 is it known that both (x) and (y) are alive. If 
we assume independence between the future lifetimes of (x) and (y), we have as 


the corresponding conditional p.d.f. for the last survivor status, given that it has 
survived to f, 


(18.7.7) 


ERA pt at u) T uttPy pt + u) ~ HEUS UG T u) + put F u)] 
Px + Py E Pry 
If each of the ,.,p factors in the numerators of (18.7.7) and (18.7.8) is factored as 


als = Part Pw for example, then expressions in those equations will appear as 
weighted averages with the weights being the probabilities of survival to f. 


(18.7.8) 


When (18.7.8) is used to calculate E[u"*?* — P(A.) raal T(xy) > t], then 
(18.7.6) is obtained again. 


18.8 Notes and References 


The practical applications of the ideas of this chapter have not been as numerous 
as those in some of the others. Nevertheless, extensive actuarial literature exists on 
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various topics in multiple-life theory. Parts of Chapters 10, 11, 12, and 13 in Jordan 
(1967), and parts of Chapters 7 and 8 in Neill (1977) contain material on these topics. 


Theorem 18.2.2 is a basic theorem of probability. It combines many of the ideas 
in Chapter 4 of Feller (1968). The technique used in proving results of this type is 
often called the method of inclusion and exclusion. The main results in the field 
are summarized and an extensive reference list provided by Takács (1967). Credit 
for the application of these algebraic methods in calculating life annuity values has 
been given to Waring. Earlier actuarial textbooks gave the results of Corollaries 
18.2.] and 18.2.3 by the so-called Z method. This was an algebraic mnemonic based 
on the observation that the coefficients of D; in p. and in p- are those in the 
expansions of Z*/(1 + Z)*! and Z*/(1 + Z y, respectively. 


An earlier version of Theorem 18.2.2 is contained in a discussion by Schuette and 
Nesbitt of a paper by White and Greville (1959). The use of these methods to 
determine the actuarial present value of a share in a share-and-share-alike last- 
survivor annuity is the subject of Exercise 18.36 and a paper by Rasor and Myers 
(1952). Another proof of Theorem 18.2.2 that avoids the use of ideas from proba- 
bility is given by Buchta (1994). 


Some of the issues regarding premiums and reserves on last-survivor insurances 
were discussed by Frasier in The Actuary (1978). 


Life insurance policies with nonforfeiture values contain an embedded option. 
At each policy anniversary the insured has the option to take the nonforfeiture 
value and negotiate a new insurance contract, using health and market information 
available at that time, in an attempt to increase the actuarial present value of life 
insurance wealth. Reynolds (1994) discusses the cost implications of this option 
with respect to last survivor policies for which premiums, reserves, and nonforfei- 
ture values are determined, using a conditional survival function as in (18.7.7). 
Reynolds develops the proposition that mortality antiselection, in the sense that 
those statuses exercising the withdrawal option will be in "better health," that is, 
the statuses will have a higher probability of long survival than those continuing, 
will be significant. Provision for the expected cost of this option should be built 
into the design of the policy. The argument depends on the observation that non- 
forfeiture values, like reserves, that are derived from conditional survival functions 
that assume only the survival of the status will tend to be larger than those that 
incorporate additional information about the survival of (x) and (y) as in (18.7.1), 
(18.7.2), and (18.7.3). 
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Appendix 


Theorem 18.2.2 


Proof: 
Let X, denote the indicator for the event A, that is, X, = T for sample points i 


A, and X, = 0 for sample points not in A;. Let Y; be the indicator such that Y; = 1 
for sample points in exactly j of the n events A, A, ...,A, and Y, = 0 for the 
other sample points. We note that the expectation of Y; is Pig. Finally, we define 
an operator, (E), a function of the shift operator, E = 1 + A, by 
(E) = (XE + 1 - XXE + 1 — X) --- (X;E + 1 — X,). 
We note that any factor equals E if the corresponding X, — 1 and equals 1 if 
X, = 0. After multiplying, we have for any single point 
OE) = Yo +t YE + XQESG RE 


since, in the expansion of the product, the power of E is equal to the number of 
the X, equaling 1. Thus the exponent of E is equal to the number of the events Ay, 
A, Ay ..., A, containing the sample point. 


Since a power of the shift operator, E/, applied to c, yields c, we obtain 
b(E}cy = CY + GY, ti: + 6Y, 

and then the expectation of (F)cp is 

CoP) + Pay t ttt + CP oy: 

Since E = 1 + A, we can also write (E) as 

(E) = (1 + X,AY1 + XGA) +++ (1 + X,A) 


Les ( 2 x Xx) N, 
j=l 


igghtned) 


j 


which displays the coefficient of A’ as the sum of all possible products, (7) in num- 
ber, of the X; taken j at a time. Since X, X, +++ X, — 1 only if the sample point is 
in A, Aj, * * * Aj, the expectation of X, X, --* X, is Pr(A, Aj * * * Aj) and the 
expectation of 

2i S RUE X; 


obse 


is D, Hence the expectation of d(E)cy can also be written as 


SS 
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Co + Dy Aty + D,A?c + + DAC. 


Equating the two forms for the expectation of $(E)cy completes the proof of the 
theorem. a 


The familiar inclusion-exclusion theorem of probability provides an example of 
applying Theorem 18.2.2. For n = 4, 


Pr(A, U A, U A, U Ay) = Puy + Pray + Per + Pig- 


Here cy = 0, and c; = c = c4 — cy = 1 in the first form of the expectation of (E)cp. 
From the table 


i C; Ac; Ac Ac; Atc; 
0 0 1 -1 1 -1 
1 1 0 0 0 ad 
2 1 0 0 — =< 
3 1 0 

4 1 — — — — 


we see that the second form of the expectation is 
Pr(A, U A, U A, U A,) = D, — D, + D, — D, 


4 
=D Pray: (€ o PAA) 
i-1 all combinations 
of two of 
1,2,3,4 


+ y Pr(A,A;A,) — Pr(A; A;A4A)). 
p E 
1,2,3,4 


SL SS a SSS SSS 
Exercises 


Unless otherwise indicated, all lives are subject to the same table of mortality rates, and 
their time-until-death random variables are independent. 


Section 18.2 

18.1. Describe the events having probabilities given by the following expressions: 
a. Prox F Pwy + Puz + Pry + Prez T iPyz = 30 Paxy s Pwxz + tPoyz T Pryz) 

ah 7p WXYZ 


b. Pw + iPr + Py + Pz = 2( Pox + Pwy + Puz + Pry + iP + Piz) 
3 A Proxy + Poxz at Pwyz $ f) E 8 Piney: E 


18.2. Use the corollaries of Section 18.2 to verify that p. à! = 1 — di 


dX, Xi Xz7X, 


18.3. An extract from a table of joint-life annuities valued at 3-1/2% interest reads 
as follows. 


—————————— M M M MM — a a: 
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18.4. 


18.5. 


18.6. 


18.7. 


18.8. 


Actuarial Present Value of 


Joint-Life Status Joint-Life Annuity-Immediate 
20:26:28 14.4 
20:26:29 14.3 
20:28:29 i 14.0 
26:28:29 13.8 
20:26:28:29 12.5 


a. Calculate the actuarial present value of an annuity payable at the end of 
each year while exactly three of (20), (26), (28), and (29) are alive. 

b. Calculate the actuarial present value for an insurance of 10,000 payable 
at the end of the year of death of the second life to fail out of (20), (26), 
(28), and (29). 


Express p_? — p£ in terms of Dp j = ], 2, 3, 4. 


WXYZ WXyZ 


Express, in terms of annuity symbols, the actuarial present value of an an- 
nuity of 1 per year payable at the end of each year while (w) and at most 
one of (x), (y), and (z) are alive. 


If m(t) = 0.002, 0 t x 10, and 8 = 0.05, calculate the value of 


440;40:40:40:40:10)*. 


A trust is set up to provide income to (x), (y), and (z). The fund is to provide 


a continuous income at the rate of 8 per year to each while all three are 
alive, at a rate of 10 per year to each while two are alive, and at a rate of 15 
per year to a sole survivor. Calculate the actuarial present values of 

a. All the payments to be made 

b. All the payments to be made to (x). 


An insurance provides a death benefit of 4 payable immediately upon the 
first death among four lives age x, a benefit of 3 payable upon the second 
death, a benefit of 2 payable upon the third death, and a benefit of 1 payable 
upon the last death. If A, = 0.4 and A,, = 0.5, evaluate the actuarial present 
value of this insurance. 


Section 18.3 


18.9. 


Develop an expression in terms of single- and joint-life annuity symbols for 
the actuarial present value of an annuity-immediate of 1,000 per month 
payable 

a. While exactly one of (40) and (35) is surviving during the next 25 years 
b. While at least one of (40) and (35) survives at an age less than age 65. 
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18.10. Express the following in terms of symbols of annuities certain and single- 
and joint-life annuities: 
a. i 
b. e570) 30- 


Section 18.4 


18.11. If at each duration the force of mortality for (x) is 1/2 that for (y) while the 
force of mortality for (z) is twice that for (y), what is the probability that of 
the three lives (x) will die 
a. First 
b. Second 
c. Third. 


18.12. Which of the following statements are true? Correct the others as necessary. 
RA T Åbn GAS Aw t A) 


WXYZ WXYZ WXYZ. UXyz 


b: A Sd ad FAS 


WXYZ WXYZ 
x "E E on NS E 
c. Ane =. Ay: d AJ * Ag (Ay a Az + Ay) + Vuoi 
18.13. Write, as a definite integral, the actuarial present value for an insurance to 
be paid at the moment of death of (x) if (x) survives (y). The benefit amount 
is equal to the time elapsed between the issue of the policy and the date of 
death of (y). 


18.14.. If Gompertz's law applies with (40) = 0.003 and p(56) = 0.012, calculate 
: PES b. Minds 
9. 40:45:56 oof 40:48:56 
[Note: In part (a) the notation 2:3 indicates the event that (48) dies second 
or third among the lives involved.] 


18.15. An insurance of 1 issucd on the lives (x), (y), and (z) is payable at the mo- 
ment of death of (z) only if (x) has been dead at least 10 years and (y) has 
been dead less than 10 years. Express the actuarial present value of this 
insurance in terms of actuarial present values for insurances and pure 
endowments. 


18.16. Develop an expression that does not involve integrals for the actuarial pres- 
ent value of an insurance of 1 payable 10 years after the death of (x), pro- 
vided that either or both of (y) and (z) survive (x) and both are dead before 
the end of the 10-year period. 


18.17. Obtain a formula for the single contract premium for a special contingent, 
unit insurance payable if (30) dies before (60), or within 5 years after the 
death of the latter, with return of the contract premium, without interest, 5 
years after the death of (60) if no claim under the insurance arises by the 
death of (30). Assume the loading is 7-1/2% of the benefit premium. 
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Section 18.5 


18.18. 


18.19. 


18.20. 


18.21. 


18.22. 


18.23. 


18.24. 


18.25. 


18.26. 


Without using the independence assumption, establish relations such as 
oss z Mozy + nxa? 


and use them to obtain the result of Example 18.4.1. 


Without using the independence assumption, establish the relations 


E E E oe 
Axy m As Ade 
1— A1 LA 
ds Aye Ade 


and use them to obtain the result of Example 18.42. 


Express Quy: 
iL 


a. As a definite integral 
b. In terms of simple contingent probabilities. 


Assuming that Gompertz's law applies, show that 
2 c 
a. Ary = Aly pul c* cU xy 
" C «4 C^ 04 c? a : 
3 -— m 
» E C* t c A, Que ler apo oort Arye: 


If u(x) = 1/(100 — x) for 0 < x < 100 applies for (20), (40), and (60), evaluate 


a. 20:40:69 b. 20:40:60 C. 20:40: 
This illustrates that ,4,2. = «41, Jy, Which holds on the basis of Gompertz’s 
x à 


law, does not hold in general. 


On the basis of a mortality table following Gompertz's law (with c? — 2), 
Ā = 0.3, Ag = 0.4, and Aj, = 0.52. Determine À.s. 
1 


Given A,, = 0.6, Al,, = 0.3, Al, = 02, and Al... = 0.1, evaluate 
a. A? b. A1 


(XXX WANK 


Express in integral form the probability that (x), (y), and (z) will die in that 
order within the next 25 years with at least 10 years separating the times of 
any pair of deaths. 


Express in integral form the probability that (10), (20), and (30) will all die 
before attaining age 60 with (20) being the second to die. 


ee ES ((ÀC à  ERU ro d 
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18.27. Given „qi, = 0.5537, „gl, = 0.6484, Arye = 0.5325, and Arye = Aye, calculate 
Soe 

18.28. According to a certain mortality table, the probability that three lives age 70, 
55, and 40 will die in that order at intervals of not less than 15 years is 0.048, 
and the probability that at least one of two lives now age 70 will be alive 
15 years before the death of a life now age 55 is 0.8. Calculate the probability 
that neither of two lives now age 40 will survive to age 70. 


18.29. Which of the following statements are true? Correct the others as necessary. 


a. Avg: = Í v' Ho Pryz pu) A dt 


0 


10 = 
b. , (1 — nag?so) Poo Heolt) dt + F (-10Ps0 T +1050) iPoo (f) dt 


10 


E (1 — s410P60) d/so Mso(t) dt + 1 (-10P60 — nao) Pso Wsolt) dt 


0 


1 2 TN 
C- 39940:80:60 + 30440:50:60 = 30940:5060- 
Section 18.6 


18.30. Write an expression, free of integrals, for the actuarial present value of a 
continuous annuity payable at a rate of 1 per year 
a. During the lifetime of (y) and for 10 years following the death of ( y) with 
no payments to be made while (x) is alive 
b. During the lifetime of (y) and for 10 years following the death of (y) with 
no payments to be made while (x) is alive or if (y) dies before (x). 


18.31. Express in terms of annuity and insurance symbols the single contract pre- 
mium to provide the following benefits with a loading of 8% of the contract 
premium: 

A last-survivor annuity of 1 per annum on (x) and (y) deferred n years 
and reducing by 1/3 on the first death: If the death of (x) occurs before 
the death of (y) and during the deferred period, the annuity on the re- 
duced basis is commenced on the next anniversary. If the death of (x) 
occurs after the death of (y) and during the deferred period, the contract 
premium is to be refunded at the end of the year of death. 


18.32. In Section 18.6, the reversionary annuities commenced payment if a status 
(u) was surviving upon the failure of a status (v). This idea can be extended 
to annuities with payment commencing upon the occurrence of two or more 
deaths in a prescribed order. 

a. Show that 


= OOOO ee 
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b. On the basis of a Gompertz mortality table, prove that 


c^ cY 


C* + c! LEN c* c c Prya 


"s 
Section 18.7 


18.33. Develop an expression for the annual benefit premium for a contingent pure 
endowment of 1 payable if (x) is alive n years after the death of (y). 


18.34. What annuity actuarial present value should be used to obtain the annual 
benefit premium corresponding to the actuarial present value A,2,.? 


wWxyz* 
quy 


Miscellaneous 


18.35. An insurance on the event that (x) dies before age x + n and (y) dies before 
age y + m, with m « n, pays 1 at the end of the year in which the second 
death occurs. 

a. Show that the actuarial present value can be expressed as 


Agm E O” ud epo 


b. What is the appropriate annuity actuarial present value to be used to 
obtain the annual benefit premium? 


18.36. A collection of m lives are to share-and-share-alike in the income from a last- 
survivor annuity of 1 per annum payable continuously. The actuarial present 
value of (x,)’s share is 


SoG HHA 


x1 x2 xi "T 


+ TEE + us Sov) te («D ü 


n 
m-1 1 
Hint: Use Theorem 182.1 on X, —— pi. 
of FL 
18.37. State in words what is represented by 


f v' Ax iPyz ny) Aaa dt. 


0 
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18.38. In the notation of Theorem 18.2.2 let 
A, = (T(y) < min[n, T(x), T], 
A, = {T(y) < min[n, T(x), Tw)]}, 
A, = {T(y) < min[n, Tw), T]. 


Show that the event A of Example 18.4.1 is the same as the event that occurs 
when exactly one of A,, A, and A, occurs. Hence use Theorem 18.2.2 to 
establish the result of Example 18.4.1 without use of the independence 
assumption. [Hint Argue that Pr(A;) = „oxe Pr(A,A;) = Pr(A,A,) = 
Pr(4;A3) = Pr(A, A545) = „fary and Pr(A, [not Aj][not A,]) = d 


18.39. Consider a second-to-die whole life insurance with premiums payable for as 
long as at least one of (x) and (y) survive. Assume a fully discrete basis. 
a. Show that , Vi, = 1 — = 
Xy 
= iPx d.a T Py Ay sk E iPr Py Ay Leu 


dx * Py ~ Px Py 
b. Show that dz, can be evaluated by 


where ii, 


ae 
2; v! Px 
jin MRNA 


D 
U apu 


Ain = 
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POPULATION THEORY 


19.1 Introduction 


Many of the ideas in Chapter 3 are building blocks in the construction of a 
mathematical theory of populations. For example, the survival function used to 
define the distribution of the random variable time-until-death, and to trace the 
progress of a survivorship group, plays a role in constructing models for 
populations. 


The models developed in this chapter are general. They can be applied, with 
appropriate modifications, to the population of a political unit, a population of 
workers, or a wildlife population. 


We are particularly interested in certain actuarial applications of population the- 
ory. In Section 19.5 a population model is used to study the progress of a system 
that provides life insurance benefits to a population. In Chapter 20 a population 
model is used as a component of a model for studying the progress of a system 
that provides retirement income benefits to a population. 


19.2 The Lexis Diagram 


In this section we introduce a convenient method of picturing the progress of a 
population. For example, the history of a workforce’s participation can be repre- 
sented by parallel line segments in a two-dimensional diagram called a Lexis 
diagram. (See Figure 19.2.1.) The pictured point of entry of an individual into the 
workforce population (with coordinates time of entry and age at entry) represents 
one end point of the line segment associated with that individual. The line segment 
then follows a diagonal path to the terminal end point representing exit from the 
workforce population (with coordinates time of exit and age at exit), 


Figure 19.2.1 illustrates, for the population of workers depicted, that at time —25 


measured from the present (f = 0) there were three active workers. At the present 
time there are two active workers. One might be interested in making statements 
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A Lexis Diagram 


Present 
40 30 —-20 -10 0 10 20 30 


Time 


O Point of entry 
20 @ Point of exit 


30 N 
40 N 


50 NN 
60 NUN. 


Age 


about their future working lifetimes. The dashed line segments in Figure 19.2.1 
denote the prospective working lifetimes of the two currently active workers. 


The following observations summarize features of a Lexis diagram. 


Observations: 


1. A fixed point in time is represented by a vertical line. The number of members 


of a population at that time is given by the number of parallel line segments 
(each representing an individual) that intersect the vertical line. 


. A fixed age is represented by a horizontal line. If a line segment associated with 


an individual intersects a horizontal line at age Xo, then that individual attained 
age x; while a member of the population. 


. If a member attains age x at time t, the member's time of birth is u = t — x. 


While x and t are used as coordinates in a Lexis diagram, we frequently use the 
variables x and u in our developments. One of the reasons for this is that while 
u is constant for each member of a population, it is not constant over the 
population. 


There are many extensions of these ideas. For example, Lexis diagrams are used 


to picture the progress of cohorts of lives rather than of individuals. A cohort is a 
collection of individuals with a common birth period. In a model for a population 
of workers, several modes of exit may be recognized and entries can occur at dif- 
ferent ages. These possibilities were discussed in Chapters 10 and 11. 


Section 19.2 The Lexis Diagram 


The demographic models developed in the next two sections utilize only one 
mode of exit, interpreted as death. Likewise, only birth is considered as a mode of 
entry. A deterministic approach is taken. 


19.3 A Continuous Model 


For the remainder of this chapter we use a continuous model for populations 
rather than a discrete set of parallel line segments (each corresponding to a mem- 
ber) as was used for the illustration in Figure 19.2.1. This shift permits us to use 
calculus as well as many of the tools developed in earlier chapters. A parallel 
development based on a discrete model, and using tools from linear algebra, could 
have been used. 


Again, we assume all entries are by birth and all exits are by death. Migration 
is excluded from the model. Births occur continuously, and b(u) denotes the density 
function for the number of births at time u. That is, b(u) du is the number of births 
between times u and u + du. We denote by s(x,u) the survival function of those 
born at time u. This is called a generation survival function. We define 


(x,u) = b(u) s(x, u). (19.3.1) 


The function denoted by I(x, u) is called a population density function. 


The interpretation of the function /(x, u) is facilitated by reference to a continuous 
version of a Lexis diagram. (See Figure 19.3.1.) This figure and the remaining fig- 
ures in this section are two-dimensional. They are designed to aid in the interpre- 
tation of differential terms or to illustrate regions of integration. In each case, a 
three-dimensional figure, illustrating the function defined on the time-age plane, 
could have been drawn. 


nterpretation l 
of I(x, u) 


| I(x,u)du = l(x,t - x)dt 
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Of the 1(0,u) du = b(u) du births between times u and u + du, I(x, u) du survive to 
age x. Let t = x + u, then dt = du, and this expression can be restated as 


I(x,t — x) dt = (number attaining age x between 
times f and t + dt). (19.3.2) 


From this it follows that the number attaining age x between times t and f, is 
H 
| l(x,t — x) dt. (19.3.3) 
to 


Now we consider a different question. Let x, < x, be two ages and t, a given time. 
How many lives are there between ages x, and x, at time tọ? In posing this question 
the word "lives" has been attached to the values of an integral of the function 
I(x, u) and, as in Chapter 3, no longer denotes a variable that must take on only 
integer values. 


These lives would have attained age x, between times t} — (x, — xy) and f£; and 
then survived to time t, as indicated in Figure 19.3.2. The diagonal dashed line 
traces a typical cohort of lives that will be between ages x, and x, at time ty. 


Number of Lives between Ages x, and 
x, at Time t, 


lp-(x1—Xg) t to 


Time 


Xo) ~ I(x, BS Xo) 


Thus the number we seek is 


5 S(xXo + to — t E — xX) 
H 


(xy t — x) 


dt. 19.3.4 
0—(x1—x0) s(xyt m xo) l 
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In evaluating (19.3.4) we make use of (19.3.1) to write the integrand as b(t — xy) X 
s(Xp + tp — t t — x) = lx + ty — t£ t — xy). If we let x = xy + (f — f), we can 
transform (19.3.4) into 


XQ x1 
-Í I(x, to — x) dx = i I(x, tp — x) dx. (19.3.5) 
x1 Xo 


From (19.3.5) we can make the following statement: 


K(x, tọ — x) dx = (number of lives between ages x and x + dx at time tọ). (19.3.6) 


Therefore, the population density function has two interpretations. The first is 
given by (19.3.2) and (19.3.3) and relates to the number of lives attaining age x 
between times t and f + dt. The second is given by (19.3.5) and (19.3.6) and relates 
to the number of lives between ages x and x + dx at time tọ. The two interpreta- 
tions correspond to slicing a Lexis diagram for the population with the lines £ and 
t + dt in the first interpretation, and slicing the diagram with lines x and x + dx 
in the second interpretation. 


In order to incorporate deaths into our model we let 


1 86 1 


à 
~~ s(x,u) ax dE Kx, u) (19.3.7) 


— Kæ, u) ax 


p(x, u) = 


denote the generation force of mortality at age x for those born at time u. Figure 
19.3.3 provides three interpretations following from this definition. These can be 
verified by making the indicated linear transformation to the bivariate population 
density function times the generation force of mortality and confirming that the 
Jacobian of the transformation is 1. 


The total number of deaths in a given region of the time-age plane, as depicted 
in a Lexis diagram, is obtained by integrating one of the expressions in Figure 19.3.3 
over the given region. The solution requires the calculation of a double integral. 


There is an alternative method called the in-and-out method, which often pro- 
vides an easy way to obtain the required number of deaths. This alternative method 
involves determining the numbers of lives entering and leaving the region. The 
difference between these two numbers is the number of deaths. In most situations, 
the in-and-out method requires evaluation of only two single integrals. 


Chapter 19 Population Theory 


589 


Population Density Times Generation 


o 
Force of Mortality 


A. I(t — u,u)ult — u,u)du dt u u+du t t dt 
= number of deaths 
between times t and t + dt 
among those born 
between u and u + du. 


KO UNE. E ae Ae RN de ieget 


Age 


B. Substitute u = f — x, and t +¢4+dt 
we have I(x, t — x)u(x,t — x) 
dt dx = number of deaths 
between ages x and x + 
dx at times between t and 
t+ dt. 


C. Substitute x = t — u, and 
we have I(x, u) p(x, u) du 
dx = number of deaths 
between ages x and x + dx 
of those born between u 
and u + du. 


Age 


Tan ————————————————————————— 
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Example 19.3.1 


How many lives will attain age x, between times f, and tọ + 1 and die before 
time f, + 3? 


Solution: 
We must derive an expression for the number of deaths in the trapezoid illus- 
trated in Figure 19.3.4. 


Region Where Deaths Are Counted, 
Example 19.3.1 


h odpeLpGq24oRs 


i He Time 


u=t~X 


Xo (fo xo) (to + 1, xj) 
Xy+ 1 
Xy +2 (ty + 3, xy + 2) 
Out 
Xy +3 t t3=sx+u 
4 
Age (£y + 3, xy + 3) 


Double integral method: Using the interpretation of Figure 19.3.3C, we have for 
the required number of deaths 


fot1l—xq fto+3-u 
Í Í I(x, u) p(x, u) dx du. 
t 


07xX0 XQ 


Using (19.3.7), we have for the number of deaths 


I | | al(x, zl dx d 
DEMO u 
ee ^ Ox 


to+1—xg 
i (xy, u) — (ty + 3 — u, u)ļdu 
fi 


0 Xo 


to-1—xo fot 1—xo 
Í l(xy,u) du — Í Ito + 3 — u,u)du. 
ti 


07X0. to— xo 


AE S M E E 
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We let y = u + x in the first integral and w = f, + 3 — u in the second to obtain 
for the number of deaths 


Igt1 xot3 
Í Ixy, y — x) dy — Í (w, to + 3 — w) dw. 
to xgt2 
In-and-out method: To obtain the required number of deaths we take the differ- 
ence between the number of ins who attain age x; between times t, and tọ + 1 and 
the number of outs who are alive between ages x; + 2 and x, + 3 at time f, + 3. 
Using (19.3.3) and (19.3.5), we have 


tot xX0+3 
| l(xy y — Xp) dy — | , l(w,ty + 3 — wdw, 
to + 


xO 


which agrees with the result obtained using double integration. v 


Example 19.3.2 


Determine the number of those between ages 20 and 40 at time t who will die 
before reaching age 70. 


Solution: 
We are asked to derive an expression for the number of deaths in the trapezoid 
illustrated in Figure 19.3.5. 


ths Are Counted, 


g 
Example 19.3.2 
ty to + 10 fo + 20 ta + 30 fy + 40 f, + 501, + 60 


Time 


In 


— 
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Double integral method: Using the interpretation in Figure 19.3.3C, the required 
number of deaths is given by 


to—20 [70 
Í | I(x, u) w(x, u) dx du 
to tou 


~40 


fo-20 [70 
= | Í |- ge) zl dx du 
15—40 J1tg—u ax 
19—20 
= Í [to — wu) (70, u)]du 
to—40 
19—20 fo—20 
= Í I(t — u,u)du — Í I(70, u) du. 
19-40 fo—400 


We let y = f — u in the first integral and w = u + 70 in the second integral to 
obtain the required number of deaths 


40 fo +50 
| Iy, to — y)dy — Í " (70, w — 70) dw. 
0 


2 tot 


In-and-out method: We use (19.3.5) for the ins and (19.3.3) for the outs to obtain 


40 to+50 
Í I(x, ty — x)dx — | 1(70,£ — 70) dt, 
0 fo - 30 


2 


which agrees with the result using double integrals. v 


19.4 Stationary and Stable Populations 


Here we study two important special cases of the model described in Section 
19.3. If (x, u) is independent of u, we call the result a stationary population. For a 
stationary population, (19.3.1) becomes 


l(x,u) = bs(x) (19.4.1) 


where b is the constant density of births and s(x) is a survival function that does 
not depend on the time of birth. For human populations, b is typically expressed 
as a number of births per year, and the age variable is measured in years. In accord 
with (3.3.1), we rewrite (19.4.1) as 


Kx,u) = bs(x) = 1, (19.4.2) 

where b plays the role of the radix J). 
For a stationary population we can write (19.3.5) as 

X 

| m LES LIE IM 

Xo 
and obtain the number of lives in the stationary population between ages x, and 
x, at any time t, expressed in terms of the function T, introduced in (3.5.16) in 


connection with the analysis of a survivorship group. In addition, the interpretation 
of I. w(x) given by Figure 19.3.3B leads to 
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[ teweyar = 1, - 1, 


as the density of deaths between ages x, and x, at any time t. In particular, the 
density of deaths at age x, and greater equals the density of the number of lives 
attaining age x, at any time f, the interpretation provided by (19.3.2). These facts 
illustrate the aptness of the name stationary population. 


If the population density function is of the form 
l(x,u) = eF*bs(x) = e"l, (19.4.3) 


where b > 0 and R are constant and s(x) is a survival function that is independent 
of the time of birth, the resulting population is called a stable population. The 
density of births at time u in a stable population is e'" b = e®“],. If R = 0, a stable 
population is a stationary population. 


Using (19.3.5) we see that the total population at time t, denoted by N(f), for a 
stable population is given by 


oo 


N(t) = Í I(x, t — x)dx = e | e=] dx. (19.4.4) 


0 


Therefore, if R > 0, the population is growing exponentially, and if R < 0, the 
population is decreasing exponentially. 


Again using (19.3.5) we see that the fraction of the total stable population that 
lies between ages x, and x, at time f is 


[ l(x,t — x)dx | eR] dx 

~ == j (19.4.5) 
| I(x,t — x) dx Í e™] dx 

Jo 0 


which is independent of f. Thus, while the size of a stable population may change 
over time, its relative age distribution is constant. 


For a stable population, we can express the number of members between ages 
x; and x, using (19.3.5), as 


| I(x,t — x)dx = ji eR] gx 
xo Xo 


= gRü-xo Is eres est . (19.4.6) 


In the limit as x, — œ, the number of members alive above age x, at time t in a 
1 0 
stable population may be written as ef ?9]. 4, s. ,. 


For a stable population, the force of mortality as given by (19.3.7) becomes, by 
reference to (19.4.3), 


1 29 
I(x, u) ax 


p(x, u) (x,u) = w(x). 
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We can express the density of deaths at time t for a stable population between ages 
Xo and x, as 


xi i 
I. eR] (x) dx = ly eA] —— (19.4.7) 


Xx9:x1—7Xx90— R 7 
and the density of deaths at time t above age x, is e" =] A. . 


These facts about stable populations can be used, in connection with an identity 
from Chapter 5, to confirm a property of stable populations: 


(density of those (density of deaths 
reaching age x) — above age x; 
at time t) at time f) 
(number above 
age x, at time t) 


(rate of population 
change at time f 
above age xj) 


eR oo fe — REx) by, Ay, 
eR] og. 


0 


ELI oe 


Ay, 


The final step follows since the functions are calculated at force of interest R. 


Example 19.4.1 


For a stationary population the complete life expectancy at age 0, derived from 
the survival function, can be obtained by dividing the number in the population 
at time t by the birth density. That is, 


a= | sdr = f pecu 


What is the result of performing a similar calculation with a stable population? 


Solution: 
(x,t — x)d I eR | d 
Nit) _ Jo (xt — x)dx 1 V dx 
eR], eR], eR |, 
If R > 0, a < &, and if R < 0, a > ê, and if R = 0, the stationary population 


result is obtained. This example demonstrates how the life expectancies cannot be 
observed directly from stable populations unless R = 0. v 


=A at 8 = R. 


19.5 Actuarial Applications 


The conditions for a stable or stationary population are seldom realized because 
of changes in either the survival function or the density of births. However, these 
models are useful in studying alternative plans for funding life insurance or retire- 
ment income systems. By a funding plan we mean a budgeting plan for accumu- 
lating the funds necessary to provide the insurance or annuity benefits. 
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In this section and in Chapter 20 we depart from the models developed in Chap- 
ters 4 through 11, 15, and 16. These models were built by starting with a consid- 
eration of the operation of a single policy. In this section we study aggregate models 
for life insurance. In Chapter 20 similar models for pension systems are examined. 
The models considered are especially relevant to social and group insurance sys- 
tems that provide benefits on death or retirement to broad groups or populations. 


Example 19.5.1 


Assume a population density function I(x, u) = b(u) s(x) where the survival func- 
tion is independent of u. Further, assume that in this population each member 
above age a is insured for a unit benefit under a fully continuous, whole life in- 
surance with annual premiums payable from age a. The premium paid by each 
member is based on force of interest 8 and survival function s(x). Prove that 


P(A,) |. Kx,t —x)dx +8 [ (x,t — x) , ,V(A) dx 
- d [* m 
= Í l(x,t — xju(x)dx + d f l(x,t — x) , ,V(A,) dx. (19.5.1) 


Solution: 
General reasoning solution: Stated in words, (19.5.1) asserts 


(rate of premium income at time f) 
+ (rate of investment income at time t) 
— (rate of benefit outgo at time f) 
+ (rate of change in aggregate reserve at time f). 
That is, (19.5.1) can be interpreted as an income allocation equation for a life in- 
surance system covering a population aged a or greater. The left-hand side of 
(19.5.1) displays the sources of income, premiums, and interest, and the right-hand 
side displays the allocation of income to death benefits and changes in the aggre- 
gate reserve fund. 
Analytic solution: We start with (8.6.4), implying for the present case 
do v EOM EM E 
dx YA) — WO) VA) + i) = PA) + ò ,V(). (19.5.2) 


We multiply (19.5.2) by I(x,t — x) and integrate between a and the upper limit of 
survival. These operations yield 


[ iet- at ral ~ [eet mu) oe [16:1 ous 


= P(A) [ l(x,t — x)dx + 8 iN (x,t — x) ,_,V(A,) dx. (19.5.3) 


The first integral on the left-hand side of (19.5.3) is evaluated using integration by 
parts. We obtain 
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; + ip [b'(t — x)s(x) + (x,t — x)uc)] |, V(A) dx. (19.5.4) 


a 


(x,t — x) ea VA) 


In completing the integration by parts it is important to recall that 
d d 
i (x,t - x)= ms b(t — x) s(x) 


= —p'(t — x) s(x) — b(t — x)scou(o. 
Substituting (19.5.4) into (19.5.3) and rearranging yields (19.5.1). v 


Example 19.5.2 - 


For the population life insurance system described in Example 19.5.1 assume that 
funding is on an assessment plan rather than on a whole life plan; that is, the 
annual assessment rate, denoted by 7,, per member at time t is equal to the rate 
of outgo per member at time t. Determine T, 


Solution: 
The assessment rate can be determined from 


T, i l(x, t£ — x)dx = [ I(x, t — x)p(x) dx 


or from 


T l(x,t — x)u(x)dx 


T, 


(19.5.5) 


l(x,t — x)d 
Jie x) dx Y 


Assume a stable population and rework 
a. Example 19.5.1 
b. Example 19.5.2. 


Solution: 


a. We start with (19.5.1), which has already been established for the more gen- 
eral population density function l(x,u) = b(u)s(x). For this example, /(x,u) = 
eb s(x), and the income allocation equation becomes 


oc 


P(A,) Í er>] dx + 8 | eR) | WA.) dx 


= | P] u(x)dx + R Í e=] V(À)dx. (19.5.6) 


The factor e™ can be canceled from each term of (19.5.6). By an interpretation of 
(19.5.6) developed in the general reasoning solution of Example 19.5.1, the ratio 
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of the rate of premium income to the rate of benefit outgo is 


pA) | ehde 
Í = (19.5.7) 


| e * L w(x) dx 
a 
Here P'(À/) is computed at force of interest R. 


If R = 0, the population is stationary, and the income allocation equation 
(19.5.6) becomes 


PT, +8] ee vds h, (19.5.8) 
and the ratio of the rate of premium income to the rate of benefit outgo, (19.5.7), 


becomes P(A,) ê,- 
b. In the stable population, the assessment rate determined in (19.5.5) becomes 


Í e F* 1. w(x) dx 


T, = m 
Í eR | dx 


a 


= P(A’), (19.5.9) 


which is independent of t. If R = 0, that is, the population is stationary, then 
T, = 1/6, v 


Remark: 

One aspect of Example 19.5.3 deserves special comment. The rate of premium 
payment required of each member of the stable population above age a under the 
whole life and assessment funding methods are, respectively, P(A,) and P'(A/). In 
Exercise 19.21 it is demonstrated that if the force of mortality is increasing, then 


P(A) > P(A) it& < R 

P(A,) = P(A) if8 = R 

P(A,) < P'(A7) if 8 > R. 
That is, if the force of interest is less than the population growth rate, the required 
premium rate under the assessment funding method is less than under the whole 
life funding method. If the force of interest is greater than the population growth 


rate, the whole life funding method results in a smaller premium rate than does 
the assessment funding method. 


Example 19.5.4 B 


Provide a general reasoning interpretation of the stationary population income 
allocation equation (19.5.8) rearranged as 
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oc E s 
| l; x-aV(A,) dx = I, = PAJT, 


Solution: 
This rearranged form indicates that the aggregate reserve can be interpreted as 
the difference between the present values of two perpetuities: 


dass (the present value of a continuous perpetuity paying 
death benefits at an annual rate of 1,) 


= (the present value of death benefits to current members) 
+ (the present value of death benefits to 
future members); 


— (the present value of a continuous perpetuity paying 


P(AJT, 
P premiums at an annual rate of P(A) T,) 

— (the present value of premiums for current members) 
+ (the present value of premiums for future members) 


Additional insights are obtained by noting that premiums at rate P(A,) will be 
payable from age a for future members. The present value of their premiums will 
be equal to the present value of their benefits. Hence, the second component of the 
interpretations of |, /8 and P(A,)T, /8 are offsetting, and 


tL  PA)T, 


5 SI (the aggregate reserve for current members) 


— (the present value of benefits for current members) 


— (the present value of premiums for current members) 


=] L.V(À,) dx. 
f rava v 


Examples 19.5.1, 19.5.3, and 19.5.4 treat life insurance funding, or budgeting, 
methods for which a fund exists. In these examples the characteristics of the funds, 
after all members of the population above the entry age a are participants and have 
been since the entry age a, were examined. When all eligible members are partic- 
ipating and have participated since the entry age a, the system is said to be in a 
mature state. Until that time the total fund is subject to growth by a stream of new 
entrants. In our examples it will take w — a years for the fund to reach a mature 
state. 


AN ER I TNE TICE 


19.6 Population Dynamics 


In this section we return to an examination of the function b(t), the density of 
births at time t. Our goal is to build a foundation under the development of the 
continuous model of Section 19.3. In addition, the conditions leading to stable or 
stationary populations, developed in Section 19.4, are explored. 
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In developing a mathematical model for the density of births we introduce the 
force of birth function, denoted by B(x, u). Then, B(x, t — x) dt represents the number 
of female children born between times ! and t + dt to a woman age x who was 
herself born at time t — x. The force of birth function is an age- and generation- 
specific instantaneous birthrate for female children. 


The total number of female children born between t and t + dt is 


b(t) dt = | Í i Læt —x) Bx t- x) ar dt. (19.6.1) 


In (19.6.1) the subscript f denotes that the function relates to female lives. Total 
births are obtained by multiplying a constant, (total births) / (female births), which 
is slightly greater than 2 for most human populations. 


If we divide (19.6.1) by dt and substitute for I (x,t — x) from (19.3.1), we see that 
the female birth density function satisfies the integral equation 


b(t) = r b(t — x)sx,t — x) B(x, t — x) dx. (19.6.2) 


An integral equation is a statement about the relationship between functions where 
the relationship involves an integral. The problem is to find 5,(t) given the functions 
s(x,t — x) and B(x,t — x). The function s(x, t — xot — x) is called the net 
maternity function and in (19.6.3) is denoted by (x,t — x). 


For the remainder of this section we assume that the net maternity function does 
not depend on the year of birth of the mother. That is, s(x, t — x)B(x, t — x) = (x). 
With this assumption, the integral equation (19.6.2) becomes 


bt) = f b(t — x) b(x) dx. (19.6.3) 


In this section we limit ourselves to verifying that a particular solution of (19.6.3) 
is 
b(t) = be" (19.6.4) 
where b is a positive constant and R is the unique real solution of the equation 
H(i) =1 (19.6.5) 


where 


H(r) = I e " b(x) dx. 


Direct substitution of (19.6.4) into (19.6.3) yields 


beR = li b eR h(x) dx, 
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and upon the cancellation of constants this becomes 


1- I: e" b(x)dx = H(R). 


0 


We now show how the statement that H(r) — 1 yields a unique real solution can 
be verified. 


Observations: 
1. H'(r) = -Í xe " b(x) dx < 0 


2. H(0) = 5 d(x) dx > 0 
3. lim H(r) = 0 


ro 


4. lim H(r) = «. 


y=- 


These observations are summarized in Figure 19.6.1 together with the fact that 


H'(r) = f i X e b(x) dx > 0. 


0 R 


From Figure 19.6.1 we see that there is a unique real solution R (shown positive, 
but it could be negative), and the verification is complete. 


If b(t) = be™, then LG; t — x) = be ?s(x), and the population of females is 
stable. In the special case where R = 0, the population of females is stationary. 
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To check whether R is positive, zero, or negative we examine the number B where 


B = H(0) = Í (x) dx. 


By studying Figure 19.6.1 we can conclude 

* If B > 1, R is positive, and the population is stable and increasing 

* If 8 = 1, R is 0, and the population is stationary 

* If B < 1, R is negative, and the population is stable and decreasing. 
Since H(0) — B can be interpreted as the number of female children produced by 
each female, it is called the net reproduction rate. The parameter R is called the 
intrinsic rate of population growth. 


Remarks: 

All populations are not stable, as might be inferred from this section. Several 
aspects of our model may not be in accord with actual experience. Our basic model, 
given by (19.6.2), is built on the assumption that the survival function and the force 
of birth do not change over time. In (19.6.3) we restrict it still further by assuming 
that the net maternity function depends on the age, but not the birth year, of moth- 
ers. Public health statistics disclose major changes in survival functions and in the 
forces of birth over time. 


In addition, in solving integral equation (19.6.3), we obtained only the real so- 
lution to the equation H(r) — 1. Within the complex number field, an infinite num- 
ber of solutions may be determined in addition to the single real solution. These 
additional roots of H(r) = 1 lead to general solutions of (19.6.3) of the form 


> cb) 
J 


where each bf) is associated with a root of H(r) = 1. The complex roots, which 
occur in conjugate pairs, can serve to put a dampened wave structure into the birth 
density function. 


Population theory is a collection of elegant mathematical ideas. However, there 
are also some very important statistical problems in estimating its key components, 
such as the survival function and the force of birth function, from available data. 
These functions have been observed to shift over time, reflecting the dynamic na- 
ture of human society. 


As is true of all models of natural phenomena, the mathematical models of pop- 
ulations capture only a small part of the dynamic forces that shape the size and 
age distribution of real populations. Even if the stable population model is a sat- 
isfactory approximation at one time, it cannot be appropriate for the long term. 
The constant R cannot be greater than zero on a finite planet for a long time ho- 
rizon. In a like manner, if R is negative for too long a period of time, the stable 
population faces extinction. 
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19.7 Notes and References 


The foundations of population theory were built, in part, by Lotka who had 
experience answering life insurance questions. The basic theory is developed in a 
book by Keyfitz (1968), and applications are found in another book by Keyfitz 
(1977). Keyfitz and Beekman (1984) wrote a textbook directed toward helping stu- 
dents master demography through a graded set of exercises. Lexis diagrams are 
named for their originator Wilhelm Lexis (1837-1914), a German statistician, de- 
mographer, and economist. Charles Trowbridge (1952, 1955) promoted the use of 
stationary population models in the study of the characteristics of pension and life 
insurance funding methods. 


Exercises 
Section 19.2 


19.1. Using the Lexis diagram of Figure 19.2.1 calculate 
a. The average age of employees at time —25 
b. The number of employees who have attained age 50 in the history of this 
workforce 
c. Of the employees at time —25, the number who have attained or will 
attain age 50 while in the workforce. 


Section 19.3 
19.2. Let 


b(u) = 100 | + cos (z4)| —o0 <y <% 


TX 
= LASS 0 « x x 100. 
s(x,u) — cos (=) x 00 


Calculate the number of individuals attaining age 50 between the times 50 
and 100. 
193. Let 
b(u) = 10001 —e*™) u>0 
s(x) = e */ 100 x > 0. 
Calculate the number of individuals between ages 25 and 50 at time 100. 
19.4. Calculate the number of lives who will attain age 25 between times 50 and 


51 and die before time 53. Use the functions b(u) and s(x,u) specified in 
Exercise 19.3. (This is a numerical version of Example 19.3.1.) 


19.5. Rework Example 19.3.2 assuming s(x, u) = s(x) and b(u) = lọ. 


19.6. Exhibit integrals for calculating the number of those between ages 20 and 
50 at time 0 who will die at an age less than 80 and before time 50. 
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19.7. a. Let N(t) denote the number of members in a stable population at time t 
and show that dN(t)/dt = RN(t). 
b. The birthrate at time £ is defined as b(!) / N(f). For a stable population 
show that the birthrate, denoted by i(t), is 


i(t) = I, e s(x) tx! : 


19.8. If u(x) = ax, a > 0, and b(u) = be", express the size of the total population 
at time f in terms of @(z), the d.f. for a N(0,1) distribution. 


19.9. Assume a stable population and derive an expression for the average age of 
those between ages a and r at time f. Restate the expression assuming 
R — 0. 


19.10. If f(x) = w(x) + 0.05/6,, show that P, = p,(T,.,/T)o. 


19.11. Confirm that s*(x) = e^F*s(x), R = 0, is a survival function. Then 

a. Exhibit the p.d.f. and d.f. associated with s*(x) 

b. Show that the complete expectation of life at age x) associated with the 
survival function s*(x) is 4,, and that the variance of the time-until-death 
is 2(la), — a4. Here the annuity functions are calculated at force of 
interest R. 


19.12. The crude death rate at time f is defined by 


f TE — x) u(x,t — x)dx 


Í l(x, t — x)dx 
0 


If the population is stable, show that the crude death rate is equal to 
(I) — R where i(t) is the birthrate defined in Exercise 19.7(b). 


Section 19.5 


19.13. Assume a stationary population with survival function s(x) and that this 
same survival function is used in the evaluation of actuarial functions. Verify 
and interpret the equation 


La sl l, 8, dx = T,. 


19.14. Assume a stable population with survival function s(x) and that this same 
survival function is used in the evaluation of actuarial functions. Confirm 
and interpret the following identities: 


———————— 
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a. I(a,t — a) äp + 3 | (x,t — x)8 dX 


= Í (x,t — x)dx + RÍ l(x,t — x) a.a dx. 
[Hint: Evaluate the derivative of [(x,t — x) 4,;—5 using (5.2.27).] 


b. K(a,t — a) A, + 3 | l(x,t —x) A, dx 
= | l(x,t — x)u(x)dx + x | (x,t — x) A, dx. 


19.15. If b(u) = 100e°°™, age a = 0, and s(x) = e™*/®, calculate the assessment rate, 
T, to fund a whole life insurance program as in Example 19.5.2. 


19.16. The old age dependence ratio for a population at time f is 


ao 


E l(x,t — x)dx 
nO 
| 


l(x,t — x)dx 

20 

For a stable population show that 
à RT 
JR log f(t) = x; - X, 


where x, is the average age of those between ages 20 and 65 at time t and 
X, is the average age of those above age 65 at time f. 
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19.17. Given the net maternity function 
plx) = xee o.»0gB^0 


a. Calculate R 
b. Is the population stable or stationary if a = 2 and B = 1? 


Miscellaneous 


19.18. Assume that the number in a population at time t satisfies the differential 
equation 


dNG) _ 


» ; (N(OIa — NY a» 0. 


Note that as N(f) approaches a, the rate of change in population size ap- 

proaches 0. Such a model incorporates environmental limits on population 

growth. 

a. Verify that the function N(T) = a(1 + be 9) !, b > 0, satisfies the differ- 
ential equation. This is called the logistic function. 
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b. If c > 0, calculate lim N(f) and sketch the curve of N(t). 


fo 


c. Determine the abscissa of the point of inflection of N(t). 


19.19. If the force of mortality is strictly increasing, show in turn 
a. s(x)s(y) = s(x + y, x z0,y m0 


so) f s(y)dy = f s(x + y)dy 
c. s(x) In s(y)dy = [ s(w) dw 


a [spay = [9 aw 


e. 6) = ê. 


19.20. In Exercise 19.19, multiply by v” and show that à, = à,. 


19.21. a. Show that P(A,) can be written as the weighted average of the force of 
mortality (t) where the weight function is 


n 
w(t, 8) = p 


b. Verify that 
(i) | w(t, 8)dt = 


(ii) = wt, 8) = 0 


v',p,[-ta, + (la),] 
ay f 


à 
og” = 
(iii) 38 w(t, 8) 
c. Verify the following: 


ogee 


(ii) lim s e 5) = 


(iii) For a fixed 8, the only positive root of 
da). 


ay 


A wl, ò) = 0 is —> 


d. If the force of mortality is strictly increasing, use results (b)(ii) and 
(b)(iii) to demonstrate that an increase in the force of interest increases 
the weight attached to small values of the force of mortality and de- 
creases the weight attached to large values of the force of mortality. 
Therefore, if the force of mortality is strictly increasing, an increase in 
the force of interest will decrease P(A,). 
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THEORY OF PENSION FUNDING 


201 Introduction 


In Section 11.5 we studied the actuarial present values of benefits and contri- 
butions with respect to a participant in a pension plan. These actuarial present 
values for individual participants are necessary inputs into the process of deter- 
mining the aggregate actuarial present values for the plan. If the pension plan is 
to provide security to the participants, these aggregated values of future benefits 
together with the current assets are balanced with the aggregate present values of 
future contributions. The pattern of aggregate contributions required to balance 
benefit payments is determined by an actuarial cost or funding method. In this 
chapter we define functions useful in summarizing the status of the funding of a 
pension plan. These functions are then used to define actuarial cost methods and 
to explore the properties of these methods. 


For this we adopt some of the population theory of Chapter 19. Here the study 
is similar to that followed in Examples 19.5.1, 19.5.2, 19.5.3, and 19.5.4 for alter- 
native funding or budgeting methods in the examination of a life insurance system 
for a population. 


To integrate the ideas of this chapter with those developed earlier, the reader 
should keep in mind some basic limitations on the ideas presented here: 

(1) To protect the interests of participants and to limit the amount of income on 
which taxes are deferred (because it is contributed to a pension plan), govern- 
ments have chosen to regulate actuarial cost methods. These regulations are 
important in practice, but are not discussed here. 

(2) Pension plans frequently provide many types of benefits. In addition to retire- 
ment income, death, disability, and withdrawal benefits are common. In many 
jurisdictions withdrawal benefits are required; these withdrawal benefits are 
called vested benefits in pension plans. The determination of the actuarial pres- 
ent value of some of these benefits was covered in Chapter 11. In this chapter, 
the model used provides only for retirement income benefits. This simplication 
is adopted so that attention can be focused on the properties of various actuarial 
cost methods. Although most pension plans provide retirement income at a 
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rate dependent in some way on income levels before retirement, the model used 
in this chapter specifies an initial pension benefit rate dependent only on the 
rate of income payment at retirement. Once again this simplification is made 
to permit concentration on the actuarial cost methods. 

(3) A continuing theme in this work is that actuarial present values require the 
application of interest factors and probabilities to future contingent payments. 
In this chapter future payments may depend on a great many uncertain events. 
However, in accordance with our goal of studying actuarial cost methods, a 
deterministic view is adopted. 

(4) Pension plan contributions are expenses for sponsoring organizations. To pro- 
mote the comparability of income statements of organizations that sponsor pen- 
sion plans, accounting practice restricts the actuarial cost methods that are ac- 
ceptable for financial accounting. The restrictions are not discussed here. 
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We assume a population consisting of members entering at age a, retiring at 
age r and subject to a survival function, s(x) with s(a) = 1. For a < x < r, decrement 
can occur for mortality or other causes, but for x > r mortality is the only cause of 
decrement. The density of new entrants at age a at time u is given by n(u) and the 
density of those attaining age x at time f by 


n(u) s(x) (20.2.1) 


where u = t — (x — a) is the time of entry into the plan. Formula (20.2.1) is related 
to (19.3.1), except that "births" occur at age a by becoming a plan participant. We 
assume the survival function does not depend on u. 


We also assume that the salary rate for each member age x at time 0 is w(x), a < 
x < r. The function w(x) expresses the individual experience and merit components 
of salary change. Salary rates also change by a year-of-experience factor reflecting 
inflation and changes in the productivity of all participants. In this chapter the 
year-of-experience factor will be e*'. This factor does not depend on the age of an 
individual. Thus, the annual salary rate expected at time t by a member age x is 
given by the formula 


w(x) e"! ux x «rt. (20.2.2) 
This should be compared with the simpler model used in (11.5.1) where salary 


changes that are functions only of attained age are considered. 


Comparing this with (19.3.5), we recognize that the total salary rate at time t for 
the n(f — x + a) s(x) dx members between ages x and x + dx is n(t — x + a) s(x) 
w(x) exp(1t), and the total annual salary rate at time t is 


W, = i n(t — x + a) s(x) w(x) e dx. (20.2.3) 
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Formula (20.2.3) incorporates a notational convention used in this chapter. A 
subscripted symbol denotes a quantity for the entire group of covered workers. 
Thus W, represents the total payroll payment rate at time f. 


The model pension plan considered in this chapter provides retirement annuities 
payable only after attainment of retirement age r. The initial annual pension rate 
is a fraction f of the final salary rate. Thus for a member retiring at time f, the 
projected payment rate is 


fwr) e. (20.2.4) 
For a retiree age x at time f, the annual rate of pension payment is projected as 
f w(r) E h(x) x=r 


where h(x) represents an adjustment factor applied to the initial pension payment 
rate of f w(r) &'*?*? for those who retired x — r years ago. We note that h(r) = 1. 
As an example, h(x) may be the exponential function exp[B(x — r)] where B is a 
constant rate of increase (possibly related to the expected inflation rate). 


The model plan that is at the center of our discussion of actuarial cost methods 
is a defined-benefit plan. The plan defines the benefits to be received by retiring 
participants, and we concentrate on describing actuarial cost methods that produce 
a stream of contributions and investment income to balance the benefit payments. 
In defined-contribution plans the starting point shifts. The contribution made on 
behalf of each participant is stated, perhaps as a constant or as a fraction of salary. 
The actuarial problem is then to calculate the benefit level that will produce an 
actuarial present value equal to the actuarial present value of the contributions. 
This may be determined at time of retirement by using the accumulated contri- 
butions to provide an equivalent retirement annuity, or on a year-by-year basis 
whereby a deferred retirement annuity is purchased by the contribution of each 
year. 


20.3 Terminal Funding 


Under the terminal funding method pensions are not funded by contributions 
during active membership. Instead, single contributions are made to the fund at 
the time of retirement. The required contribution rate, or normal cost rate, under 
the terminal funding method at time t, denoted by "P, is the rate at which the 
actuarial present value of future pensions for members reaching age 7 is incurred 
at time f. To determine "P, for the model plan, we assume interest is earned at an 
annual force of 8, and we denote by @ the actuarial present value of a life annuity 
payable continuously to a life age r with income rate h(x) per year when (7) attains 
age x. Therefore, 


dick [ * 580-9 jx) B dis (20.3.1) 


n———————————MÓÀÀ——ÀM Án —— —— áM——À— 
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From (19.3.2), we have n(t — r + a) s(r) dt members attaining age r between times 
t and £ + dt, and by (20.2.4) they will collect pensions at an average initial rate of 
f w(r) exp(1t). Therefore, 


TP, = f w(r) e n(t — r + a) s(r) æ. (20.3.2) 


We will see that "P, is a basic building block for the various functions used to 
describe the funding operations for the model plan. 


To illustrate the theory, we often refer to the exponential case having the follow- 
ing characteristics: 

* n(u) = ne". Since we have assumed that the survival function is independent 
of time, we see from (19.4.3) and the form of n(u) that the size of the population 
is changing exponentially at rate R, but with a stable age distribution within 
the population. 

* h(x) = eP* 5: that is, pensions are adjusted at a constant annual rate of B. 
Before exploring the exponential case, we should understand its limitations. It is 
clear that conditions for exponential growth or decay cannot exist indefinitely. 
When the exponential case is approximately realized, the three key economic rates, 
interest 5, wages 1, and pension adjustment f, are interrelated. For example, if B 
is related to inflation, it is conventional to assume that 8 > B even though there 
have been periods of unexpected inflation where the reverse holds. If B > 7, the 
consequence would be an improvement in the economic position of retired lives 
relative to active lives, and therefore B < 7 is usually assumed. 


Example 20.3.1 


In the exponential case, show that 'P,,,, = e" "P, where p = 7 + R. 


Solution: 
From the definition of the exponential case we have 


at + u — r + qa) {= neFnrm 


and from (20.3.1) 


qt = l d e- 6-Bo-» s(x) dx = a! 
r s(r) 
where 4; is valued at force of interest 8 — B. Then, using (20.3.2), we obtain 
Lp = f wr) getto n s(r) eRGt+u-r+a) a 
= QURE F w(r) e n s(r) eeta gt = gm Tp. 


Several terms in this development can be interpreted independently. The rate 
p = 7 + R can be interpreted as a rate of total economic growth or decay. The 
term 7 s(r) can be interpreted as /, the number of survivors at age r of n members 
in a survivorship group at age a governed by the multiple decrement survival 
function s(x), a x x x r. v 
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20.4 Basic Functions for Retired Lives 


In this section we discuss a number of basic functions defining several main 
concepts of pension funding as related to the retired group. A prefixed r is used 
in the notation to indicate the retired group. 


20.4.1 Actuarial Present Value of Future Benefits, (rA), 


The n(f — x + a) s(x) dx members between ages x and x + dx at time f retired 
x — r years ago with pensions at an initial annual rate of f w(r) &'* **?. For each 
unit of initial pension of a surviving retiree, there remains the actuarial present 
value 


qt = [ve -0 hy) a dy (20.4.1) 


where s(y) is a single decrement survival function based only on mortality. There- 
fore, from (20.3.2), 


(rA), = i n(t — x + a) s(x) f wr) e"? a dx. (20.4.2) 


On substituting from (20.4.1), we can write a double integral form for (rA),; that 
is, 


(rA), — i a(t — x + a) f w(r) e&€ 7? |j e *w 9 h(y) s(y) a| dx. (20.43) 


20.4.2 Benefit Payment Rate, B, 


For the retired members there is a new function to consider, B, the rate of benefit 
outgo at time f. In developing (20.4.2) for the actuarial present value of future 
benefits for retired lives, we saw that pensions for retirees now between ages x and 
x + dx were paid at the initial rate of n(t — x + a) s(x) f w(r) e **? dx. By age x, 
this rate has been adjusted by the factor h(x). Hence, 


B,- Í n(t — x + a) s(x) f w(r) e€**? h(x) dx. (20.4.4) 
First, we note that for all differentiable functions, g, 
fó] à 
ape cem Du uc d x TD), 


Differentiation of B, leads to 


d 


di B, = — s(x) h(x) z [n(£ — x + a) e **"] dx 


ii 


-| fw) x) h(x) = pos x "G — x + a) e *?] dx 


Chapter 20 Theory of Pension Funding 611 


y= 


ES =f w(r) s(x) h(x) n(t — x + a) gti 


x-r 


+ [fo n(t— x + a) e= [s'(x) A(x) + s(x) h'(x] dx 


- l/ w(r) n(t — r + a) s(r) e 
B [ruo n(f — x + a) s(x) ux)e'7*? h(x) d 


t Í f w(r) n(t — x + a) s(x) e'***? h'(x) dx. (20.4.5) 


The terms within the brackets on the right-hand side of (20.4.5) measure the 
replacement effect. The first term is the rate at which the initial pensions for the 
newly retired members is increasing the benefit payment rate. The second term is 
the rate at which the benefit payment rate is being reduced by deaths at time t. 
The term outside the brackets is known as the adjustment effect. It measures the 
amount by which the benefit payment rate is being adjusted at time t. 


20.4.3 The Allocation Equation 
We are now in a position to state a basic formula for retired lives: 
TP, + 8(rA), = B, + t (rA),. (20.4.6) 


This equation can be argued from compound interest theory by considering (7A), 
as a fund into which interest and terminal funding costs are paid and from which 
pensions are paid. The difference between the total rate of incomes and the rate of 
outgo determines the rate of change of the size of the fund. 


The verification of (20.4.6) can be accomplished by differentiating (rA), as given 
by (20.4.3). We have 


aom E | TO i [n(t — x + a) ett] | i e Y h(y) s a| dx 
e ppe ; ] 
= -f w(r) Í | e 9979 py) s(y) ay 5. [nt — x + a) et-**?] dx 


x= 


= -f w(r) {ne cu + a) ener fF e=» h(y) s(y) dy 


x=r 


r 


zm T |^ J: e 99-9 hy) s(y) dy — s(x) Hoo | n(t — x + a) ett-xeo z 


= TP, + (rA), — B, 
where (20.4.4) is used to identify the B, term. 
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Example 20.4.1 


Show that for the exponential case, 


a. B, =e" B,p=Ttt+R (20.4.7) 
b. (rA),,, = e" (rA), (20.4.8) 
c. TP, + (rA, = B, 0 =8—p (20.4.9) 
d.TP,«B,  if00 

TP, = B, ifé -0 

Tp, > B, if 0 < 0. (20.4.10) 
Solution: 


a. From (20.4.4), 


Bus = Í nektrunxta) Etr F (r) s(x) eb) dx 


T 


gts Í gef 060 e249 f wr) s(x) #0? dx 


= œ p,. 
b. Substituting into (20.4.2) and following the pattern of the solution of part (a) 
yields the result. 
c. Rewriting (20.4.8) as 
(rA) = rA} el 
u u 


(rA), 
and letting u — 0, we obtain 

» (rA), = p (rA). (20.4.11) 
Then substituting (20.4.11) into (20.4.6) yields the result for part (c). 


d. The inequalities follow from (20.4.9). This example reveals the critical role 
played by 6 = 8 — 7 — R in the exponential case. v 


Example 20.4.2 


For the model plan operating in a stationary population with fixed salaries and 
level pensions, develop and interpret the formula 


(rA), = f w(r) Doa (20.4.12) 


Solution: 

Here h(x) = 1,7 = 0, 0 = 8, B, = f w(r) T,, "P, = f w(r) l, 2,, and (20.4.12) follows 
by substituting into (20.4.9). To interpret this result, we note that pensions of f w(r) 
per year are payable continuously to all persons age r or older in the stationary 
population. This includes pensions for future new retirees who become eligible at 
the rate of |, per year. These future pension payments form a perpetuity with pres- 
ent value equal to f w(r) |, à,/8. The difference in the present values of these two 
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perpetuities is the present value of the future pensions to the closed group of par- 
ticipants now age r years or older, (rA), v 
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Actuarial cost methods differ by the rate at which prospective pension obliga- 
tions are recognized during the participants' working lifetimes. The terminal cost 
method described in Section 20.3 does not recognize the liability until the attain- 
ment of retirement age r. To express the accrual of actuarial liability for a pension 
commencing at age r, we define for a cost method an accrual function M(x). Here 
M(x) represents that fraction of the actuarial value of future pensions accrued as 
an actuarial liability at age x under the actuarial cost method. The function M(x) is 
a nondecreasing, right-continuous function of the age variable with 0 = M(x) < 1 
for all x = a. Under initial funding, all the liability for the future pension is rec- 
ognized when the participant enters at age a; thus M(x) = 0 for x < a and M(x) = 1 
for x z a. For other actuarial cost methods it will be assumed that M(a) = 0. For 
funding methods requiring accrual or recognition of the total liability by age r, 
M(r) = 1 for x =r. 


The function M(x) can also be defined in terms of a pension accrual density 
function denoted by m(x) such that 


x 


M(x) = I m(y) dy x 2a. (20.5.1) 


Note the analogy between M(x) and m(x) and the d.f., F,(x), and pdf, AG). In 
general we assume that m(x) is continuous for a < x < r, right continuous at a, and 
left continuous at r, and that m(x) = 0 for x > r. In this continuous case it follows 
from (20.5.1) that 


m(x) = M'(x). (20.5.2) 


At points of discontinuity of M'(x), the density m(x) is not defined, and we can 
assign an arbitrary value to it, for example, the limit from the left or from the right. 


The advantage of introducing the accrual function is that we can develop pension 
theory simultaneously for a whole family of actuarial cost methods rather than 
separately for each method. Í 


Example 20.5.1 


For M(x) = i,5—5/ d,;—3, a < x < r, verify that 

a. M(x) has the properties of an accrual function. 

b. M(x) ;-4, is equal to the reserve at age x on a continuous annual premium 
deferred life annuity issued at age a and paying a continuous annuity of 1 per 
year commencing at age r. 
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Solution: 


E 


f e $9079 s(y) dy 
M(x) = ———————— ; 


f ereo s(y) dy 


thus 

e 9€ 9 g(x) 
Ja e> sy) dy ` 
M(a) = 0 and M(r) = 1 confirm that M(x) has the properties of an accrual 


function. 
b. A retrospective formula gives the reserve at age x as 


M'(x) = m(x) = (20.5.3) 


> a 
ae — rala = 
P(,. d) Saxd — - Saxa 
fara 
z acaba Y-—x| à. x 
Ur xa 


= r—x|4x M(x). v 


20.6 Basic Functions for Active Lives 
In this section we define a number of basic functions related to the funding of 


pension benefits in the model plan. The functions relate to the active group and 
are denoted in the symbols with a prefixed a. 


20.6.1 Actuarial Present Value of Future Benefits, (aA), 


The n(t — x + a) s(x) members between ages x and x + dx at time t will, at the 
end of r — x years, incur the terminal funding cost of 'P,,, , dx. Hence, 


(aA), = | as ee dx. (20.6.1) 
Show that 
d 
a Ade = eO» Tp, poe BGA), (20.6.2) 
and interpret the equation. 
Solution: 
Again, we note that 
am a 
= Prope = ——TP,, ,. 20.6. 
ðt t+r—-x ax rr (20.6.3) 
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Thus 


x=r r 
+ J TP o ge dy 
a 


x—aü 


= TP pa e9 6-9 — TP, + B(aA),. 


The rate of change in the actuarial present value of future pensions equals the 
present value of the future terminal funding rate for new entrants (who will retire 
r — & years later) less the terminal funding rate for active members retiring now 
plus the rate of interest income on the actuarial present value at time t. v 


——s € — á—— —À ——— € 
20.6.2 Normal Cost Rate, P, 


We assume that an actuarial cost method with accrual function M(x) has been 
selected. We now want to express the normal cost rate for the model plan, that is, 
to display the function that, for our continuous model, allocates the actuarial pres- 
ent value of future pension benefits to the various times of valuation in a partici- 
pant's active service. 


As in (20.6.1) the future terminal funding cost for members between ages x and 
x + dx at time t is 'P,,, , dx. In the normal cost function this liability is being 
recognized at an accrual rate m(x). We have 


P, = Í et) TP m(x) dx 


" 


= e" fw(r) s(r) a Í e 679079 n(t — x + a) m(x) dx. (20.6.4) 


a 


One can visualize how the normal cost rate, P u Sts u +r- a, completely 
funds the pension benefit of a member who enters at age a at time u and retires 
r — a years later. Consider the participants who enter between u and u + du. Their 
ultimate terminal funding cost rate will be ’P,,,,_,. At time t, the density of contri- 
butions of this group to the integral defining P, is 


e> TP e M(X) 


where x =a + t — u. In ther — x years until retirement this will increase, because 
of interest earned, to 


TP,- m(x), (20.6.5) 
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and this density in terms of u is TP „r-a m(a + t — u). Integrating these interest- 
accumulated contributions, we obtain 


utr-ar 


utr—aü 
Í "P gpg mla + t—u)dt ='P 


4 


the required terminal funding cost rate. 


Example 20.6.2 


a. Show that in the exponential case 
P, = expl-8[r — X(8)]] Prix (20.6.6) 


where 


and 


gx) = i m(x) e** dx. (20.6.7) 


a 


b. Interpret (20.6.6). 


Solution: 
a. From (20.6.4) and the solution of Example 20.3.1 we have 


P, = Í ee) Tp m(x) dx 


rx 
a 


i 
= | e» TP, ote) pero) M(x) dx 


a 


il 


T 
| g 96-3) ee [X@)—x1 TP... x(0) m(x) dx 


a 


r 


= el—r+pX(0)] TP, x0) i eè- m(x) dx. 


Substitute 6 — 0 for p; using (20.6.7), we have 


p, = gl-*r*6-oxoy TP xo) 2X(8) 


which reduces to (20.6.6). 

b. The annual normal cost rate at time t is sufficient with interest to provide the 
terminal funding cost r — X(@) years later. The number X(8) has its existence 
assured by the mean value theorem for integrals and may be interpreted as an 
average age of normal cost payment associated with the accrual density function 
m(x) in the exponential case with 0 = 8 — t — R. Hence, X(8) depends on the 
interest rate and on salary and population change rates. v 
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Actuarial Accrued Liability, (aV), 


We assume, as in Section 20.6.2, that an actuarial cost method with accrual func- 
tion M(x) has been chosen. By analogy with (20.6.4) we have that the actuarial 
accrued liability for active lives at time t is given by 


(aV), = Í et- Tp, M(x) dx. (20.6.8) 


In the integral we are applying the concept that a fraction M(x) of the actuarial 
present value of the future pension has accrued as an actuarial liability by age x. 


If we rewrite (20.6.4) in the form 
P, = Í e 909 dM(x) 


and integrate by parts, we obtain, by use of (20.6.3), 


x 


P, 


esp, Mo) |. - 8 [| Mae TD, de 


x—u 


i 0 
+ [ M(x) e°» e. TP, dx 


d 
= TP, — è(aV), + dt (aV), 


or 
d 
P, + 8@V), = TP, + 4 @V),. (20.6.9) 


Equation (20.6.9) can be interpreted from the viewpoint of compound interest the- 
ory. We consider the actuarial accrued liability, (4V),, as a fund into which normal 
costs, at rate P,, are paid and from which terminal funding costs, at rate TP,, are 
transferred when active members retire. The left-hand side of (20.6.9) is the income 
rate to the fund from normal costs and interest. The right-hand side represents the 
allocation of this income rate to the terminal funding rate and rate change in the 
fund size. i 


Example 20.6.3 


Show that in the exponential case 


a. Py, =P, p=T R (20.6.10) 
b. (@V),,,, = eh (aV), (20.6.11) 
c. P, + 0(aV), = TP, 8 = 8— p (20.6.12) 
d. P, < "P, if@>0 

P, =P, if@=0 

P,>TP, if@ <0. (20.6.13) 
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Solution: 


a. In Example 20.3.1 we saw that 'P,,,, = œ" TP, Then, substituting into (20.6.4), 
we obtain 


r 
= eUS 
Pigu ae Í e CaA Qm m(x) dx 


a 
" 
= g" I eet) Tp m(x) dx 


= gp. 
b. The solution starts with the definition of (aV), in (20.6.8) and follows the same 
steps as in part (a). 
c. Rewriting (20.6.11) as 


(aV). 7 (aV), e" 
u 


-1 
m (aV), 
and letting u — 0, we obtain 
d 
J (aV), = p (aV),. (20.6.14) 


Substituting (20.6.14) into (20.6.9) yields (20.6.12). 
d. The inequalities follow from (20.6.12). Again, we see the critical role that 
0 = 8 — 7 — R plays in the exponential case. v 


In line with our assumption that M(x) = 1 for x = r, there is no future normal 
cost in respect to the closed group of retirees at time t. Therefore, the actuarial 
accrued liability, (rV),, for retired members equals the actuarial present value of 
their future pensions; that is, 


(rV), = (rA). (20.6.15) 
This has the further effect that we then have a differential equation for the actuarial 


accrued liability for retired lives, which is 


TP,  B(rV), = B, + - (rV),. (20.6.16) 


20.6.4 Actuarial Present Value of Future Normal Costs, (Pa), 


In Section 20.6.1 we noted that n(t — x + a) s(x) members between ages x and 
x + dx at time t will have a terminal funding cost of 'P,,, , dx when they retire 
r — x years later. As these members pass from age y to y + dy, x = y < r, the 
normal cost e ?"^? Tp, dx m(y) dy will be payable. The present value of this 
normal cost is 


e 80) Tp, dx m(y) dy, (20.6.17) 


and the present value of future normal costs, denoted by (Pa), for all active mem- 
bers is 
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Il 
I—— 


(Pa), eM Tp Í m(y) dy dx (20.6.18) 


or 


| 


= etf w(r) sna f e 679072 nie — x + a) [1 — M(x)] dx. (20.6.19) 


Figure 20.6.1 illustrates the ideas in the development of (Pa),. Expression (20.6.17) 
represents the present value at time t of the cost element in the shaded area. In 
(20.6.18), the inside integral represents the addition of elements along the diagonal, 
and the outer integral the present value of future normal costs at time f for all ages. 


t t+r-x Time 


n(t — x + a)s(x)dx 


It follows from (20.6.18), (20.6.1), and (20.6.8) that 
(Pa), — (aA), — (aV), 


Or 
(aV), = (aA), — (Pa). (20.6.20) 


Formula (20.6.20) expresses the same concept as the prospective reserve formulas 
of Chapter 7 and is frequently used to define (aV),; that is, 


(the actuarial liability at = (the actuarial present value of 
time f for active members) future pensions for active members) 


— (the actuarial present value 
of future normal costs). 


By analogy with concepts from Chapter 7, V = A — Pa or A = V + Pa, one can 
argue that the actuarial present value of future pensions for active lives is balanced 
by the actuarial accrued liability for active lives and the actuarial present value of 
future normal costs; that is, 
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(aA), = (aV), + (Pa),. (20.6.21) 


The split between the two terms on the right-hand side of (20.6.21) is determined 
by the actuarial cost method selected as reflected in the accrual function M(x). 


Example 20.6.4 


a. 


Consider two accrual density functions, M,(x) and M,,(x). Show that if D(x) = 
Mx) — M,(x) is such that D'(a) > 0 and D'(x) = 0 has exactly one solution, 
à « x <r, then (aV), > (AV) 


b. If 
Axa 
Mix) = i= 
and 
x-a 
M(x) = Wr 
show that 
(aV), > (aV)g . 
Solution: 
a. By properties of the accrual function, D(a) = D(r) = 0. We are given that 


D’(a) > 0 and D'(x) = 0 for exactly one value of x, à < x < r; hence, 
D(x) > 0 fora < x < r. Thus 


(aV), — (aV), = Í e 9079 TP, , D(x) dx 


is greater than 0, and the inequality follows. 


. We have 


eea s(x) -. 5T 
Jew t^ 


Further, if 6 > 1, eY s(y) < 1, and thus 


D'G) = 


Í eV s(y) dy < Í dy=r-a. 


Therefore 


D'(a) = : NM 


mm 
By a similar argument, D'(r) < 0. Since both e ?*^? and s(x) are decreasing but 


positive functions of x, D'(x) « 0 and thus D'(x) — 0 for exactly one value of x, 
à « x <r. Then (aV), > (82V), follows from part (a). 
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In addition, by (20.6.21), we have 
(aA), = (aV), + (Pa), = (aV), + (Pain 
so that 
(Pa)g > (Pa),. v 


Individual Actuarial Cost Methods 


The general actuarial cost method defined by the accrual function M(x) or its 
derivative, the accrual density function, is an individual cost method in the sense 
that m(x) and M(x) can be applied to yield the normal cost rate and the actuarial 
accrued liability for each participant. The total normal cost rate and actuarial ac- 
crued liability for active lives in the plan may be determined by adding the com- 
ponents attributed to each participant. 


The individual pension funding functions, for an annuity starting at age r with 
a unit initial benefit rate for an active life age x, a = x < r, are defined as follows: 


The actuarial present value of the benefit is given by 


(aA)(x) = e 9079 a a. (20.7.1) 
The normal cost rate is given by 
P(x) = (a@A)(x) m(x), (20.7.2) 
and the accrued actuarial liability is given by 
(aV)(x) = (@A)(x) M(x). (20.7.3) 
The actuarial present value of future normal costs is defined by 
(Pa)(x) = (@A)(x) — (aV)(x) = (@A)(x) [1 — Ma). (20.7.4) 


Note that these functions for a unit benefit for (x), instead of aggregate plan func- 
tions as of time t. Exercise 20.18 develops the details of the relations between these 
functions and the basic functions relating to the entire group studied in 
Section 20.6. 


In accrued benefit cost methods M(x) is directly related to the accrued benefit 
that a participant has acquired at age x under provisions of the plan. We look at 
two possibilities. If the projected benefit accrues uniformly during active service, 

1 
(r =a) 
If the accrual of the benefit is in proportion to total salary where there is an ex- 
ponential time trend affecting all salaries, 


m(x) = (20.7.5) 
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w(x) e 


m(x) = k w(x) e* = (20.7.6) 


r 


wy) e dy 


As a special case if the accrual of benefits is in proportion to total salary with no 
time trend in salary, so that 1 = 0, then 

w(x 
m(x) = k w(x) = (9 


== ; (20.7.7) 
[ow dy 


For entry-age actuarial cost methods, the projected benefit is funded by a level 
contribution from entry age to retirement. Again, we look at two possibilities. If 
we define the normal cost rate, P(x), given by (20.7.2) to be a constant, we have 
P(x) = k = (aAY(x) m(x), so that 

k k s(x) 


B= as apg CU ES 


Now, since m(x) must integrate to 1 between a and r, 


ios s(x) e7®* l 
| s(y) e?" dy 


If, on the other hand, the contribution rate is a level fraction, 7, of the salary where 
there is an exponential trend affecting all salaries, we have 


P(x) = m w(x) e™ = m(x) (aA)(x) 


(20.7.8) 


So 


e s(x) e w(x) 


Í e 9v s(y) e” w(y) dy 


m(x) — (20.7.9) 


The actuarial accrued liability for an individual age x, that is, the difference between 
the actuarial present values of benefits and of future contributions, is 


vy) = ett D ge o [acer SUD ug) ay 


s(x)” x 


J e) wy dy 


= e bx) s(r) à 1 


oa J e son woo ay 


= (aA)(x) M(x). 


This confirms our choice of m(x) function above in (20.7.9). 


By a similar process it can be shown that if no exponential trend in salaries by 
time is assumed, the pension accrual density function is 
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s(x) w(x) e? 


mx) = — ] 
f s(y) w(y) e^ dy 


(20.7.10) 


Note that the fraction of projected benefits accrued as an actuarial liability in 
entry-age actuarial cost methods differs from the definition of the accrued benefits 
in most plans. A definition of accrued benefits is required for regulatory purposes 
and to communicate to participants about the benefits they are accruing. The dis- 
tinction here is similar to the distinction between the reserve and the nonforfeiture 
benefit in ordinary insurance. 


Also note that the contribution rate, paid by a plan sponsor that is following an 
individual actuarial cost method, will usually differ from the total normal cost rate 
specified by that method. There are two general reasons for this. First, at the in- 
ception of a plan or at times when a plan is amended, actuarial accrued liabilities 
for prior service may be changed. Second, the actuarial assumptions will not be 
realized exactly, thereby generating funding gains or losses. The decisions on how 
to adjust the contribution rate to fund these changes in the actuarial accrued lia- 
bility, or to adjust for gains or losses, are important ones that are subject to regu- 
lation. The particular adjustments chosen are not compelled by the choice of indi- 
vidual actuarial cost method. 
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In this section we consider group or aggregate actuarial cost methods for which 
contributions are determined on a collective basis and not as a sum of contributions 
for individual participants. For the purpose of defining aggregate actuarial cost 
methods, we need three additional functions: 

1. (aF), the fund allocated to active members at time t 

2. (aC), the annual contribution rate at time t with respect to active participants 

3. (aU), the unfunded actuarial accrued liability with respect to active participants 
at time f. 

Thus, 


(aU), = (aV), — (aF). ; (20.8.1) 
The fund for active members at time f can be described by the differential equation 


= (@b), = (aC), + 8 (aF), — "P, (20.8.2) 


with the initial value (gF)y. The right-hand member of (20.8.2) indicates the two 
sources of income to the fund and the one source of outgo, that is, the transfer of 
the terminal funding cost to a fund for retired members. 


In relation to an actuarial cost method, as determined by an accrual function, 
which implies a normal cost rate P, [see (20.6.4)] and the unfunded accrued liability 
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of active members (all), [see (20.6.8) and (20.8.1)], a natural form of contribution 
rate is 


(aC), = P, + A(t) (aU),. (20.8.3) 
In (20.8.3) A(t) defines the process for amortizing (aU), 


Equation (20.8.3) points out a characteristic of aggregate actuarial cost methods - 


not yet stated. These methods define a contribution rate, (aC), that depends on the 
level of funding, that is, on the magnitude of (aU),. Here the adjustments required 
by plan changes or by gains and losses can be made automatically by following 
the actuarial cost method since the value of (aU), will reflect such changes and 
gains and losses. 


We consider one such amortization process, one in which 


1 
A) = — (20.8.4) 
Ap, 
where 
- (Pa), 
Lue 20.8.5 
Ap, P ( ) 


i 


Thus (Pa), = P, à», so dp, is the value of a unit temporary annuity such that this 
temporary annuity with a level income rate at the current normal cost rate, P,, 
equals the actuarial present value of future normal costs for the current active 
members, (Pa),. In this case the notation has been selected to suggest the motivating 
idea. 


Formula (20.8.3) can be rewritten for this particular choice of A(t) as 


(aC), = P, + Oy GP), 
īp, 
_ (Pa), + (aV), — (AP; 
Ap, 
-; 0, D) (20.8.6) 
Ap, 
making use of (20.6.20). Thus, with M(t) given by (20.8.4), we have 
(aC), dp, = (aA), — (aP),. (20.8.7) 


The interpretation of (20.8.7) is that a temporary annuity at the rate of (aC), is 
equivalent to the actuarial present value of future benefits for active members less 
the fund for them. 


The formula governing the progress of the fund, (20.8.2), becomes, for A(f) given 
by (20.8.4), 
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t Gb), = pit TE Tp, . (20.8.8) 


f 


We can write (20.6.9) as 


d 
dt (aV), = P, + 8 (aV), —'P,. (20.8.9) 
By subtracting (20.8.8) from (20.8.9), we get 
Z (aU), = eu - 8 (aU). (20.8.10) 
Py 


The differential equation (20.8.10) may be solved by replacing t by u, integrating 
with respect to u from 0 to f, and taking exponentials to obtain 


(aU), = (aU), exp H (2 = ;) au (20.8.11) 


ap, 


Upon substituting (20.8.1), we obtain 


(aF), = (aV), — [(aV) — (aP)] exp H (2 = J au (20.8.12) 


Provided that ap, is smaller than à4 = 1/8 so that 1/25, — 8 = € > 0, 


NG 
-Li-8ldu| 
een iu se 
as t — co, therefore (aF), — (aV), 


Here the aggregate cost method with A(t) = 1/4, is asymptotically equivalent 
to the individual cost method defined by the accrual function used to evaluate 
(aV), and P,. There may be many accrual functions that produce functions such 
that (Pa), / P, is sufficiently small to assure the convergence of (aF), to (aV),. Each 
of these accrual functions could produce a different pattern of contributions and a 
different ultimate fund. For completeness, when referring to an aggregate actuarial 
cost method, always specify the accrual function used. The aggregate cost method 
with entry-age accrual is particularly important in practice. 


Clearly there are many possible choices for the function A(t) in determining the 
rate of amortization of (4U). If the goal is the completion of amortization by the 
end of n years from some initial time 0, one choice for A(f) is 


2 O<t<n. 
Aaa 


Then, corresponding to (20.8.11), we obtain 


(aU), = (aU), exp Bi (= — s) au | 


= (aU), exp ( es 2! (20.8.13) 


p 0 Sau] 
It can be shown (Exercise 20.21) that 
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i ae 
-J 2 du = log ERI 
0 S S 


n-ul 


Therefore (20.8.13) becomes 


and it can be shown that 
(aC), = P, + ——— 


At time n, the funding goal will be achieved with (aU), = 0, and (aC), will drop 
to P, 


In practice, a common amortization pattern choice is to define A(t) as the recip- 
rocal of an average annuity value for the future wages of the active lives. We define 
this to be ay, = (Wa), / W, where (Wa), is given by 


(Wa), — Jt n(t — x + a) s(x) w(x) li e 99-2 E ae ety» a| dx 


a 


E f n(t — x +a) I e 99 9 s(y) wy) eH» àv s (20.8.14) 


Combining (20.2.3) and (20.8.14), we have 


i n(t — x + a) f e760» s(y) w(y) dy dx 


üw, = ; (20.8.15) 
Í n(t — x + a) s(x) w(x) dx 


You will be asked in Exercise 20.23 to verify that the above ratio is the same as 
ap, as defined by (20.8.5) for the entry-age actuarial cost method using a level per- 
centage of salary as the normal cost pattern. Thus, the choice of A(t) = 1/dy, yields 
a costing pattern that is asymptotically equivalent to the individual entry-age ac- 
tuarial cost method with normal costs equal to a level percentage of salary using 
m(x) given in (20.7.9). 


Example 20.8.1 g 


Assume a stationary population, that is, n(a) = l, * = 0, and h(x) = 1, with the 
accrual function associated with the level amount entry-age actuarial cost method, 
M(x) = 4,5=q/ 4,724 (see Example 20.5.1). 

a. Display A. 
b. Calculate (aC), if (aF) = 0. 


Solution: 


a. Formula (20.3.2) gives, for the stationary case, 


TP, = f wr) l, à, 
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for all f. Thus from (20.6.19), 
(Pa), = Í e 8-9) f w(r) 1, a, ( — d dx. 


Now, M'(x) = m(x) = , ,E,/ à,—, so by (20.6.4) 


, E 
p,- Í e 9079 f w(r) 1, a, a dx. 


:r—u| 


Thus, (20.8.5) gives 


f 
hi a, 
Í e s aEa Rud 


Ap, T 
E | e E, dx 


x-ua-a 


Í T Anza dx 
i lL dx 


and à = 1/4p, 
b. Substituting into (20.8.6) from (20.6.1), 


fe 8 f wlr) 1, à, dx 
ap 


(8C), 


f wr) l, a, a Í l dx 


lL a. dx 
[ira v 


20.9 Basic Functions for Active and Retired 
Members Combined 


In Sections 20.4 and 20.6 we develop separate basic functions for retired and 
active members; this is a useful division for many purposes. The administrative 
system, the actuarial valuation problems, and even the investment policy may be 
different for the two groups. However, for other purposes it is useful to consider 
basic functions for the combined group of active and retired members. 


The basic actuarial functions for the combined group are the sums of those for 


the retired members given in Section 20.4 and those for the active members given 
in Section 20.6. These are summarized in Table 20.9.1. 
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Actuarial Functions for the Active, Retired, and Combined Member Groups 
of a Pension Plan 


Function Actives Retireds Combined 
Actuarial present value at time t (aA), (rA), A, = (aA), + (rA), 
of future pensions*® 
Normal cost rate‘ P, 0 P, 
Actuarial accrued liability?^* (aV), (rV), V, = (8V), + (rV), 
Actuarial present value of (Pa), 0 (Pa), 


future normal costs‘ 


a (aA) is given in (20.6.1) 
> (rA), is given in (20.4.2) 
e P, is given in (20.6.4) 

? (aV), is given in (20.6.8) 
e (rV), is given in (20.6.15) 
f (Pa), is given in (20.6.18) 


We can use the income allocation equations for active members (20.6.9) and for 
retired members (20.4.6) to obtain such an equation for the combined group. Thus, 


d 
PSY, = Bae Vis (20.9.1) 


In this equation normal cost and interest income into the fund are allocated to 
pension benefit payments and change in the actuarial accrued liability. 


To obtain formulas for the combined group under aggregate funding we assume 
that pensions for retired members are fully funded so that (rV), = (rF),. Then, 
(20.8.1) may be rewritten as the unfunded actuarial liability for all members as 


U, = V, ~ F, 


= (aV), + (rV), — (aV), — CF) 
= (aU),. (20.9.2) 


Further, since no contribution is required for the retired members, the contribution 
rate C, for all members equals (aC), the contribution rate for active members. In 
this case (20.8.3) may be rewritten as 


C, = P, + MH) U,. (20.9.3) 
If M(t) = 1/45, the contribution rate becomes 
LPP VF, 
t ñp, 
m Ely (20.9.4) 
üp, 


Thus when (rF), = (rV), the results of the aggregate cost method defined for active 
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members at t by (20.8.6) are equivalent to the results defined for all members by 
(20.9.4). 


20.10 Notes and References 


Many of the rudiments of the theory of pension funding appeared in a govern- 
ment publication known as the Bulletin on 23P. Charles Trowbridge (1952, 1963) 
did much to create a mathematical theory of pension funding. The more elaborate 
model used in this chapter was developed for a series of papers by Bowers, Hick- 
man, and Nesbitt (1976, 1979). The stress on separate functions for active and retired 
lives is due to Kischuk (1976). 


Several authors have studied the problems created for pension funding by infla- 
tionary influences on salaries, interest rates, and benefits. Papers by Allison and 
Winklevoss (1975) and Myers (1960) are in this class. John Trowbridge (1977) pro- 
vides many observations on changes in pension funding in different nations in 
response to inflation. 


Exercises 
Section 20.2 


20.1. In a stationary population with level salaries at rate w, what is the payroll 
function W,? 


Section 20.3 


20.2. In the exponential case, what is the payroll function W,? 


20.3. Assumc that thc initial annual rate of retirement income for a life retiring at 
time t is given by 


t 
Ef wr —t + yer dy O<b<r-a. 
e 
Other aspects of the model plan remain unchanged. For this benefit defini- 
tion, based on a final average formula, 
a. Show that the initial benefit rate at time t is given by 
b 
f Í wr — z) &€9 dz 
b Jo 
b. Display a formula for the terminal funding cost rate at time t 


c. Rework Example 20.3.1. 


20.4. The initial annual rate of retirement income for a life retiring at time t is 
given by c(r — a) w e"'. Other aspects of the model plan remain unchanged. 
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For this initial benefit rate, based on the product of years of service and final 
salary level, 

a. Display a formula for the terminal funding cost rate at time f 

b. Rework Example 20.3.1. 


205. If s(x) = e, a = x = r, display TP, in the exponential case. 


20.6. Consider an initially immature model with a stationary active population 
arising from the following assumptions: 
a = 25 r = 65; n(t) = 0 for t < —40 and n(t) = 75 for t > —40; s(x) = 
(100 — x)/75 for 25 < x < 100; 8 = 0.06; w(x) = 525/(100 — x); t = 0.02; 
f = 0.6; h(x) = 1. 
a. Find a? and in particular aL. 
b. Find 'P,. 


Section 20.4 


20.7. In the exponential case, show that B, = TP, (a^ / i") where 


a" = Í eg (e-B)e-n s(x) dx. 
r s(r) 


y 


20.8. For the initially immature model with the stationary active population of 
Exercise 20.6: 
a. Find (rA), by evaluating expression (20.4.3) for t > 35 
b. Find B, for t > 35 
c. Verify the allocation equation (20.4.6) for t > 35. 


Section 20.5 


20.9. What is M(x) in the case of terminal funding? 
Section 20.6 


20.10. Using the assumptions of Exercise 20.5 with m(x) = 1/(r — a), determine P,. 
20.11. a. Show that 


ttr—-a 
(aA), — Í pecu TP, dy. 


b. Differentiate the expression in part (a) to obtain an alternative solution to 
Example 20.6.1. 


20.12. If 
XO) = | e* m(x) dx 


and 
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u = Í x m(x) dx, 


show that 

a. X(0) > pifo >00 

b. X(0) < pif 8 <0 

[Hint: Use Jensen's inequality (1.3.2) or (1.3.3)] 
c. limit X(0) = p as 0 — 0. 

[Hint: Think of e = E[e*X] as a m.g.f.] 


20.13. In the exponential case, show that 
a. P, = 'P, exp(-6[r — X(8)]) 
b. (aV), = 'P, Ür xe = P, S$—xXi9) e- 


20.14. a. What do the formulas in Exercise 20.13 become if the model plan operates 
in a stationary population with + = 0? 
b. What do the formulas in Exercise 20.13 become if 0 = 8 — p = 0? 


20.15. a. Derive a normal cost rate to be applied to all salaries of those who enter 
at time u. Other aspects of the model plan are unchanged. 
b. Using the result in (a), display the corresponding pension accrual density 
function for those who enter at time u. 


20.16. a. For the model plan show that 


P, = f w(r) sra Í e $079 atr wt — x + a) m(x) dx. 


b. If = 0, n(t) = L, show that 
P, = f w(r) Í LE, a" m(x) dx 
where , ,E, is based on the survival function s(x) and force of interest 5. 


20.17. If n(t) = I, and 
ma) = = Wee 
wy) e” dy 


show that 
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20.18. Assume that projected initial benefit rate at retirement for a life age x at 
time f is f w(r) e“*"-” and the number of lives age x to x + dx at time t is 
n(t — x + a) s(x) dx. 


n a a eee eee 
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a. Verify that (4A), as given by (20.6.1) is equal to 
f i f w(r) em n(t — x + a) s(x) (G@A)(x) dx. 
b. Verify that P, as given by (20.6.4) is equal to 
[ro ett) n(t — x + a) s(x) P(x) dx. 
c. Verify that (aV), as given by (20.6.8) is equal to 
| f w(r) er n(t — x + a) s(x) (aV)(x) dx. 
d. Verify that (Pa), as given by (20.6.18) is equal to 


f f w(r) e n(t — x + a) s(x) (Pa)(x) dx. 


20.19. Verify (20.7.9). 


20.20. For the initially immature model with a stationary active population of 
Exercise 20.6, 
a. Find (aA), 
b. Find M(x) and m(x) for the level accrual of benefits. For this actuarial cost 
method find 
i. (aV), and 
ii P. 
iii. Verify the allocation equation (20.6.9). 
c. Find M(x) and m(x) for costs as a level percentage of projected wages 
between ages 25 and 65. For this actuarial cost method find 
i. (aV), and 
ii. P, 
iii. Verify the allocation equation (20.6.9). 
Section 20.8 


20.21. Verify that 


t 1 ZEZ -Z 
a. -Í — dy = log ERE) 
0 Sry S4 
i eae 
b. — a dy = log (8-5) 
0 ay an 


20.22. a. Obtain a simplified formula for ap, in the exponential case. 
b. What does i, become in the exponential case if 0 = 8 — p = 0? 


20.23. Verify that the ratio w, given by (20.8.15), is equal to the ratio à,, given by 


(20.8.5), when applied to the pension accrual density function given by 
(20.7.9). 
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20.24. For the initially immature model with the stationary active population of 

Exercise 20.6, 

a. Find W, 

b. Find (Wa), the present value of future projected wages for the active work 
force at time f 

c. Verify that dy, = (Wa), / W, the average annuity value for future wages, 
equals the average annuity value for entry-age normal costing (Exercise 
20.20(c)) defined by 


(Pa), _ (aA), — (aV), 
P, P, : 


ü p, 
Miscellaneous Exercises 


20.25. For the initially immature model with the stationary active population of 
Exercise 20.6, display and solve the differential equation for the size of the 
fund for active lives assuming a 15-year amortization of (aV), using 
a. The actuarial cost method of Exercise 20.20(b). 

b. The actuarial cost method of Exercise 20.20(c). 
[Hint: For 0 < £ < 15, modify (20.8.2) so that (aC), equals the normal cost 
plus the amortization payment rate.] 
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INTEREST AS A RANDOM 
VARIABLE 


21.1 Introduction 


The developments in Chapters 3 through 11 and 15 through 18 were built on the 
basic assumptions that time until decrement and cause or type of decrement are 
random variables and their joint distribution is known. When interest earnings 
were introduced into the models for long-term financial operations, their effect was 
captured by interest rates that were assumed to be deterministic and usually con- 
stant. An examination of a set of observations of interest rates confirms that this 
assumption is unrealistic. Table 21.1.1 illustrates this point. 


Average Yield to Maturity for 
30-Year U.S. Treasury Bonds in 
January of Year Indicated” 


Year Yield* Year Yield* 
1978 8.18% 1987 7.39 
1979 8.94 1988 8.83 
1980 10.60 1989 8.93 
1981 12.14 1990 8.26 
1982 14.22 1991 8.27 
1983 10.63 1992 7.58 
1984 11.75 1993 7.34 
1985 11.45 1994 6.29 
1986 9.40 1995 7.85 

1996 6.05 
*Source: "Economic Statistics Tor Employee Benefit 
Actuaries,” April 1996, Schaumburg, lll.: Society of 
Actuaries. 


*Bond equivalent yield. 
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21.1.1 Incorporating Variability of Interest 


There are several methods for incorporating the variability of interest rates into 

actuarial models. 

1. Preset interest rate scenarios. These scenarios are sequences of future interest 
rates, indexed by time, that will be used with other assumptions and the equiv- 
alence principle in premium and reserve calculations. In more comprehensive 
models each scenario would specify other variables such as expenses and with- 
drawal rates in a way to be consistent with the corresponding interest rates. 
Furthermore, in these latter models, the interest rates themselves, both within a 
scenario as well as across scenarios, might be constructed to satisfy certain 
economic conditions. 

a. The scenarios can be specified without modeling of past data and designed 
simply to measure the adequacy of premiums and reserves over different 
paths of plausible future economic conditions. This would be a type of sen- 
sitivity analysis and is the subject of Section 21.2.1. 

b. The scenarios can be determined after a systematic review of alternative 
macroeconomic projections and a personal probability attached to each sce- 
nario by the actuary. This approach is the subject of Section 21.2.2. 

2. Stochastic models most often based on an analysis of past data. This method is 
typically data centered, and both the selection of the model and the estimation 
of the model parameters are influenced by past observations. Data from some 
segments of the capital markets support the hypothesis that annual interest rates 
can be modeled as independent and identically distributed random variables. 
Other data may support models in which annual interest rates are dependent 
random variables. Each of these classes of models can be divided into those in 
which it is assumed that relevant economic information is captured in observed 
interest rates and those in which interest rates are modeled as depending on 
other economic variables that are incorporated into the model. These data-based 
stochastic models are studied in Sections 21.3 and 214. 

3. Stochastic models that depend on assumed characteristics of capital markets. 
Within financial economics, elaborate theories of the operations of capital mar- 
kets have been developed. A consequence of one of these theories is that a 
consensus forecast of future financial conditions is provided by current security 
prices and their relationships. For example, the relationship among yield rates 
and the corresponding maturity dates, a yield curve, contains information that 
can be used in building stochastic models for future interest rates and, perhaps, 
other economic variables. These ideas are introduced in Section 21.5. 


In this chapter elements of each of these methods for making provision for the 
variability of interest rates are introduced. The application of these methods re- 
quires knowledge of macroeconomics, applied statistics, and financial economics, 
respectively. The three methods are developed in this chapter in the order in which 
they are listed, which is also the order in which they entered actuarial literature. 
Because of the diversity of the prerequisite ideas, the sections of this chapter cannot 
provide a complete background for any of the methods. 


TL 
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In earlier chapters, in which time and cause of decrement were assumed to be 
random variables, attention was devoted to risk management tools for moderating 
the unfortunate financial consequences of experience that deviated from that ex- 
pected. These tools for an insurer included acquiring capital, buying reinsurance, 
increasing contingency loadings to premiums, and increasing the size of the insured 
group. In Section 21.6 some tools for managing interest rate risk are discussed. 


21.1.2 Notation and Preliminaries 


We use the symbol I, to denote the random variable interpreted as the effective 
interest rate in the k-th transaction period; that is, I, is the one-period interest rate 
for that k-th period: 1 at the end of the period has a present value of 1/(1 + L) at 
the beginning of the period. In most applications considered in this chapter, the 
transaction period will be a policy year. In most earlier developments it was as- 
sumed that I, k = 1, 2, . . . , has a single point or degenerate distribution such that 
Prd, = i) =1,k =1,2,.... 


An immediate consequence of assuming that the effective (one-period) interest 
rate is a random variable can be derived from Jensen’s inequality, (1.3.3), where 
u"(x) > 0. The restated inequality is 


E[u(X)] = u(E[X)). 
If u(x) = (1 + x) ! and X = I,, we have u"(x) > 0, —1 < x, and 
E + 1y = p EG], (21.1.1) 
with equality holding only if I, has a single point distribution. 


Figure 21.1.1, a revision of Figure 1.3.1, is a graphical representation of the ver- 
ification of (21.1.1). 


Demonstration of Jensen's Inequality, u'(x) < 0, u"(x) > 0 
y 


| Z" oy-u X) 
| ~ a = u'(E [X) œ- EIX) 


E [X] 


meee A 


Inequality (21.1.1) can be converted to a statement about the effect of a random 
interest rate on the actuarial present value of 1 unit paid at the end of one period. 
The actuarial present value cannot be less than the present value of the payment 
at the expected interest rate. 


DEA ———————————————————————————— H—X—————— — 
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21.2 Scenarios 


A scenario is an outline of a projected sequence of events. In accordance with 
this definition, the determination of premiums and reserves in life insurance re- 
quires scenarios of future demographic and economic events. In previous chapters 
there has been a single scenario of future interest rates, and usually the rates have 
been identical. In this section, the idea of creating and using a number of scenarios 
of interest rates is developed. 


LL aa A a iS 
21.2.1 Deterministic Scenarios 


In this chapter a deterministic interest rate scenario is taken to be a sequence of 
future one-period interest rates (i,, i,, i4, . . .) that has been determined by the 
actuary for use in an actuarial calculation. The elements of the sequence are selected 
as representing plausible prospective interest rates in accordance with the actuary's 
view of possible future economic environments. One scenario can be sufficient if 
the actuary is certain about future investment returns as a result of past investment 
decisions or special knowledge. As an alternative, several scenarios can be specified 
so that the sensitivity of actuarial present values lo changes in the economic en- 
vironment can be studied. 


If several scenarios are used, we index the scenarios byj212,...,m, where 
m is the number of scenarios; that is, ( iv io ja; - - .) denotes interest scenario j. In 


addition, discount factors and annuity values that are specific to scenario j are 
denoted as follows: 


k n-1 
Sl = I Qi), and äg = 2 jg 


Using this notation, and ideas from Chapters 4, 5, and 6, it is natural to define 


jAx = Efo] = 2 ra kPx Qr (21.2.1a) 
jd, = EL aga] = 2 (ART KPa deo (21.2.1b) 


where K is the random variable defined as the number of complete future life years 
of a life age x. Applying the equivalence principle, we have 


P, = 1, (21.2.10) 


The symbol ,P, used in (21.2.1c) is not part of IAN and runs the risk of being 
confused with the symbol used in Chapter 6 to denote the benefit premium for a 
limited payment life insurance. Despite the possible confusion, the symbol is used 
in this section to promote consistency with the symbols used to denote actuarial 
present values that are specific to scenario j. 


"ag 7 0000—————————————————————— 
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Developing variances for the loss variables implicit in (21.2.1a, b, and c) requires 
care. The simplifications available with constant interest rates cannot be employed, 
and we must remember that the variances recognize only the random nature of 
time until death for a given interest rate scenario. 


We have 


Var(;v **") = > oa kPx da GA? = 7A, GAY, 
Var( agi) = » (ie? kPx atk T (ji, 


oo k 2 
Es > (3 v) kPx deck T (4,)*, 
k=0 \r=0 


and 


Var(jv"! — j P, diy) = m > (Gvt Pag P, ügy kPx fx+k' 


Example 21.2.1 


Four interest rate scenarios are defined. 


j ja 2 a iis 
1 0.06 0.06 0.06 0.06 
2 0.06 0.03 0.03 0.03 
3 0.06 0.09 0.09 0.09 
4 0.06 0.03 0.09 0.03 


The discrete distribution of the curtate future lifetime of (x) is given in the following 
table. 


k kPx xk 
0 0.1 
1 0.2 
2 0.3 
3 0.4 


Calculate v“, jig for j = 1, 2, 3, 4 and k = 0, 1, 2, 3, and j A jax P. for j = 
1, 2, 3, 4. 


esen M ———á 
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Solution: 


jU jc 

j k=0 k= k=2 k= k= k=1 k= k=3 
1 0.9434 0.8900 0.8396 0.7921 1.0000 1.9434 2.8334 3.6730 
2 0.9434 0.9159 0.8892 0.8633 1.0000 1.9434 2.8593 3.7486 
3 0.9434 0.8655 0.7940 0.7285 1.0000 1.9434 2.8089 3.6029 
4 0.9434 0.9159 0.8403 0.8158 += 1.0000 1.9434 2.8593 3.6996 
j jA« ja p 

1 0.8411 2.8079 0.2995 

2 0.8896 2.8459 0.3126 

3 0.7970 2.7725 0.2875 

4 0.8559 2.8263 0.3028 v 


Using the assumptions 


VVar( äg) j = 1, 2, 3, 4. 


of Example 21.2.1, calculate VVar(jv**") and 


Solution: 
yor ED Gd 

į k=0 kz1 k=2 k=3 k-0 k-1 k-2 k-3 
1 0.8900 0.7921 0.7049 0.6274 1.0000 3.7768 80282 134910 
2 0.8900 0.8389 0.7908 0.7454 1.0000 3.7768 81757 14.0517 
3 0.8900 0.7491 0.6305 0.5307 1.0000 37768 7.8899 129811 
4 0.8900 0.8389 0.7061 0.6656 1.0000 3.7768 81757 13.6871 

Var = VVar( liga) = 

V E[u 4*0] = (Eloy? VE[GágcY] — Eliza” 
1 0.7099 — (0.8411)? = 0.0490 V/8.6602 — (2.8079)? = 0.8808 
2 0.7921 — (0.8896)? = 0.0265 V/8.9286 — (2.8459)? = 0.9108 
3 0.6402 — (0.7970)? = 0.0704 V8.4147 — (2.7725)? = 0.8532 
4 0.7348 — (0.8559)? = 0.0469 V/8.7828 — (2.8263)? = 0.8915 

v 
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21.2.2 Random Scenarios: Deterministic Interest Rates 


In building an interest rate model assume that the actuary has formulated m 
plausible interest scenarios. As a next step, a probability distribution on the m 
scenarios could be specified using methods for eliciting personal probabilities. The 
symbol p(j) denotes the probability of scenario j. It is not the p.f. of claim amount 
as in Chapter 12. 


The probability assignments should reflect the actuary’s view of future invest- 
ment returns. The probability elicitation process is closely related to the utility 
function elicitation process illustrated in Chapter 1. 


Actuarial present values are defined using the joint distribution of the curtate 
future lifetime years (K) and interest scenario (J). The symbol J will be used in this 
chapter to denote the random variable interpreted as the index on the interest rate 
scenario. It is not the cause of decrement as in Chapter 10. We assume that K and 
' J are independent. The asterisk presubscript has been added to actuarial present- 
value symbols to indicate that. the expectation has been taken with respect to K 
and J: 


= 2, Ax pO), (21.2.22) 


sñ = E Ex; [ig = E [i] 


= > jd, p). (21.2.2b) 
jal 


Continuing the same notational convention for the loss variable and premium for 
a fully discrete annual level premium whole life insurance, we have 


— „K+ " 
L= w +P, äga 


Using the equivalence principle, we have 
E Ec; [L] = 0, 


or 


and the variance of L is given by 


Var(L) = p > (pt = Pa jä kPx M p. 


Example 21.2.3 


Show that ,A,, as given in (21.2.2a), can also be derived from E, E, x [;jv^*']. 
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Solution: 
Because of independence, levels of interest rates do not affect the distribution of 
mortality: 


Ex Ej. [v] = Ex D E o 
=> $ aun o | De Gert 
J 


= = jx pti) = s v 


Now assume that there is a set of n lives each age x. Each member of the set has 
been issued an identical fully discrete annual level premium whole life insurance, 
and the curtate future lifetime random variables K, i = 1,2, ... are identically 
distributed. In addition K;, i = 1,2,..., and ] are mutually independent. The total 
loss random variable, if the benefit premium is determined by the equivalence 
principle, for the set of n insured is 


2; Gv pK — P, ilg). 


The variance of total losses is given by 


var] $ Gu = x By LJ] 


H 


= > Vat( o ** — P, äg) 
+ n(n DOov( p ®t — „P, ägo ve — pe jf) 
=n E[(jv**! E v D. jf] 


+ n(n — 1) E[(u ^" cR. je (Go 1 =r Jär] 


n E; Ex [(ju**! TE. jazi) | 


+ n(n — 1) E; Ex; [oet E agape?" — P, jag] 


i 


n Var(jv**! = «Ps rli) T n(n ~~ 1) b (A, > PE üy nin] 


5 2 b (jut! — P, aera? xpo Griz + (1 — 1) GA, = ,P, ax] p). 


If we are interested in the average loss, rather than total loss, in our risk portfolio 
of n identical policies, we have 


» (uto IPod 


Var = 
n 


cap 
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Var(,o f! 5 


n 


x P. ü + ) 1 = ws \? ^ 
EM ( 1) » GAs = oP UE) pO) (21.2.3) 
= 


As n — c, the first term of (21.2.3) approaches zero, whereas the second term 
remains positive. The n components of the sum of loss variables that make up total 
losses are not independent. Increasing the number of independent insureds, in this 
more comprehensive model with its random interest scenarios, does not make the 
variance of average loss approach zero as it did when the future lifetime random 
variables were assumed to be mutually independent and the interest scenario was 
deterministic. This can be appreciated by observing that the summation in the sec- 
ond term of (21.2.3) becomes zero when there is a single deterministic interest 
scenario. The fact that all losses are subject to the same randomly determined in- 
terest scenario has recognized a risk management problem. 


Example 21.2.4 


Use the assumptions of Examples 21.2.1 and 21.22, assume that the actuary 
has made the following probability assignments to the interest rate scenarios, 
pl) = 0.5, p(2) = 02, p(3) = 02, and p(4) = 041 and compute ,P, and 
Var(ju*'! — ,P, dig). 


Solution: 
Using the equivalence principle we have 


E, Eg [uk Uv T je = 0, 
GA, um aP; äp) + GA, ids «P. fi, )p(2) 
+ (4A, z 4P, 3ft,)p(3) + (A, m aPy 4f,)p(4) = 0, 


p, s4 _ 0.8435 
*' id, 2.8108 


= 0.3001, 


* 


and 


Var(ju K^! — „P, ägm) = Ej Egy [Gu**? — 0.3001 jas] 


= (0.0987)(0.5) + (0.0912)(0.2) + (0.1078)(0.2) + (0.0983)(0.1) = 0.0990. Ww 


21.3 Independent Interest Rates 


In Section 21.2.2 random interest scenarios or paths were introduced. The prob- 
ability assignments were made using the economic knowledge of the actuary. We 
consider now a stochastic model for interest rates in which the selection of the 
model and the estimates of the model parameters have been influenced by data. 
Suppose that the actuary has decided to model the forces of interest and has 
adopted the model 
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log (1 +I) =8+e k=1,2,3,... (21.3.1) 


where 8 is a non-negative constant and the e, are independent and identically 
distributed random variables with N(0, o?) distributions. This model can be viewed 
as a long-term mean force of interest subject to random shocks. Because of the 
assumptions made about the distribution of the random shock terms, negative 
forces of interest are possible. Some actuaries view this possibility as invalidating 
the model in (21.3.1). Other actuaries adopt the model because it seems natural to 
model forces of interest, and negative values are observed in investment operations. 
Then the random variables log(1 + I,) have identical N(8, c?) distributions, and 
the (1 + I) random variables have lognormal distributions. 


The lognormal distribution was introduced in Table 14.2.1 as a claim amount 
distribution. From that table we recall that 


2 
EH +1] = op( + z) m] 


and 
Var(1 + I,) = (e? — 1) exp(28 + o?) = 0. 


The logarithm of the random variable version of the deterministic interest ac- 
cumulation function (1 + i)” is the random variable 


log [[ (1 + 1) = X log 1 + 1j. 
kei k=1 


Using (21.3.1), this random variable has a N(n8, no?) distribution. As a consequence, 
the interest accumulation function has a lognormal distribution with 


ef TI (hte 19| = etb+o7/2) 
k=1 
and 
Varl [| (+ r| = (e? — 1)e"Q9*e5 

k=1 
It is instructive to observe that if o? = 0, the expected interest accumulation is e”, 
and its variance is zero. 

The logarithm of the discount factor 
log + 5)" = -log (1 + I) = -8—e, 

has a N(—ò, o?) distribution, and (1 + I,)~! has a lognormal distribution with 

Eid 4 1)7] 26-9429 > 6 
and 


Var[(1 17] = (e? — 1)(e*9) = 0. 


Section 21.3. Independent Interest Rates 


We define the discount function as the random variable 
é,=[]a+1)' 
k=1 
and 


bp = 1. 


The choice of the symbol à, is motivated by the use of v, for the discount factor in 
Section 4.3. The tilde distinguishes a random variable, 0,. Then log 6, = — XL, log 
(1 + I) has a N(—n8, no?) distribution, and 6, has a lognormal distribution with 


E{é,,] zm eg" à-9/2 
and 
Var(0,) = (e"? — 1)(e'C?9*7). (21.3.2) 
Once again, if c? = 0, the deterministic results are recaptured. 
We will assume that /,, k = 1, 2, 3, . . . and K, curtate future lifetime, are mutually 


independent and consider comprehensive actuarial models. The actuarial present 
values of a unit benefit life insurance is 


phy Elox41] 


= E; Exi [kn] 
=E; b Ox+1 s. M 


eu OPE UE ee qp Ss (21.3.3) 


æ 
i 
o 


The actuarial present value ,A, is calculated at deterministic force of interest 
ò — (07/2). To measure risk, we determine 


Vark) = E[(6x41)"] — [A 


E; Ekis [Ök] = CAS 


= E; b (G41) kPx M mc up 


Since ,,, has a lognormal distribution with parameters —(k + 1)8 and (k + 1)c?, 
we can calculate E[(0,.,)?], the second moment about the origin, by 
E[(Q,.,] = Var(6,.,) + (GB[6,4.]* 


(e&t De? e 1) (et 2840) + g 2k +1807 /2) 


li 


= g D2- (21.3.4) 


aoo a ————À————————————  — 
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and then 
Var(Oq+1) = > el oae (uA DA 
We can see that when o^ = 0, the results of Chapter 4 are reproduced. 
The formulas for the actuarial present values of annuities require more extensive 


developments. In the development, we continue to assume that I ud-—1:/,:5 54 
and K are mutually independent. 


4 


We define 
K-1 
ans = Ü,; 
s=0 
then 
K 
Erik [agro] = 2, ee! 
s=0 
mE T 
and 


sä, = Eläke] = Ex Ej [zu] 


= Ex [zm 2,2] 


= 2s Ülcrs-o2 72) Px Qa (21.3.5) 


To evaluate Var(üziz;) we start with 


k k-1 k 
= » e 5967) + 2S X ppp à] 
g= . 


s=0 r=s+1 


Terms of the form E[(6,)’] were evaluated using (21.3.4). 


We now examine the terms in the double summation and find that 
Elo, 6,] = CA + 5D) ^---(0 +270 t+ hy) tee Athy] ser 
= e280?) “(788-07 /2)_ (21.3.6) 
The independence of the random variables I,, k = 1, 2, . . . and (21.3.2) and (21.3.4) 


have been used to complete (21.3.6). As a result, we have 


2 


k 2 k k-1 k 
E; [5 2.) | = X eTe- 4 9 > p? eg 526-o21-(0-96-22/2) (21.3.7) 
s=0 


s=0 s=0 r=s+1 


—_— 
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The double summation in (21.3.7) can be simplified by interchanging the order of 
summation and using the formula for the summation of a geometric series. We 
have 


k n r-1 ; k ; 1 — e7r8-627/2) 
-r(8—o2/2) -s[8-@Go2/2)] — —r(8—0? / 2) 
2 > e 2 e 2 2 e Toe | C139 


Note that the summation in (21.3.8) can start with r = 0 because the summand is 
then zero. 


Combining the intermediate results in (21.3.7) and (21.3.8), we have 
Var(igca) = Ex Ej [gcn] — G4 


5 $ K [g-(8—0/2) — g 128-207) 
= —s[2(5- -— 
m Ex 2 e s[2(8-07)] } 2 > 1 me eg 9-60 /2) (,.d,) 


r-0 


QR, — n 


xt (à, (21.3.9) 


+ 2 ea 


UE 


where °#, is evaluated at force of interest 2(8 — o°). 


If o? = 0, (21.3.9) reduces to 
2 Ty e 2 
a * (s d 4) = (y, 


where ii, is valued at force of interest 28 and à, is valued at force of interest ò. 


This result may be compared with (5.3.8) where 


2A. e A, 2 
Var(aigsq) z — 
1-Q0Qd4-d)ü,—1-2di di 
= Z 
P an 25 
= a. +2? a = (üy, 


confirming again that when o? = 0, deterministic interest results are recovered. 


Assume that log(1 + 1) 2 + €&,k = 1,2, 3... where 6 = 0.06, and the random 
shock terms have a N(0, 0.0001) distribution. The curtate future lifetime random 
variable has the discrete distribution shown in Example 21.2.1. Calculate 
(a) E[d,4,], (b) Var(6x,,), (c) Eligzx;], and (d) Var(igz;). Assume that K and I, k = 
1,2, 3...,are independent. 


Solution: 
Formula numbers refer to those displayed in this section. 
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3 


Te = —(0.06—0.00005)(k+1 
a. E[64.4] = 2 g. MED p, ek 


= (0.9418)(0.1) + (0.8870)(0.2) + (0.8354)(0.3) + (0.7868)(0.4) 
= 0.8369. by (21.3.3) 


3 
b. Vark) = p porn undo e Qo 


= (0.8871)(0.1) + (0.7869)(0.2) + (0.6981)(0.3) + (0.6193)(0.4) — (0.8369)? 


= 0.0028. by (21.3.4) 
3 k 
c. Ez] = » 2, e *(0.06—0.00005) Px Frak 
= (1)(0.1) + (1.9418)(0.2) + (2.8288)(0.3) + (3.6642)(0.4) 
= 2.8027. 


d. An input into the calculation of Var(/g;;;) is “d,, valued at force of interest 
2(8 — a?) = 0.1198: 


*il, = (10.1) + (1.8871)(0.2) + (2.6740)(0.3) + (3.3721)(0.4) 
= 2.6285, 


(2.8027 — 2.6285) 
= g 9.05985 


Varig) = 2.6285 + 2 (2.8027) 


— 8.6257 — 7.8551 — 0.7705. by (21.3.9) 
v 


Example 21.3.2 


Adopt the assumptions about the distributions of log(1 + Ij) and K used in 
Example 21.3.1. Display the d.f. of Ög,- 


Solution: 


Pr(0y,, = y) = Eg Pre, ,  y|K = k) 


3 
= 2 Pr(Üy, s, = Y) Pe que 


We now use the fact that log ð, has a N(—n8, no?) distribution: 


3 
Prog m y) = 2 Pr(log ky = log y) Py Jerr 


8 s 
log £4.; + (k + 18 _ logy + (k+ 2 
= P < 
2: | Vik + No? Vik + 1o? kPx xk 
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ll 
Me 
e 


E y + (k + r| 
aE [eer 


$ log y + (k + 1)(0.06 
- £o [Mert e non] 


where (w) is the d.f. of a random variable with a N(0, 1) distribution. To illustrate, 
let y = E[64,,] = +A, = 0.8369 and calculate Pr(P,,, = 0.8369) = P (—11.8051)(0.1) 
+ $(—4.1048)(0.2) + 45(0.1125)(0.3) + ©(3.0945)(0.4) = 0.5630. Because the median 
of the distribution of g+; is less than the mean, we have evidence that the distri- 
bution is skewed to the right. v 


21.4 Dependent Interest Rates 


Within financial economics there has been a continuing discussion about whether 
effective rates of interest within various classes of investments can be modeled as 
independent and identically distributed random variables. If the actuary accepts 
the evidence supporting the independent and identically distributed hypothesis, 
the methods developed in Section 21.3 are available. The actuary could alter these 
methods. For example, the distribution of the e, random shock terms might be 
assumed to be other than the N(0, o?) distribution. 


If the actuary rejects the hypothesis that effective rates are independent and iden- 
tically distributed, two options are open. The first option is to develop a multivar- 
iate model that does not change as time passes. Such models are called stationary 
models. A simple model within this class will be developed in Section 214.1. 


The second option is to adopt a model that incorporates the possibility of struc- 
tural shifts in the investment environment. We do not discuss this type of model. 


21.4.4 Moving Average Model 


The developments of this section are limited to the model 
log(1 + I) =ò + e — ðe; k-L23... (21.4.1) 


where 8 > 0, and e, k = 1, 2,..., are random variables that are mutually inde- 
pendent and each has a N(0, c?) distribution. In addition, |6| = 1 and e, is known. 
If 0 = 0, the model reduces to (21.3.1). This model is called a moving average model 
of order one, abbreviated MA(1). 


The rationale for the model is that the force of interest has a long-term mean, 
denoted by 8, but random economic shocks create deviations from the mean. The 
shock for period k, e,, has a delayed and moderated impact on the force of interest 
in period k + 1 of size —0e,. 


Chapter 21 Interest as a Random Variable 


649 


We define ð, as in Section 21.3: 
6, = [I a + ^ = e 96-7; 
k=1 


then 


logo, = p» (8 + € — Oe) 
n-1 
= -nò + e, — bea + (1-0) M e 
k=1 
and 
E[ð,] = Een 05-90-9551 el], 


We have assumed that the shock terms e,, k = 1, 2, . . . n, are mutually independent 


and each has a N(0, a?) distribution. Therefore, recalling the m.g.f. of a N(0, o?) 
distribution, we have 


Ele] =e Vo2/2 k= 1, 2, 3, "UP 
M(t). 


This result enables us to write 
B[0,] e? M(-1) e** M(0 — 1)" 
=Ce" n=1,2,3,..., (21.4.2) 


where C, = M(-1) e** M(0 — 1)! and 8&' = 5 — log M(@ — 1). Note that, as in 
Section 21.3, we define ð = 1 and E[0;] = 1, not C,. If 8 = 0, then 8' = 8 — log 
M(-1), C, = 1, and E[0,] = e "eMC = e716-7/2, which agrees with (21.3.2), 
for the lognormal independent model. 


With these preliminary results, we can calculate actuarial present values. The 
initial development will follow that used in (21.3.3): 


xA, = Elka] = E; Eks [0i] 
— E; b Out kPx M 
k=0 


=C 2 Qr De p e (214.3) 
Similarly, 


x4, = Elfizri] = E, Eko [ärme] 


æ% k 
= E, P E de » 2.) kPx M 


k=0 
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de Bae) xe 


1 + Cg) P. deae (21.4.4) 


~ 


M 


To continue the outline used in Section 21.3, we must develop formulas for 
Elő, ĝl, s < r: 
E[(é,)7] = E[e 28 +n Geo + 91 f«d] 


li 


e ?? E[e ?*] Efe] E[e 209s] 
= eg? M(—2) e*e M(20 — 2y'71. 
We use abbreviated notation 
ELO, y] = C; e*", (21.4.5) 
where 8” = 28 — log M(20 — 2) and 


M(-2) ee 


Ce 
? M(20 — 2) 


The term E[6, ð] appears in expressions for Var(üzzy;). We note that E[6, ĉo] — 
E[é,]. If r > s 2 1, we have 
E[ó, ü] Efe Votet- em isl xe —[s86 - e —0e9- (1— 8)» ste] 
an eg 7ts)8 E[e^ *]E[e* ?*TE[eg?*]E[e -2(1— DL AS]E[e7 a- (92 sae] 
= e +98 M(—1)M(80 — 2)?*M[2(0 — 1)F?M(8 — 1y^7 
= C, e 95 eg 90-9 


where 8’ and à" are as defined previously and 
C, = M(-1) M(8 — 2Z)e**(M[2(0 — 1)! M(8 — 1)! 


Using these building blocks, we turn to the development of formulas for the 
variances of present-value random variables in which the force of interest has a 
MA(1) model: 


Var(6x41) = BIOg y] — GA 


B > Cu Tu » kPx fx+k ~ GAY, (21.4.6) 


k=0 
where (21.4.3) and (21.4.5) have been used in the development. 


; k k-1 k 
B (1 + » (on ev) Jp (3 Eum + >. 5 C gren 


r=1 s-l r=stl1 


(21.4.7) 
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Therefore, 
Var(ig-y;) = > E, [ee + E DI | kPx Üxek 7 (d £5 (21.4.8) 
where components come from (21.4.7) and (21.4.4). 


Example 21.4.1 


Assume that log(1 + J,) is given by (21.4.1) with 8 = 0.06, Var(e,) = 0.0001, 
0 = —0.8, and e, = 0. Calculate (a) 8’, (b) C, (c) 8”, (d) C,, and (e) C, 


Solution: 


© = 6 — log M(0 — 1) 


= 0.06 — log(e(-08-170.0001) /2) 


= 0.05984. 

_ M01) ee (0.0001) /2 „—(1.8)2(0.0001) / 2 
Me ee ia e 

= 0.99989. 
c. 8” = 28 — log M[2(6 — 1)] = 0.12 — log(ePC 190.0000 /21) 

— 0.119352. 

M(-2)e?*e e 720.0001) /2 

d. C = M20 — 2) = e(-3.6(0.0001) /2 

= 0.99955. 

—1) M(0 — 2) e% 

ee M(-1) M(0 — 2)e 


M(28 — 2) M(8 — 1) 
(eo 00 / ?y(e 7? 8)2(0.0001) / 2) 
(e 3.69 (0.0001) / 2y(g - 1.8) (0.0001) / 2) 


= 0.99963. Y 


Example 21.4.2 


Assume the interest rate model of Example 214.1 and the survival distribution 
of Example 21.21. Determine (a) E[dx.,], (b) Var(6,.,), (c) E[iglL and 
(d) Var(dzzz;). 
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Solution: 
Formula numbers refer to those displayed in this section. 


a. ElOx 41] = Ex Ek [ők] by (21.4.3) 
= vx C, gom kPx eek 
k=0 


3 
ES (0.99989) 2 eg (*1)0.05984) Px Werk 


= (0.99989)[(0.94192)(0.1) + (0.88720)(0.2) + (0.83567)(0.3) 
+ (0.78713)(0.4)] = 0.83710. 


3 
b. Vare) = Ð C e 9 p, quu = GAY by (21.4.6) 


= (0.99955)[(0.88721)(0.1) + (0.78714)(0.2) 
+ (0.69836)(0.3) + (0.61959)(0.4)] — (0.83710)? 
= 0.0024. 


c. E[4g-5,] = E; Eko [35s] by (21.4.4) 


3 k 
= > (1 + > C; e) kPx xk 


(1)(0.1) + (1.94181)(0.2) + (2.82892)(0.3) 

+ (3.66450)(0.4) 

2.80284. 

d. As a preliminary, we compute E, [(1 + Z5. 6,)?] for k = 0, 1, 2, 3 using (21.4.7). 


ll 


The computations are summarized in the following table. 


k E, [a + XE, 6,)7] 

0 1 -1 

1 [1 + Coe + 2C, e°] = 3.77043 

2 [1 + Ce e) + (C e + Ce = 8.00214 
+ Ce) 

3 [1+ Ce +e + e) H 2 (Ce + e = 13.42729 


+ e °°’) + Cle t + eee) + Cue 9-91 


Var[/gz,] = (10.1) + (3.77043)(0.2) + (8.00214)(0.3) + (13.42729)(0.4) 


— (2.80284)? = 0.7699. v 
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21.4.2 implementation 


Sections 21.3 and 21.4.1 illustrate that the development of formulas for the mo- 
ments of present-value random variables, when interest rates are assumed to 
be random variables, can involve several steps. Other statistical models for X, = 
log(1 + I,), in the same class of models, such as 
a. Autoregressive of order one AR(1) 


(X, — 8) = A(X, — 8) + «, (21.4.9a) 
b. AR(1) and MA(1) 
(X; ~ 6) — A(X — 8) = € — 0e, (21.4.9b) 
c. AR(1) on first differences 
(X,— XD) — (Xi — Xp.) = & (21.4.9c) 


could be the subject of similar developments. The selection of an appropriate model 
for the force of interest and the estimation of the parameter are topics in statistics. 


The problem of displaying the d.f. of present-value random variables remains. 
The technique used in Seclions 4.2, 5.2, 6.2, and 72 are not feasible when K and 
Ü, the discrete future lifetime random variable and the discount factors, have a 
joint distribution. 


In earlier chapters, where only future lifetimes were random variables, approx- 
imations were developed for the distribution of losses from a portfolio of risks. In 
these developments it was assumed that the future lifetime random variables are 
mutually independent. Typically these developments depended on a central limit 
theorem type of result to justify using an approximating normal distribution. When 
each of the component present-value random variables is a function of the same 
random interest process, the present-value random variables are no longer inde- 
pendent. This was illustrated in (21.2.3). Consequently, the distribution of total 
losses from a portfolio of present-value random variables cannot be routinely ap- 
proximated using a normal distribution when interest rates are also random 
variables. 


There are simulation-based approaches to the three problems of estimating the 
moments of present-value random variables, approximating the d.f. of a present 
value, and approximating the d.f. of the present value of losses from a portfolio of 
insurance risks. With a source of realizations of a random variable with a N(0, o?) 
distribution, sample paths of (L, L, . . .) for models such as (21.3.1), (21.4.1), and 
(214.6a, b, and c) could be generated. If {I,J, denoting the sequence of random 
future effective interest rates, and K, completed life years, are assumed to be in- 
dependent, an empirical d.f. that would approximate the d.f. of an individual loss 
variable could be developed in a routine fashion. 


To illustrate, suppose 100 sequences of future interest rates are generated using 
the MA(1) model of (21.4.1). For each of these sequences a realization of the random 
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variable K, completed life years, using the survival function that has been assumed 
would be determined. These results could be used to compute 100 sample values 
of 6x... These values can be treated as a sample derived from the joint distribution 
of {I,} and K. The mean and variance of these 100 simulation sample values would 
be estimates of the mean and variance of the distribution of xı. The empirical d.f. 
would estimate the d.f. of 0, ,. 


The simulation process can also be used to approximate the d.f. of the present 
value of total losses from a portfolio with n individual risks. In this instance there 
is a set of completed life year random variables, K; i = 1,2,..., n. If these random 
variables are assumed to be independent, a set of realizations for each K, random 
variable would be combined with a randomly generated interest scenario to pro- 
duce a sample outcome of present value of total losses. 


It should be clear why simulation, using computer-generated realizations of 
present-value random variables that may be functions of several random variables, 
has been widely used to construct empirical d.f.'s. These applications have made 
simulation an important tool in actuarial science. 


If there is evidence that the random variables time-until-decrement and cause- 
of-decrement are not independent of {I}, then the generation of realizations of 
present-value random variables becomes more complicated. For example, the act 
and time of withdrawal from a life insurance or pension plan may not be inde- 
pendent of {I,}. 


21.5 Financial Economics Models 


From the models developed in Section 21.3 and 21.4, one could be selected, and 
the parameters estimated, using data from the investment operations of the finan- 
cial system being modeled. Critics of this procedure assert that it ignores important 
information available in current capital markets. 


To illustrate the variability over time of yields to maturity of one type of security, 
the average yields to maturity of 30-year U.S. Treasury bonds were displayed in 
Figure 21.1.1. The changes in bond prices and yields reflect variations in the bond 
markets’ assessment of future economic events. There are, of course, many other 
investments that might have displayed different patterns of yields over the same 
period. Economic news does not affect the yields of all securities in an identical 
fashion. Even Treasury securities with different maturities may exhibit various time 
series of yield rates. 


A A SE RS SST a 1 tT 
21.5.1 Information in Prices and Maturities 


To extract the information about the relationship between interest rates and ma- 
turities, free of confounding factors such as default and call (early maturity at the 
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option of the borrower) risk, it is usual to analyze securities issued by central 
governments. In the United States this means Treasury obligations. Other bonds 
are analyzed by comparing them with Treasury bonds. 


To illustrate the methods used in summarizing the relationship between interest 
rates and maturity dates, a review of basic ideas in the mathematics of finance is 
required. We consider pure discount bonds that pay 1 unit at maturity and are 
traded in a market with no transaction costs. These bonds are not subject to default 
risk. The number s denotes the current time, and discount bonds are available with 


maturities at times s,s + 1.... The prices of one bond at time s that matures f 
periods in the future is denoted by P(s, s + t). We assume that 
P(s, s) — 1, 


lim P(s, t) = 0, 
{o 


and if u > t, 
P(s, t) > P(s, u). 


The third assumption is equivalent to attaching a higher value to the earlier of two 
equal payments. The yield rate for f unit periods is denoted by i(s, s + t) and is 
defined by 


P(s,s +t = [1 + {s,s + 0] *. (21.5.1) 


The number i(s, s + t) is called the t period spot rate at time s. The name derives 
from the fact that such rates can be determined from the current market and relate 
to a single payment at a particular future time. Spot rates i(s, s + f) viewed as a 
function of t are called the term structure of interest rates at time s. 


Forward rates are an alternative way of studying the relationship between time 
to maturity and interest rates. As the name suggests, forward rates are the interest 
rates that would be used for contracts concluded currently that cover transactions 
in future periods. It will be required that these rates be consistent with the set of 
spot rates observed in the current market. The consistency that will be required is 
that no-arbitrage opportunities will be present in the forward rates. An arbitrage 
opportunity exists in a capital market if there are two investment strategies avail- 
able for the same investment period such that one strategy will result with certainty 
in greater wealth at the end of the period than the alternative strategy. To illustrate 
the no-arbitrage requirement, suppose an investor pays 1 for a discount bond ma- 
turing at time s + u for amount [1 + i(s, s + u)]". Alternatively, the investor could 
buy a t period, ! < u, bond and at time s + t invest the maturity value in a second 
discount bond that will mature at time s + u for amount 


[1 + i(s,s + D [1 + j(s, 5 + t, s +u, 


where j(s, s + t s + u) is the forward rate at time s for a future transaction with 
cash flows at times s + t and s + u. If no arbitrage opportunities exist, the two 
ultimate wealth amounts must be equal and 
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[1 + ils, s + wl“ = [1 + ils, s + hh t+ js,st+tst+ uh! (21.5.2) 
or 


[1 + ifs, s + wu)" 
[1 + i(s, s + Df 


[-jssc-Lscu' 


The special case when u = t + 1 yields 


[1 + us,s+ti+ I] 
[1 + i(s,s + HI 


[i+ j6,s+ts+t-+ 1) 


, 


and when 1 = 0, 
(s,s, 8 + 1) = i(s,s + 1). (21.5.3) 
Repeated applications of (21.5.3) starting with t = 0 yield 


[1 + is, s + Bf =[1 + (ss, s + DID + j(s, s + Ls + 2)] 
ee [0 +j s +t-1,s +t] (21.5.4) 


The current price of a bond paying coupons of amount c at the end of each of n 
periods and then paying a maturity value of F can be expressed in a consistent 
way using prices of discount bonds and spot or future rates as follows: 


Using prices of discount bonds, 


c > P(s,s + k) + F P(s, s * n). (21.5.5a) 
k=1 
Using spot rates, 
c Y [1 + is, s +] * + Fl + is, s +n”. (21.5.5b) 
k=1 


Using forward rates, 


"o k-l 
cD] Ut+isstwustw+ dy? 
k=1 w=0 (21.5.5c) 
n-—1 
-F[[BU-jfss^ws-w-nD-- 
w=0 
The equality of these three formulas for a bond price rests on the no-arbitrage 
assumption. 


The time interval measuring the time of future coupon payments is not always 
1 year. U.S. Treasury bonds typically have semiannual coupons. The bonds that 
were the subject of Table 21.1.1 would have n = (30)(2) = 60. 


Yet another way of measuring the relationship between interest rates and 
time of maturity can be derived from (21.5.4b). The set of spot rates at time s, 
i(s,s + k), k = 0, 1,2, . . . is given, and the par yield, denoted by y(s, s + m), 
is a set of artificial coupon payments determined from 
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9t! 


l-ysstm»[-iiss-cbp*-4[-iss-n)l"m-12,...,nm. 
k=1 


(21.5.6) 


The par yield can be described as the coupon rate on a bond trading at its maturity 
value in a market with a known set of spot rates and no-arbitrage opportunities. 
The graph of y(s, s + n) as a function of n is the yield curve at time s. Par yields 
are most often expressed as bond-equivalent yields, that is, semiannual nominal 
rates. 


z 


| 
Prototype Yield Curves 


par 4 par ^4 
yield yield ee 
L >n > n 
(a) maturity (b) maturity 


Figure 21.5.1(a) with its positive slope is a typical yield curve. Figure 21.5.1(b) 
with its negative slope is called an inverted yield curve. An inverted yield curve 
might result from the action of national monetary authorities to keep short-term 
interest rates high to retard price inflation. The capital markets’ expectation is that 
inflation will be of short duration and long-term rates are not affected. 


Example 21.5.1 


Determine equivalent forward rates and par yield rates given the following set 
of spot rates. 


t i(s, s + f) 
1 0.06 

2 0.065 

3 0.070 
Solution: 


Using (21.5.2), 


1+ifs,s+t+ 1]? 
[1 + i(s, s + tf 


beesie tiria] 
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t jis,stts+t+D 
0 0.06 

1 0.07002 

2 0.08007 


Using (21.5.5), 
1—f1 + i(s,s + HI! 


5 [1 + i(s, s + I 


y(s,s + t) = 


t y(s, s + t) 
1 0.06 

2 0.06484 
3 0.06955 


Note that all three rates have a positive slope when viewed as a function 


of t. v 


21.5.2 Stochastic Models 


In this section we illustrate a method for generating sequences of future par yield 
rates. The randomly generated sequences can be inputs into simulations of the 
financial operations of a portfolio of insurance or pension contracts. In practice, par 
yield rates rather than spot or forward rates are modeled because investment ex- 
perts are more familiar with them. It is therefore easier for these experts to select 
a model and specify the parameters. 


We assume that the progress of the logarithm of par yield rates is determined 
by a modified autoregressive model of order one: 


loglY(t, m] = Xt n) + 0 — 6,) log [YE — 1,0] *o,6,120,,2,3,..... 
(21.5.7) 
The terms in (21.5.7) are defined as follows: 
Y(t, n) = the random par yield at time t for a bond maturing in n periods. It is 
assumed that the present time is t = 0. 
A(t, n) = a drift parameter appropriate for period t for bonds with n periods until 
maturity. If A(t, n) = X, (21.5.7) would become a standard autoregressive 
model of order one [AR(1)]. The drift parameter A(t, n) can be adjusted 


for each f so that the no-arbitrage constraint or other constraint from 
financial economics can be satisfied. 
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(1 — 4) = an autoregressive parameter appropriate for bonds with maturity in n 
periods. The parameter ¢, determines the rate at which previous per- 
turbations decay. For that reason, the parameter is called the rate of 
mean reversion in finance. In order to have a stationary time series 
model, |1 — o,| < 1. 

c, — the standard deviation of the random shocks. 

€,,, = a random variable with a N(0, 1) distribution for bonds with n periods 
to maturity for period t. The random variables €,,,, and e,,,, are inde- 
pendent if 4 # t, and have correlation p,m if f; = ty. If m = ny Das = 
1. We are assuming that contemporaneous shocks are correlated. 


Remark: 

The model described by (21.5.7) is only one of a wide class of stochastic models 
that could be adopted. The selection of the model and estimation of the parameters 
would be influenced by the theory of financial economics and statistical data anal- 
ysis. Formula (21.5.7) also illustrates another option in modeling interest rates. The 
models specified by (21.3.1), (21.4.1), and (21.4.6a, b, and c) were written for use 
with log (1 + I), the random force of interest for period k. Formula (21.5.7) involves 
the logarithmic transformation of Y(t, n). The transformation can be motivated 
as a device to stabilize the variance of the observations or to keep realizations of 
Y(t, n) non-negative. This non-negative constraint is regarded by some actuaries as 
important. Exercise 21.9 illustrates the random walk model, which can be viewed 
as a special case of (21.5.7) with 1 — 6 = 1 and X = 0. The model developed in 
Exercise 21.9 for the rate of interest shares a property of (21.5.7) in that the random 
rate of interest is non-negative. 


Models such as (21.5.7) can be used to estimate future yield curves. If (21.5.7) 
were adopted, the estimation of yield curves would require the selection of a set 
of maturity times, n, and corresponding parameter values À,, ,, o, for each value 
of n and correlation coefficients P, m for each pair of maturity times selected. The 
number of values of n would be kept small so that the number of parameters that 
would have to be specified would be manageable. Then using sets of randomly 
determined values of e,,, the outline of future yield curves at various values of t 
could be determined by simulating future values of Y(t, n) using (21.5.7) for the 
selected key maturity times. 


If the investment portfolio of interest to the actuary holds bonds with a constant 
maturity, (21.5.7) could be used directly to produce randomly generated sequences 
of future interest rates for use in simulation studies. 


As yet, no adjustments have been made in the model parameters to conform to 
the actuary's judgment about the long-term mean rate or to force compliance with 
a market consistency requirement such as no-arbitrage. The parameter X(t, n) is 
available to incorporate such information. 
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For example, the following development provides a tool to the actuary for in- 
corporating information about the long-term mean of the par yield rate for secu- 
rities with fixed maturity n: 

Let A(t, n) = p, log i, which is independent of t; we can rewrite (21.5.7) as 

log Y(t, 1)] = $, log p, + (1 — $,) log[Y(t — 1, n)] + ©, Ein 
REN M (21.5.8) 
To facilitate subsequent steps, let 


Z = log[Y(t, n)], 


9 = $,log i, 
Y-0-46) 0«cYv - 1, 
and (21.5.8) becomes 
Z, =O + WZ. + Oy Ey, (21.5.9) 


a standard AR(1) model with drift parameter 0. Multiply successive equations for 
Z, ; by V/ to obtain 


Z= YZ 90 bere 
WZ,,-W2Z,,= 804+ Vo, € lar 
P Z= P Z = Wa + p On € 25 


Adding this sequence of equations and assuming that £ is large, we have 


Z, = 


0 j ; 
I- y to, 2. e Y. 


Exponentiating this approximation yields 


0 : 
e = ex +o, >, G3, VY! |, 


D 
Y(t, n) = p, exp (s. 5 Ejn v) 
= 


The random variable c, Zio €, W in the exponent has a normal distribu- 
tion with mean zero and variance for large values of f that is approximately 
o7/(1 — W?). 


Using these facts about the distribution of the random component, and recalling 
the m.g.f. for random variables with normal distributions, we have for large values 
of t 


vs 


ELY(t, n)] = p, exp {ae}. (21.5.10) 
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If data or the actuary’s judgment supports the existence of a long-term mean for 
the par yield on bonds that mature in n periods, the selected values of A(t, n) = 
P, log i, and o? should be consistent with (21.5.10). 


In addition to subjecting model parameters to consistency checks relative to es- 
timates of the long-term mean, adjustments to the parameter X(t, n) can be made 
to be consistent with the no-arbitrage condition. In an efficient capital market, the 
observed rates [i(0, 14), i(0, n3), . . . , (0, n,)] for m different maturities would not 
present significant arbitrage opportunities. Such opportunities would present risk- 
less strategies to increase wealth and would disappear as traders, seeking to exploit 
such opportunities, would reduce them. The estimated future yield curves deter- 
mined by averaging many simulations may exhibit arbitrage opportunities. Such 
opportunities would constitute inconsistent behavior in the capital markets and to 
retain such opportunities in an estimated future yield curve would similarly be 
inconsistent. 


To develop a method for adjusting an entire estimated yield curves to preclude 
arbitrage opportunities would involve several ideas beyond the scope of this de- 
velopment. Consequently, only bonds that mature in one period, n = 1, are con- 
sidered. We adopt a simplification of (21.5.8) and assume that the goal is to produce 
interest scenarios each of length H periods; the model is 


log [YE D] = m +o ea £=1,2,...,H. (21.5.11) 


Generating m sequences of the form (e, €217 . . . , €41) composed of realizations of 
the random variables e,,, would produce m sequences of possible future one-period 
CI HUE ML M MD CEU 


To minimize the opportunity for arbitrage at time 1, the value of the mean pa- 
rameter y. in the model will be adjusted so that expected rates available at time 1 
will not present such an opportunity. To achieve this objective each of the m values 
of e^*"^: will be multiplied by e^" where ^, is determined from 


S [30,0] G+ emm 


1 m 


= P(0, 2). 


J 


As before, P(0, 2) is the observed price of a two-period discount bond. The symbol 
(1 + po denotes that the variable e,, comes from scenario j generated from 
(21.5.11). l 


The no-arbitrage adjustment for other years in the H-year planning period will 
be determined by solving successively for X, ,: 


m [1 + y(0, 1]'a + sak m "T (1 + pur ny 
je n 


= P(0, h), 
where h = 2, 3,..., H. The resulting m sequences of the form [y(0, 1), e^", 


S giorno] can be used as stochastically generated scenarios of future interest 
rates where each scenario is assigned weight 1/m. 
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Remark: 

The no-arbitrage assumption about capital markets has been a theme in this 
section. Empirical investigations indicate that although arbitrage opportunities ex- 
ist, they do not persist for long because of the activity of traders. 


21.6 Management of Interest Risk 


Constructing actuarial models for financial security systems provides a rational 
basis for pricing the promises made, for reporting on the financial status of the 
system, and for managing the risks inherent in the operations of these systems. 
Chapters 12 through 14 dealt in part with ideas for managing short-term risks. 
Chapters 4 through 11 dealt in part with managing the adverse consequences to 
financial security systems attributable to the random nature of time and cause of 
decrement. 


In this section ideas for controlling the adverse consequences of changes in in- 
terest rates are discussed. In Section 21.6.1 special notation is introduced, and a 
simplified set of rules for managing interest rate risk within a deterministic envi- 
ronment is developed. In Section 21.6.2 a rather general set of conditions for the 
time and amount of asset cash flows to minimize interest rate risk within a random 
model is developed. 


21.6.1 Immunization 


Our model consists of the following: 


Reserve or Liabilities = L(i) = n(A,., — P, d) 


Assets = A(i) = Y, vi a(j) 
j-0 


Surplus = S(i) = A(i) — L(i) 


where 
n = number of identical whole life policies in the model. 
t = number of years since the # surviving policies were issued. Assets, liabili- 
ties, and surplus are measured at this time. 
P, — benefit premium at issue, but not necessarily appropriate at time f for a 
realistic appraisal of liabilities. This premium is used in cash flow calcula- 
tions under the simplifying assumption that expense loadings match 
expenses. 
la(j)) = a sequence of cash flows, coupons, dividends, and maturity values from 
existing assets, paid at the end of future policy years. In this deterministic 
environment these amounts are assumed to be certain, not subject to 
default. 
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i = valuation rate appropriate at time t. It is assumed, unrealistically, that i 
does not depend on the timing of future cash flows and that any immediate 
changes in i will not change the flat yield curve implicit in our assumptions 
about i. i 


Clearly this simplified single decrement model ignores withdrawal benefits, ex- 
penses, and their provision in contract premiums. Both asset and liability cash flows 
are assumed to be known and independent of the interest rate i. Some of these 
unrealistic features can be changed within a more comprehensive model. Other 
adjustments, such as making asset and liability cash flows depend in a realistic 
fashion on the valuation interest rate, are more complex. 


Within our simple model, we might choose to think of the sequence of future 
asset cash flows {a(j)} as a control variable. Management might elect to enter capital 
markets to achieve a {a(j)} such that 


ce = s [A(G) — Lj] = 0 (21.6.1a) 
and 
Em = ^ [A() — LÒ] > 0. (21.6.1b) 


These two conditions characterize a minimum value of S(i). If a sequence of asset 
cash flows {a(j)} could be found that would satisfy (21.6.1a) and (21.6.1b), any 
change in the valuation interest rate would lead to an increased surplus. The val- 
uation interest rate is derived from current economic conditions at duration R and 
is independent of the interest rate used at duration zero in calculating P,. 


From the first derivative (21.6.1a), we have 


d. NM æ c 
jdi S(i) =v HS v'a) +n b (k + DWI Port Qrar T. ` k v* al -0 
j=1 k=0 k=1 


or 
X via) = nA ~ Py 0.4. (21.6.2) 
j=l 


Combining the requirements on the first and second derivatives for a minimum 
value of S(i), (21.6.1a) and (21.6.1b), we have 


» 4 v! a(f) 7n b (k + 1? vj Prete s p k* «| (21.6.3) 
fm = = 


The first derivative condition for the selection of {a( j)} may be attainable. It is un- 
likely that the second derivative condition can be achieved in the capital markets. 


If the second derivative condition could be realized and the assumptions of the 


model were valid, especially the flat yield curve used for pricing assets and valuing 
liabilities, it would constitute an arbitrage opportunity, for it would be an oppor- 
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tunity to increase surplus with no new investments or increase in risk on the basis 
of any change in valuation interest rate. In an efficient market such an opportunity 
would be nonexistent or fleeting. 


The investment selection rules implicit in (21.6.2) and (21.6.3) have been called 
the immunization rules because their implementation would “immunize” or pro- 
tect the value of S(i) from changes in i. 


21.6.2 General Stochastic Model 


We now extend the ideas and their related symbols used in Section 21.6.1 to 
introduce stochastic elements. We have 


s, K) = A(0) — LO, K) (21.6.4) 
where 0 is a sequence {6,} of random discount factors and K = (K, Ky ..., Kj is 


a vector of n independent time-until-death random variables. 


Unrealistically it will be assumed that the asset cash flow sequence {a(j)} is de- 
terministic. Callability and default, among other asset flow option-like character- 
istics, are not considered. 

Using (2.2.11) we have 

Var[S(é, K] = Var[E[S(?, Köl] + E[Var[S(2, K|]. 


Because we assume that asset cash flows are deterministic in the whole life illus- 
tration of Section 21.6.1, we have 


E[S(@, Kol = > vaj) — 1 E (Uzi — Py iro) Pe a 
and 
Var[S(6, K)o] = Var[L@, K)|é]. 
Therefore, 
Var[S(6, K)] = Var, [A@) — E[L@, Köll 
+ E, [Var[L@, K)|é]]. (21.6:5) 
We can rewrite (21.6.5) as 
Var[S(é, K)] = Var; [A@)] + Var, [EILG, K]lo] 
— 2 Cov,[A(6), E[L(G, Köll + F; [Var[L(o, Kel]. (21.6.6) 
The second and fourth terms of (21.6.6) can be combined to produce 
Var[S(6, K)] = Var, [AO] + Var[L@, K)] 
— 2 Cov,[A(0), EIL, K\é]]. (21.6.7) 


We assume that the selection of {a(j)}, the sequence of asset cash flows, is under 
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the control of the actuary and that the objective is to minimize Var[S(6, K)]. Since 
the second term of (21.6.5) does not depend on the control variable {a(/)}, the min- 
imization of Var[S(0, K)] can be achieved by minimizing the term 


Var, [A(£) — E[L(G, Kill. 


This variance will reach its minimum value of zero if A(0) — F[L(6, K|é] = 0 for 
each future year. If a sequence of asset cash flows satisfies 


a(0) + nP, = 0, 
aj) = Hapa T Pe Pol =O foul 2. (21.6.8) 


could be found, then 
[a(0) + nP] + > 4 [a(j) ~~ nG ap, xsjei 7 P, Plv; =0 
= 


and 
Var,[A(6) — E[L(6, K)|o]] = 0. 
In this very special case, we can substitute into (21.6.7) to obtain 
Var[S(6, K] = Var[A(£6)] + Var[L(9, K)] — 2 Cov[A(0), A()] 
= Var[L(6, K)] — Var[A(@)]. 


The matching conditions in (21.6.8) resemble an equivalence principle. The match- 
ing requirement imposes stringent conditions on asset cash flows. For example, it 
is possible that the sequence of asset cash flows that will minimize Var[S(6, K)] will 
require investments a(j) « 0 for some j. Other economic and budget restrictions 
may influence the selection of the asset cash flow sequence. 
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The ideas developed in this chapter are built on ideas that are more diverse and 
of recent origin than are those in earlier chapters. As a consequence, these notes 
and references are important to an actuary seeking to apply or extend these ideas. 


The integration of times series models for stochastic interest rates with random 
time and cause of decrement has been the subject of intense activity in recent years. 
Sections 21.3.1 and 21.4.1 follow Frees (1990). The portfolio interest rate risk man- 
agement rules developed in Section 21.6.2 are also based on this work. More general 
developments, going beyond the MA(1) model, are by Bellhouse and Panjer (1980) 
and Giaccotti (1986). 


The empirical analysis of interest rate data to determine the adequacy of various 
models has been a major endeavor in financial economics. Becker (1991) provides 
a good example of this work. Klein (1993) traces the implications of various dis- 
tributions of the interest rates on insurance cash flow analysis. In particular, Klein 
examines the hypothesis that the distribution of random shock terms in interest 
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rate random models may have heavy tails. The history of formulating and testing 
hypotheses about rates of return is summarized by Fama (1970). 


Jetton (1988) classifies and illustrates methods for generating certain families of 
interest rate scenarios. Christiansen (1992) starts with Jetton’s partial classification 
but expands the models considered and illustrates their applications. There is an 
emphasis on interest rate generators that produce rates that regress toward a mean 
after a perturbation and on shifts from among yield curves according to a matrix 
of transition probabilities. Tilley (1993) provides more background on the financial 
economics of interest rate scenario generators. A monograph by Boyle (1992), es- 
pecially Chapters 2, 3, and 4, provides background for this chapter. 


The immunization ideas of Section 21.6.1 have many roots. They were introduced 
into actuarial science by Redington (1952) and brought to the attention of North 
American actuaries by Vanderhoof (1972). The Vanderhoof paper contains a model 
for a life insurance company that is designed to replicate the characteristics of the 
USS. life insurance industry in 1971. 


In this chapter it is suggested that a stochastic model for generating simultane- 
ously interest rate scenarios for several types of investments and certain other ec- 
onomic variables be constructed. The other economic variables might be an index 
of consumer prices, or the unemployment rate. The model would be constructed 
to include observed contemporaneous correlations among the variables, as well as 
autocorrelations across time. Such a comprehensive and consistent model would 
obviously be useful in simulating the future operations of a social security system, 
large pension plan, or insurance company. Since about 1980 a great deal of effort 
has been spent in constructing, testing, and using such models. A pioneering ac- 
tuarial effort in this field was by Wilkie (1986). The model has been the subject of 
intense discussion by Geoghegan et al. (1992). 


p NE e A a a EE 


Exercises 
Section 21.1 
21.1. If I has a uniform distribution on the interval (0949 — 1, @¥ — 1) find 
E1 + 7] - (1 + EHD. 
212. The function (1 + x) ! can be written as the Taylor series expansion 
(+x! =1 — x + x’ -— R(0) Ix| <1 


where the remainder term 


R(0) = le| < |x| < 1. 


ME ONE 
(1 + 6)? 
If 1 has a uniform distribution on the internal (0.02, 0.12) and the random 


variable (1 + I)! is approximated by the first three terms of the Taylor series, 
evaluate 
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EL — I +I- (+ E. 


21.3. The random variable J has a Pareto distribution with p.d.f. 


= elsewhere. 
a. Find E[I]. 
b. Find E[(1 + 7] — (1 + E[I) *. 


214. Adopt the model described by (21.3.1) and define the random variable 


21.5. 


b, as 


9, = exp |-3 log(1 + ij. 


a. Using the m.g.f. of log(1 + I,) find E[é,]. 

. Using the m.g.f. of log(1 + I,) find E[(,)],7 = 1,2,3,.... 

c. Assume that the random variables ð and K, completed future life years, 
are independent and use the results of part b to determine 
(i) Elka] j=1,2,3,... 
(ii) Var(Ox 44). 

d. Continue with the assumptions made in this exercise and confirm that 


xA. * d "A = 1, 


ln 


where „d = 1 — e-6-9/2 


Adopt the model described by (21.3.1) except that the random variables e, 
are independent, identically and uniformly distributed on the interval 
(—0.05, 0.05), and 8 = 0.05. Let Z = Eż., log(1 + Ij) be the logarithm of the 
random two-period interest accumulation function. 

a. Evaluate E[Z] and Var(Z). 

b. Display the p.d.f. of Z. 

c. Display the p.d.f. of Y = e. 


Adopt the assumptions of Exercise 21.5. Let X, = log(1 + I) and X = 
Dy Xm. 
a. Provide a justification for the statement that 


X — 0.05 
V/0.01 / 12n 


will have an approximate N(0, 1) distribution as 1 becomes large. 

b. Provide a justification for the statement that X? X, has an approximate 
N(0.5n, 0.01n / 12) distribution. 

c. Use the result in (b) and support the statement that II? (1 + I,), the ran- 
dom interest accumulation function, has an approximate lognormal dis- 
tribution with parameters u = 0.5n and o? = 0.01n/12. 


Exercises 
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21.7. 


21.8. 


21.9. 


21.10. 


Adopt the model 
log(1 + I) = log +i.) +e k=1,2,3,... 
=ò k=0 


for annual interest rates. The assumptions about the random shock terms 
(e) made in connection with (21.3.1) are also adopted. This is called a ran- 
dom walk model and has frequently been used in studies of rates of return 
in common stocks. Exhibit (a) E[log(1 + 12], (b) Var[log(1 + 12], and (c) the 
distribution of log(1 + I), k = 1, 2,3,.... [Hint: Confirm that 


k 
log +) =8+ $e] 
1 


Using the model and assumptions of Exercise 21.7, (a) exhibit E[log 0,,] and 
Var(log 0,), (b) state the distribution of log 6, and (c) answer (a) and (b) 
for à. 


Another version of the random walk model is 
log !, = log h- + & k=1,2,3 
=r k=0, 


where the random shock terms (e) are mutually independent with 
N(0, o?) distributions. Determine (a) E[log 1,], (b) Var(log 1,), and (c) the 
distribution of log L. 


This exercise is a continuation of Exercise 21.9. For the random variable I,, 
state its distribution and find E[I,] and Var(I,). 


Section 21.4 


21.11. 


21.12. 


21.13. 


Confirm that (21.4.5) for E[(6,Y^] reduces to (21.3.4) if 0 


Il 
e 


li 


Confirm that (21.4.6) for E[0, 2,| reduces to (21.3.6) if 0 = 0. 


Verify the entries under Var(1 + 1), k = 1, 2,3,..., in the following table: 


Model Var(1 + Ij) Name 
Formula (21.3.1) (e^ — leo) Lognormal 
Formula (21.4.1) o*(1 + 0?) MA(1) 
Exercise 21.7 ko? Random walk 


Note the increasing variance with the random walk, Exercise 21.7. 


Seclion 21.5 


21.14. 


Confirm that the model described in (21.5.7) is equivalent to 
Y(t, n) = Y(t — 1, nj entes 


Chapter 21 Interest as a Random Variable 


669 


and 


Y(t, n) 
Ye — 1, n) 


= Y(t 1, n) 9 etm escenas. 


These formulas indicate why (21.5.7) is called a multiplicative model. Note 
that if the observed value Y(0, n) = y(0, n) > 0, Y(t, n) > 0. 
21.15. If $, = 0 and X(t, 1) = y show that (21.5.7) becomes 
log Y(t, n) = u + log Y(t — 1, n) + c, €, 


Alog Yt - 1, n) = p + O, €n 
t 

log Y(t, n) — log Y(0, n) = th + o, 2; €,,, 
s=1 


E[log Y(t,n)] = log[y(0, n)] + tp, 
and 
Var[log Y(t, 1)] = t o2. 
This is a random walk model with a drift term u. Show that if p = 0, the 


results of Exercise 21.9 are replicated. 


21.16. If [1 + is, s +h] - (+ i, K— ,2, 8, ..., n, and the maturity value of a 
bond is 1, confirm that y(s, s + n) = i. 


21.17. The spot rate at times are given in the following: 


k i(s, s + k) 
1 0.050 
2 0.055 
3 0.060 


Calculate the corresponding par yield rates y(s, s + f) for bond maturities 
in k — 1, 2, 3 periods. 


Section 21.6 


21.18. Let a(t) denote the rate of cash flow from assets and /(f) denote the rate of 
cash flows from insurance operations. For example, l(f) would measure 
claims and expenses less premiums, at time f. These flows are assumed to 
be deterministic and independent of each other and the interest rate. Let 
A(8), L($), and S(8) = A(6) — L(8) denote the current value of assets, liabil- 
ities, and surplus, respectively, valued at force of interest 8. We have 


$(8) = A(8) — L(8) = I: e* [a() — Kt] dt. 


In addition, let R(8) = $(8)/ A($), which is interpreted as the surplus ratio. 
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21.19. 


21.20. 


Confirm that if R(8,) is a minimum value of R(8), then 


A'S.) _ L) 


A)  L(8) 


and 


MCONEHCY 
AQ) ~ Dey 


The cash flow rate functions in this exercise will be related to the gamma 
density function; that is, both a(t) and I(t) of Exercise 21.18 will be of the 
form 

E kpc} e PE 


fi) = hey k>0. 


a. Confirm the following result: 
uvas kg^T(a + n) 
F of Ddt = 
J) etin = e; 


b. If the parameters of the asset cash flow are denoted by a,, By, and k, and 
of the liability cash flow by «,, B, and k,, confirm that the conditions for 
a minimum of R(8) as determined in Exercise 21.18 are 


aA aL 
A Aa L OL 


(Ba + 8)" (Br + 8) 


and 
aati mtl 
Ba + òo Br + 9 


Accept the results of Exercise 21.18. Verify that 


A'G) | Eeo 
A) . L(&) 


is equivalent to 


l E et a(tdt Í t et Ktdt 
0 0 


I e a(t)dt Í e^ T(t)dt 
0 0 


This result leads to the interpretation that the ratio A’(8))/A(8) is a 
weighted average of t, the time of asset cash flows with the weights provided 
by e a(t) / SG e ?* a(t)dt. A similar interpretation can be made of L'(8)) / 
L(8,). These weighted times of cash flows motivate calling A’(8,) / A($;) and 
L’ (8p) / L(&)) durations. 


Chapter 21 Interest as a Random Variable 


671 


21.21. We adopt the second central moment of interia of the times of cash flows as 
a measure of dispersion of the times of cash flows. Confirm that the condi- 
tions developed in Exercise 21.18 are equivalent to the requirement that the 
dispersion of asset cash flows shall be equal to or greater than dispersion of 
liability cash flows. 

[Hint: The second central moment of inertia for a mass with density at x of 
m(x) is f(x — c)’m(x)dx where c = fg xm(x)dx.] 


21.22. Adopt the symbols of Exercise 21.18 and build a model for a set of /, fully 
continuous whole life policies. Make the following assumptions: 

* The contract premium rate is G = P(A,)(1 + 0), 0 > 0. 

e Expense payments are made at time t for survivors at a rate of ce~" 
r 2. 

* Assumptions are realized. 
a. Confirm that I(t) = Lipt) + ce* — PANO + Olp. 
b. Express L(5) in actuarial present-value symbols. 
c. Express L'(8) in actuarial symbols. 


, 


—————————————M ———— —— 
672 Exercises 


Appendix 1 


NORMAL DISTRIBUTION TABLE 


0 x 


Normal Distribution 
The table on page 674 gives the value of 


ba) = UH? dw 


1 Í P 
m e 
V2m J 
for certain values of x. The integer of x is given in the top row, and the first decimal 
place of x is given in the left column. Since the density function of x is symmetric, 
the value of the cumulative distribution function for negative x can be obtained by 
subtracting from unity the value of the cumulative distribution function for x. 
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x 0 1 2 3 
0.0 0.5000 0.8413 0.9772 0.9987 
0.1 0.5398 0.8643 0.9821 0.9990 
0.2 0.5793 0.8849 0.9861 0.9993 
0.3 0.6179 0.9032 0.9893 0.9995 
0.4 0.6554 0.9192 0.9918 0.9997 
0.5 0.6915 0.9332 0.9938 0.9998 
0.6 0.7257 0.9452 0.9953 0.9998 
0.7 0.7580 0.9554 0.9965 0.9999 
0.8 0.7881 0.9641 0.9974 0.9999 
0.9 0.8159 0.9713 0.9981 1.0000 


Selected Points of the Normal Distribution 


D(x) x 

0.800 0.842 
0.850 1.036 
0.900 1.282 
0.950 1.645 
0.975 1.960 
0.990 2.326 
0.995 2.576 
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Appendix 7 


Appendix 2A 


ILLUSTRATIVE LIFE TABLE 


Illustrative Life Table: Basic Functions 


Age L d, 1,000 g, 
0 100 000.00 2 042.1700 20.4217 
1 97 957.83 131.5672 1.3431 
2 97 826.26 119.7100 1.2237 
3 97 706.55 109.8124 1.1239 
4 97 596.74 101.7056 1.0421 
5 97 495.03 95.2526 0.9770 
6 97 399.78 90.2799 0.9269 
7 97 309.50 86.6444 0.8904 
8 97 222.86 84.1950 0.8660 
9 97 138.66 82.7816 0.8522 

10 97 055.88 82.2549 0.8475 
11 96 973.63 82.4664 0.8504 
12 96 891.16 83.2842 0.8594 
13 96 807.88 84.5180 0.8730 
14 96 723.36 86.0611 0.8898 
15 96 637.30 87.7559 0.9081 
16 96 549.54 89.6167 0.9282 
17 96 459.92 91.6592 0.9502 
18 96 368.27 93.9005 0.9744 
19 96 274.36 96.3596 1.0009 
20 96 178.01 99.0569 1.0299 
21 96 078.95 102.0149 1.0618 
22 95 976.93 105.2582 1.0967 
23 95 871.68 108.8135 - 1.1350 
24 95 762.86 112.7102 1.1770 
25 95 650.15 116.9802 1.2330 
26 95 533.17 121.6585 1.2735 
27 95 411.51 126.7830 1.3288 
28 95 284.73 132.3953 1.3895 
29 95 152.33 138.5406 1.4560 
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Illustrative Life Table: Basic Functions 


Age L d, 1,000 q, 
30 95 013.79 145.2682 1.5289 
31 94 868.53 152.6317 1.6089 
32 94 715.89 160.6896 1.6965 
33 94 555.20 169.5052 1.7927 
34 94 385.70 179.1475 1.8980 
35 94 206.55 189.6914 2.0136 
36 94 016.86 201.2179 2.1402 
37 93 815.64 213.8149 2.2791 
38 93 601.83 227.5775 2.4313 
39 93 374.25 242.6085 2.5982 
40 93 131.64 259.0186 2.7812 
41 92 872.62 276.9271 2.9818 
42 92 595.70 296.4623 3.2017 
43 92 299.23 317.7619 3.4427 
44 91 981.47 340.9730 3.7070 
45 91 640.50 366.2529 3.9966 
46 91 274.25 393.7687 4.3141 
47 90 880.48 423.6978 4.6621 
48 90 456.78 456.2274 5.0436 
49 90 000.55 491.5543 5.4617 
50 89 509.00 529.8844 5.9199 
51 88 979.11 571.4316 6.4221 
52 88 407.68 616.4165 6.9724 
53 87 791.26 665.0646 7.5755 
54 87 126.20 717.6041 8.2364 
55 86 408.60 774.2626 8.9605 
56 85 634.33 835.2636 9.7538 
57 84 799.07 900.8215 10.6230 
58 83 898.25 971.1358 11.5752 
59 82 927.11 1 046.3843 12.618i 
60 81 880.73 1 126.7146 13.7604 
61 80 754.01 1 212.2343 15.0114 
62 79 541.78 1 302.9994 16.3813 
63 78 238.78 1 399.0010 17.8812 
64 76 839.78 1 500.1504 19.5231 
65 75 339.63 1 606.2618 21.3203 
66 73 733.37 1 717.0334 232871 
67 72 016.33 1 832.0273 25.4391 
68 70 184.31 1 950.6476 27.7932 
69 68 233.66 2 072.1177 30.3680 
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Illustrative Life Table: Basic Functions 


Age L d, 1,000 q, 
70 66 161.54 2 195.4578 33.1833 
71 63 966.08 2 319.4639 36.2608 
72 61 646.62 2 442.6884 39.6240 
73 59 203.93 2 563.4258 43.2982 
74 56 640.51 2 679.7050 47.3108 
75 53 960.80 2 789.2905 51.6911 
76 51 171.51 2 889.6965 56.4708 
77 48 281.81 2 978.2164 61.6840 
78 45 303.60 3 051.9717 67.3671 
79 42 251.62 3 107.9833 73.5589 
80 39 143.64 3 143.2679 80.3009 
81 36 000.37 3 154.9603 87.6369 
82 32 845.41 3 140.4624 95.6134 
83 29 704.95 3 097.6146 104.2794 
84 26 607.34 3 024.8830 113.6860 
85 23 582.45 2 921.5530 123.8867 
86 20 660.90 2 787.9129 134.9367 
87 17 872.99 2 625.4088 146.8926 
88 15 247.58 2 436.7474 159.8121 
89 12 810.83 2 225.9244 173.7533 
90 10 584.91 1 998.1533 188.7738 
91 8 586.75 1 759.6818 204.9298 
92 6 827.07 1 517.4869 222.2749 
93 5 309.58 1 278.8606 240.8589 
94 4 030.72 1 050.9136 260.7257 
95 2 979.81 840.0452 281.9122 
96 2 139.77 651.4422 304.4456 
97 1 488.32 488.6776 328.3410 
98 999.65 353.4741 353.5993 
99 646.17 245.6772 380.2041 

100 400.49 163.4494 408.1188 
101 237.05 103.6560 437.2837 
102 133.39 62.3746 467.6133 
103 71.01 35.4358 498.9935 
104 35.58 18.9023 531.2793 
105 16.68 9.4105 564.2937 
106 7.27 4.3438 597.8266 
107 2.92 1.8458 631.6360 
108 1.08 0.7163 665.4495 
109 0.36 0.2517 698.9685 
110 0.11 0.0793 731.8742 
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Illustrative Life Table: Single Life Actuarial Functions, i = 0.06 


Age ü, 1,000 A, 1,000 ĈA.) 
0 16.80096 49.0025 25.9210 
1 17.09819 32.1781 8.8845 
2 17.08703 32.8097 8.6512 
3 17.07314 33.5957 8.5072 
4 17.05670 34.5264 8.4443 
5 17.03786 35.5930 8.4547 
6 17.01675 36.7875 8.5310 
7 16.99351 38.1031 8.6666 
8 16.96823 39.5341 8.8553 
9 16.94100 41.0757 9.0917 

10 16.91187 42.7245 9.3712 
11 16.88089 44.4782 9.6902 
12 16.84807 46.3359 10.0460 
13 16.81340 48.2981 10.4373 
14 16.77685 50.3669 10.8638 
15 16.73836 52,5459 11.3268 
16 16.69782 54.8404 11.8295 
17 16.65515 57.2558 12.3749 
18 16.61024 59.7977 12.9665 
19 16.56299 62.4720 13.6080 
20 16.51330 65.2848 14.3034 
21 16.46105 68.2423 15.0569 
22 16.40614 71.3508 15.8730 
23 16.34843 74.6170 16.7566 
24 16.28783 78.0476 17.7128 
25 16.22419 81.6496 18.7472 
26 16.15740 85.4300 19.8657 
27 16.08733 89.3962 21.0744 
28 16.01385 93.5555 22.3802 
29 15.93683 97.9154 23.7900 
30 15.85612 102.4835 25.3113 
31 15.77161 107.2676 26.9520 
32 15.68313 112.2754 28.7206 
33 15.59057 117.5148 30.6259 
34 15.49378 122.9935 32.6772 
35 15.39262 128.7194 34.8843 
36 15.28696 134.7002 37.2574 
37 15.17666 140.9437 39.8074 
38 15.06159 147.4572 42.5455 
39 14.94161 154.2484 45.4833 
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Illustrative Life Table: Single Life Actuarial Functions, i = 0.06 


Age i, 1,000 A, 1,000 CA) 
40 14.81661 161.3242 48.6332 
4 14.68645 168.6916 52.0077 
42 14.55102 176.3572 55.6199 
43 14.41022 184.3271 59.4833 
44 14.26394 192.6071 63.6117 
45 14.11209 201.2024 68.0193 
46 13.95459 210.1176 72.7205 
47 13.79136 219.3569 77.7299 
48 13.62235 228.9234 83.0624 
49 13.44752 238.8198 88.7329 
50 13.26683 249.0475 94.7561 
51 13.08027 259.6073 101.1469 
52 12.88785 270.4988 107.9196 
53 12.68960 281.7206 115.0885 
54 12.48556 293.2700 122.6672 
55 12.27581 305.1431 130.6687 
56 12.06042 317.3346 139.1053 
57 11.83953 329.8381 147.9883 
58 11.61327 342.6452 157.3280 
59 11.38181 355.7466 167.1332 
60 11.14535 369.1310 177.4113 
61 10.90412 382.7858 188.1682 
62 10.65836 396.6965 199.4077 
63 10.40837 410.8471 211.1318 
64 10.15444 425.2202 223.3401 
65 9.89693 439.7965 236.0299 
66 9.63619 454.5553 249.1958 
67 9.37262 469.4742 262.8299 
68 9.10664 484.5296 276.9212 
69 8.83870 499.6963 291.4559 
70 8.56925 514.9481 306.4172 
71 8.29879 530.2574 321.7850 
72 8.02781 545.5957 337.5361 
73 7.75683 560.9339 353.6443 
74 7.48639 576.2419 370.0803 
75 7.21702 591.4895 386.8119 
76 6.94925 606.6460 403.8038 
77 6.68364 621.6808 421.0184 
78 6.42071 636.5634 438.4155 
79 6.16101 651.2639 455.9527 
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Illustrative Life Table: Single Life Actuarial Functions, i = 0.06 


Age a, 1,000 A, 1,000 QA.) 
80 5.90503 665.7528 473.5861 
81 5.65330 680.0019 491.2698 
82 5.40629 693.9837 508.9574 
83 5.16446 707.6723 526.6012 
84 4.92824 721.0431 544.1537 
85 4.69803 734.0736 561.5675 
86 4.47421 746.7428 578.7956 
87 4.25710 759.0320 595.7923 
88 4.04700 770.9244 612.5133 
89 3.84417 782.4056 628.9163 
90 3.64881 793.4636 644.9611 
91 3.46110 804.0884 660.6105 
92 3.28118 814.2726 675.8298 
93 3.10914 824.0111 690.5878 
94 2.94502 833.3007 704.8565 
95 2.78885 842.1408 718.6115 
96 2.64059 850.5325 731.8321 
97 2.50020 858.4791 744.5010 
98 2.36759 865.9853 756.6047 
99 2.24265 873.0577 768.1330 

100 2.12522 879.7043 779.0793 
101 2.01517 885.9341 789.4400 
102 1.91229 891.7573 799.2147 
108 1.81639 897.1852 808.4054 
104 1.72728 902.2295 817.0170 
105 1.64472 906.9025 825.0563 
106 1.56850 911.2170 832.5324 
107 1.49838 915.1860 839.4558 
108 1.43414 918.8224 ; 845.8386 
109 1.37553 922.1396 851.6944 
110 1.32234 925.1507 857.0377 
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Illustrative Life Table: Joint Life Actuarial Functions, i = 0.06 


Age um 1,000 Ax 1,000 CA) sio 1,000 Asso 1,000 CA, uu 
0 16.13448 86.7274 50.8875 16.28443 78.2400 34.7076 
1 16.71842 53.6745 17.4565 16.55328 63.0218 18.1309 
2 16.70637 54.3565 16.9753 16.52270 64.7527 18.2195 
3 16.68957 55.3072 16.6683 16.48839 66.6947 18.4277 
4 . 16.66839 56.5060 16.5191 16.45053 68.8378 18.7468 
5 16.64317 57.9339 16.5121 16.40925 71.1745 19.1700 
6 16.61421 59.5733 16.6824 16.36464 73.6996 19.6923 
7 16.58178 61.4085 16.8664 16.31677 76.4091 20.3096 
8 16.54614 63.4258 17.2017 16.26571 79.2997 21.0188 
9 16.50749 65.6137 17.6271 16.21147 82.3696 21.8172 

10 16.46599 67.9626 18.1330 16.15408 85.6181 22.7036 
11 16.42178 70.4655 18.7116 16.09353 89.0457 23.6776 
12 1637492 73.1176 19.3572 16.02977 92.6543 24.7402 
13 16.32547 75.9170 20.0661 15.96277 96.4469 25.8935 
14 16.27340 78.8643 20.8373 15.89244 100.4282 27.1413 
15 1621865 81.9632 21.6726 15.81866 104.6042 28.4891 
16 16.16111 85.2203 22.5769 15.74131 108.9826 29.9441 
17 16.10065 88.6424 23.5556 15.66025 113.5710 31.5141 
18 16.03715 92.2366 24.6142 15.57534 118.3771 33.2071 
19 15.97049 96.0099 25.7588 15.48645 123.4087 35.0317 
20 15.90053 99.9697 26.9958 15.39343 128.6737 36.9970 
21 15.82715 104.1234 28.3320 15.29615 134.1800 39.1126 
22 15.75021 108.4786 29.7746 15.19448 139.9353 41.3884 
23 15.66958 113.0429 31.3311 15.08826 145.9474 43.8349 
24 15.58511 117.8241 33.0098 14.97738 152.2240 46.4632 
25 15.49667 122.8299 34.8192 14.86169 158.7725 49.2847 
26 15.40413 128.0682 36.7681 14.74106 165.6003 52.3114 
27 15.30734 133.5468 38.8662 14.61538 172.7144 55.5555 
28 15.20617 139.2737 41.1234 14.48452 180.1217 59.0301 
29 15.10047 145.2564 43.5502 14.34836 187.8286 62.7483 
30 14.99012 151.5028 46.1574 14.20681 195.8411 66.7238 
31 14.87498 158.0203 48.9566 14.05976 204.1648 70.9706 
32 1475491 164.8162 51.9595 13.90712 212.8047 75.5028 
33 14.62981 171.8977 95.1785 13.74882 221.7652 80.3352 
34 14.44953 179.2716 58.6264 13.58478 231.0501 85.4824 
35 14.36398 186.9444 62.3164 13.41497 240.6623 90.9593 
36 14.22304 194.9221 66.2622 13.23933 250.6040 96.7805 
37 14.07662 203.2104 70.4777 13.05785 260.8765 102.9610 
38 13.92461 211.8144 74.9770 12.87052 271.4799 109.5154 
39 13.76695 220.7386 79.7749 12.67736 282.4136 116.4579 
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Illustrative Life Table: Joint Life Actuarial Functions, i = 0.06 


Age á,. 1,000 A, 1,000 CA) d... — L000A,,,, 1000 CA, 40) 
40 13.60357 229.9867 84.8858 12.47840 293.6755 123.8024 
41 1343441 239.5619 90.3247  12.27370 305.2625 131.5623 
42 18325943 249.4664 96.1064 12.06333 317.1700 139.7502 
43 13.07861 259.7015 102.2457 11.84740 329.3924 148.3778 
44 12.89194 270.2677 108.7571 11.62604 341.9222 157.4559 
45 12.69943 281.1642 115.6552 11.39940 354.7507 166.9939 
46 12.50112 292.3892 122.9537 11.16767 367.8678 177.0001 
47 1229706 303.9398 130.6661 10.93105 381.2615 187.4810 
48 12.08733 315.8114 138.8051 10.68978 394.9184 198.4414 
49 11.87202 327.9986 147.3826 10.44412 408.8233 209.8841 
50 1165127 3404941 156.4003 10.19438 422.9597 221.8099 
51 1142522 3532895 165.8951 9.94087 437.3092 2342171 
52 1119405 366.3746 175.8482 9.68395 451.8518 247.1016 
53 10.95797 3797377 186.2752 9.42400 466.5661 260.4567 
54 1071721 393.3656 1971814 9.16142 481.4292 274.2728 
55 1047203 4072435 208.5696 ^ 8.89664 496.4168 288.5375 
56 10.2273 4213546 2204410 8.63011 511.5030 303.2353 
57 9.96964 435.6810 232.7940 | 836232 526.6612 318.3475 
58 9.71308 450.2029 245.6050 8.09375 541.8633 333.8526 
590 9.5345 464.8990 2589275 | 7.82491 557.0805 349.7258 
60 9.19114 4797465 272.6022 7.55688 572.2833 365.9390 
61 8.92659 494.7213 286.9070 7.28853 587.4417 382.4614 
62 866024 5097977 301.5568 7.02206 602.5251 399.2593 
63 839257 5249491 316.6234 ^ 6.75745 617.5030 416.2961 
64 8.12406 540.1477 332.0853 6.49524 632.3449 433.5327 
65 7.85522 555.3647 347.9183 6.23597 647.0206 450.9279 
66 7.58658 570.5707 364.0047 5.98016 661.5006 468.4383 
67 731867 5857356 380.5839 5.72831 675.7560 486.0192 
68 7.05202 600.8289 397.3525 5.48092 689.7590 503.6243 
69 6.78718 615.8203 414.3642 5.23847 703.4830 521.2065 
70 6.52467 630.6790 431.5808 5.00138 716.9030 538.7185 
71 . 626504 6453750 448.9598 4.77008 729,9954 556.1128 
72 6.00881 659.8785 466.4505 4.54495 742.7386 573.3422 
73 545650 6741606 484.0346 4.32634 755.1127 590.3606 
74 5.50858 688.1934 501.6893 4.11456 767.1002 607.1233 
75 526555 701.9508 519.2266 3.90989 778.6857 623.5869 
76 5.02788 715.4057 536.7489 3.71254 789.8559 639.7107 
77 479586 7285362 554.1588 — 3.52273 800.6001 655.4561 
78 457002 741.3197 5714091 3.34060 810.9096 670.7874 
79 435066 753.7364 588.4536 3.16625 820.7782 685.6720 
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Illustrative Life Table: Joint Life Actuarial Functions, i = 0.06 


Age d. 1,000 As 1,000 CA,,) [m 1,000 Áo 1,000 CA. ap 
80 4.13809 765.7683 605.2473 2.99977 830.2020 700.0806 
81 3.93260 777.3999 621.7467 2.84117 839.1791 713.9874 
82 3.73442 788.6175 637.9108 2.69046 847.7098 727.3701 
83 3.54375 799.4102 653.7007 2.54760 855.7965 740.2101 
84 3.36075 809.7690 669.0804 2.41251 863.4431 752.4921 
85 3.18552 819.6876 684.0169 2.28509 870.6554 764.2049 
86 3.01814 829.1617 698.4806 2.16521 877.4407 775.3401 
87 2.85866 838.1892 712.4451 2.05273 883.8075 785.8931 
88 2.70706 846.7701 725.8879 1.94748 889.7655 795.8619 
89 2.56332 854.9067 738.7899 1.84925 895.3253 805.2478 
90 2.42735 862.6027 751.1355 1.75786 900.4984 814.0543 
91 2.29908 869.8636 762.9129 1.67309 905.2969 822.2875 
92 2.17836 876.6967 774.1136 1.59471 909.7331 829.9554 
93 2.06505 883.1102 784.7323 1.52251 913.8199 837.0680 
94 1.95899 889.1137 794.7670 1.45626 917.5703 843.6367 
95 1.85998 894.7179 804.2185 1.39571 920.9973 849.6744 
96 1.76783 899.9341 813.0901 1.34065 924.1140 855.1951 
97 1.68232 904.7742. 821.3876 1.29084 926.9335 860.2140 
98 1.60324 909.2506 829.1188 1.24605 929.4689 864.7475 
99 1.53035 913.3762 836.2934 1.20604 931.7333 868.8126 

100 1.46344 917.1638 842.9228 1.17060 933.7399 872.4279 
101 1.40226 920.6266 849.0197 1.13946 935.5020 875.6129 
102 1.34659 923.7777 854.5980 1.11241 937.0336 878.3888 
103 1.29620 926.6301 859.6727 1.08917 938.3489 880.7785 
104 1.25086 929.1969 864.2600 1.06949 939.4630 882.8066 
105 1.21032 931.4911 868.3771 1.05308 940.3917 884.5002 
106 1.17437 933.5261 872.0421 1.03965 941.1518 885.8881 
107 1.14277 935.3151 875.2746 1.02889 941.7609 887.0017 
108 1.11526 936.8720 878.0956 1.02047 942.2374 887.8735 
109 1.09161 938.2110 880.5276 1.01406 942.6001 888.5376 
110 1.07154 939.3470 882.5952 1.00934 942.8678 889.0280 
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ILLUSTRATIVE SERVICE TABLE 


Appendix 2B 


Age 
x 1 dto dt? do qo S, 
30 100 000 100 19 900 = — 1.00 
31 79 910 80 14 376 — = 1.06 
32 65 454 72 9 858 =a = 1.13 
33 55 524 61 5 702 = = 1.20 
34 49 761 60 3971 = — 1.28 
35 45 730 64 2 693 46 — 1.36 
36 42 927 64 1 927 43 — 1.44 
37 40 893 65 1431 45 — 1.54 
38 39 352 71 1 181 47 = 1.63 
39 38 053 72 989 49 = 1.74 
40 36 943 78 813 52 — 1.85 
41 36 000 83 720 54 a 1.96 
42 35 143 91 633 56 — 2.09 
43 34 363 96 550 58 — 2.22 
44 33 659 104 505 61 — 2.36 
45 32 989 112 462 66 — 2.51 
46 32 349 123 421 71 = 2.67 
47 31 734 133 413 79 m 2.84 
48 31 109 143 373 87 — 3.02 
49 30 506 156 336 95 — 3.21 
50 29 919 168 299 102 = 3.41 
51 29 350 182 293 112 — 3.63 
52 28 763 198 259 121 = 3.86 
53 28 185 209 251 132 — 4.10 
54 27 593 226 218 143 — 4.35 
55 27 006 240 213 157 m 4.62 

, 56 26 396 259 182 169 — 4.91 
57 25 786 276 178 183 = 5.21 
58 25 149 297 148 199 — 5.53 
59 24 505 316 120 213 — 5.86 
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x 19 dt dt? d® qo S, 

60 23 856 313 = EE 3 552 621 
61 19 991 298 = z 1 587 6.56 
62 18 106 284 = = 2 692 6.93 
63 15 130 271 = = 1 350 7.31 
64 13 509 257 = = 2 006 7.70 
65 11 246 204 = "e 4 448 8.08 
66 6 594 147 = = 1 302 8.48 
67 5 145 119 = = 1 522 8.91 
68 3 504 83 = En 1381 9.35 
69 2 040 49 = = 1 004 9.82 
70 987 17 = T 970 10.31 
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SYMBOL INDEX 


"i 148 nj 2 
i es sis 109 
„Ës 145 Ay 281 
NIU 153 y 280 
gs 572 Axy 290 
"n 290 Ag ae 
fi 280 Avy 293 
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Symbol Page Symbol Page 


Awa 280 a 68 
As 283 ê, 512 
A 281 D 71 
WXY 565 Cry 272 
Xq1X2X3 561 xy 272 
VAS 486 by 272 
yt: 512 z aa 
(AS),., 351 E 5, A5 
(AAI) 526 s x 
F, 501 
b(u) 587 H de 
” me (ES), 351 
, ELRA 525 
b(t) 600 
B, 611 f 609 
By, 344 fant) 490 
B® 549 
xci 
O) f«(s) 34 
BO, 342 E.) a 
,BP 509 E d 
po 35 
c 410 F.(s) 34 
" 486 F Pe 
ê, 512 
c(t) 399 G 4, 449, 467 
e: 65l G 531 
C 65l G(b) 407 
Cs Cel G(x:0.,8) 387 
C, 234 
CV 486 h(x) 453, 609 
H(r) 600 
() 
E 316 H(x:e, Bx) 387 
P E p), 548 
Wo 316 (us). 548 
D, 557 iL. or 
D 71 T 512 
(DAY 117 i(s,s f) 656 
(DA). 108 i ED 
"a 59 n d 
,3U 316 
gy 316 Lx) 17 
2 i 638 
(IA), 115 
(IA), 106 
Eri iu (IA), 106 
€, 69 
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Symbol Page Symbol Page 


(IA), 106 pe 310 
(1A): 118 pe 319 
tPxy 264 
J 149, 308 Pa 268 
j(s,s +t,s + u) 656 uP pee 575 
: Pram 560 
K, 214 P(x) 318, 622 
K 55 P(s,f) 656 
K(x) 54 P, 616 
K(xy) 267 Tp, 610 
KE) 271 pe 501 
P, 180 
L 58, 593 Py 638 
hy) 75 P, 638 
A ate PA, 473 
l(x,u) 587 P- 183 
l (x,u) 600 Be 573 
L 170, 417 Ed xd 
L, pud pi 183 
Ly d D» 195 
2 uu P*"(x) 369 
d io „P, 183 
A p a 183 
"n 489 (Pa)(x) 622 
Me (Pa) 619 
£(x) 58 x 
eo 316 P(A.) 188 
m Pd.) 183 
mix) 68, 614 Pas) se 
/ P(A, 170 
io os POA.) 183 
n 2 poA.) 191 
up 322 PAS) e 
i x P(A) 173 
i Es PAL) 175 
e) P(A.) 173 
608 POA) 189 
ie POXA) 189 
P(A,) 173 
h X. 
Nit) 406, 519 BÀ) i 
() 641 PL = 
3: se pPO( Aa) 189 
p(x) "i peas) 191 
Pr PAZ) 573 
is PAS) 573 
po) 370 d 
tPx 53 
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Symbol Page Symbol Page 


PB 195 T(x) 52 
E 70, 347, 593 
A Ros T(xy) 263 
b ER T(xy) 268 
" 350 u(w) 4 
a? 350 uth) 481 
UN 512 u(t) 399, 481 
Vey 263 U, 629 
Kix 54 U, 401 
Ge 53 ü, 405 
un" 310 
qo 310 V, 94 
quo 319 b, 645 
dh. 53 Vj 406 
: qi, 291 V, 629 
le 292 Vs 215 
kffxy 267 Vel 216 
ui 566 Vla 216 
1 Vs 216 
oxi 569 VET 521 
Va 574 
i 6083 A 216 
fc 526 tV = 216 
fr End yen 222 
TN “Mod 
(rA), 611 MI oe 
(T), 629 kV Gad) 216 
(rV), 629 MS s 
R 410, 594, 601 VA) 206 
R 401 Va) 212 
R(x if) 352 V(Ala) 212 
VL) 212 
s(x) 52 ,V(A, M9 518 
5 194 VA 574 
s(x,u) 587 VOA) 224 
SA 140 VAP) 225 
Sa 146 iV(Ala) 221 
S 27, 367 hV(À.) 212 
S(t) 399 IA a) 212 
S, 401 £V CAL) 224 
S, 351 
,SC 500 w(x) 608 
W, 354, 402 
T 55, 400 W, 608 
T 401 W 503 
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Symbol Page Symbol Page 
W, 503 3 96 
Wea 503 8, 96 
IW, 503 
(Wa), 627 0 41, 617 
WA 503 
WA 503 MH 625 
iW(A,) 503 (Ln) 659 
A 373 
(x) 52 A, 242 
(X1X5 ae Xn) 263 
(XX; Pp X4) 268 
k u(x) 55 
xix, Xn 556 y(t) 79 
k] Td 351 
Xjxy tt tots 556 jee 351 
X; 27, 367 py” 351 
X(0) 617 p(t) 311 
(t) 311 
Y 134 TK) 266 
y(s,s +m) 657 m(t) 270 
Y(t“) 659 p(x,u) 589 
zi 94 Th 230 
Z 94 T, 597 
as 352 
p 610 
a 294, 519 
alm) 152 T 310, 608 
ā 520 
acRYM 522 (x) 600 
ou) 600 
p 519, 610 
Bm) 152 yu) 400 
B 520 iu) 401 
pom 522 (ut) 400 
Bu) 600 puw) 427 
: (uw) 404 
Pa) 374 
w 63 
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GENERAL RULES FOR SYMBOLS 
OF ACTUARIAL FUNCTIONS 


An actuarial function is represented by a principal symbol and a combination of 
auxiliary symbols such as letters, numerals, double dots, circles, hats, and horizon- 
tal and vertical bars. The principal symbol expresses the general definition of the 
function; choice and placement of the auxiliary symbols at the top and corners give 
precise meaning. We review the rules for selecting and placing the symbols and 
show one or more functional forms in common application areas. 


This notation is based upon the system of International Actuarial Notation (IAN) 
that was originally adopted by the Second International Congress of Actuaries in 
London in 1898 and is modified periodically under the guidance of the Permanent 
Committee of Actuarial Notations of the International Actuarial Association. IAN 
is a basic system of principles that does not cover all areas of actuarial applications. 
In this text these principles have been followed, and sometimes extended, to con- 
struct consistent notation where needed. 


This Appendix is meant to provide the reader with an overview of basic patterns 
for expressing the symbols appearing in this book. Although it is a good introduc- 
tion to IAN, it is not exhaustive. Authoritative sources for further reference are: 

* Actuarial Society of America, "International Actuarial Notation," Transactions, 

XLVIIL, 1947: 166-176. 
* Faculty of Actuaries, Transactions, XIX, 1950: 89. 
* Journal of the Institute of Actuaries, LXXV, 1949: 121. 


An actuarial symbol can be viewed as illustrated below. Box I represents the 
principal symbol, the others subscripts or superscripts. The roman numerals in the 
boxes correspond to the section designations of this Appendix. 


E [v 
IIl 
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Section II. 


Lower Space to the Right 


Auxiliary 
Symbol Description Examples 
x; 10 A single letter or numeral is the individual's age — a; Ap 
at the commencement of the overall time period gx) 5410 
implied by the principal symbol. Ay; Aio 
nl; 10] A term certain is indicated by a single letter or Asa; ap 
numeral under an angle. 
[x]; [35] Alphanumeric expressions enclosed by brackets lj Ipso 
[x] + t; indicate the age at which the life was selected. A edd 
[35 — n] term, representing duration since selection, may tre 
tn be added to the bracketed expression to express 
the attained age of the life. 
xyz or x:y:zz Two or more alphanumeric characters indicate a Ludi A gre 


25:10] 
a 


x10); xyz 
1 


XYZ; 65:60:10] 


joint status that survives until the first death or 
expiration of the indicated lives and terms certain. 


This symbol emphasizes the joint status when 
ambiguity is possible. 


Numerals can be placed above or below the 
individual statuses of a collection of alphanumeric 
characters to show the order in which the units 
are to fail for an (insurable) event to occur. 
Benefits are payable upon the failure of the status 
with a numeral above it. 


A horizontal bar over a collection of 
alphanumeric characters defines a status that 
survives until the last survivor of the individual 
statuses fails. 


A single alphanumeric character, say, r, above the 
right end of the bar over the set of alphanumeric 
characters defines a status that survives as long as 
at least r of the individual statuses survive. If the 
r is enclosed in brackets, the status exists only 
while exactly r of the individual statuses survive. 


s10) Pos.to} 
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Auxiliary 


Symbol Description Examples 
ylx; 60/55 A vertical bar separating the alphanumeric Aye 
yzlx characters indicates that the income or coverage d ds 
1 
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Section Ill. 


of the principal symbol commences upon the 
failure, as specified, of the status before the bar 
and continues until the failure of the status 
following the bar, providing the statuses fail in 
that order. 


Lower Space to the Left 


Auxiliary 
Symbol 


Description Examples 


n; 15 


n|m; n| 


A single alphanumeric character shows the time Ps 15E30 
for which the principal symbol is evaluated. For 
an annual premium, P, this position shows the 
maximum number of years for which the 
premiums are paid if this is less than the period 
of coverage of an insurance or the period of 
deferral for a deferred annuity. 


2oP»s; 20V o 


An alphanumeric pair separated by a vertical bar jinx; nx 
indicates a period of deferment (left of the bar) 

and a period following deferment (right of the 

bar). In some cases, when either is equal to 1 or 

infinity, it can be omitted. 
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rR a a ES a EET, 


Section IV. 


Top Center 


Auxiliary 
Symbol 


Description 


Examples 


The double dot (dieresis) on an annuity symbol 
indicates that the payments are at the beginning 
of the periods, that is, an annuity-due. Without 
the dieresis, the annuity is an annuity-immediate 
with payments at the ends of the periods. 


A horizontal bar indicates that the frequency of 
events is infinite. For annuities the payments are 
considered to be made continuously, and for 
insurances the benefit is paid at the moment of 
failure. 


A circle (degree sign) means that the benefit or 
lifetime is complete, that is, credited up to the 
time of death. 


ig Say 
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Upper Space to the Right 


Auxiliary 
Symbol 


Description 


Examples 


(m); (12) 


im]; {12} 


An alphanumeric character in parentheses shows 
the number of annuity payments in an interest 
period, usually 1 year. For an insurance it is the 
number of periods in a year at the end of which 
the death benefit can be paid. On multiple 
decrement symbols it indicates the cause of 
decrement to be used or that the total of all 
decrements is to be used. 


An alphanumeric character in braces shows the 

number of apportionable annuity-due payments 
in a time period, usually 1 year. On a principal 

symbol of a premium or a reserve, it shows that 
premiums are paid on this basis. 


An alphabetic character indicates the special basis 
used for the actuarial present value. 


12 
s$ ). Aw 


2). 
qP; pp 


5112} 1 
A 30:207 m 
SPAM 
VPA) 


Gro EH 
Bese Aix 
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Section VI. 


Upper Space to the Left 


Auxiliary 
Symbol Description Examples 
h; 2 Alphanumeric character indicating the number of — 2V 3 


years during which premiums are paid if this is 
less than the coverage period of the insurance or 
the deferral period of the deferred annuity. This is 
used only on the principal symbols V or W where 
Position III is used for the time for which the 
function is evaluated. 


In this text a new use for this position is to show 
that the actuarial present value of an annuity or 
an insurance is calculated at a multiple of the 
assumed force of interest. 


24.25 
Ag “tag 
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Appendix 5 


SOME MATHEMATICAL 
FORMULAS USEFUL 
IN ACTUARIAL MATHEMATICS 


The purpose here is not to recall familiar standard formulas and techniques, but 
to indicate some that may be less familiar to actuarial students. 


Calculus 


If 


BO 
FO = [^ fos 0 dx 
a(t 
then 


BE) 
dF() _ Í 2. Fx, t) dx + FBO), t) £ Bt) 


dt a(t) Ot 
- flat, D 5. at) 
dt 
Calculus of Finite Differences 
Operators 
a. Shift: 


E[f(9] = f(x + 1) 
b. Difference: 
Af(x) = f(x + 1) - f(x) = (E - Dfe) 
c. Repeated differences: 
Af) = A[A"™ f(x)] 
-(E- 1)" fœ) 


= X OD" for + 8 


ie 
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d. Difference of a product: 
A[f(x) g(x)] = f(x + 1) Ag(x) + g(x) Af) 


e. Antidifference: 


If 
Af(x) = g(x), 
then 
A™ g(x) = f(x) + w(x) 
where 


w(x) = w(x + 1). 


Applications 
a. Representation of a polynomial (Newton's formula): Let p,(x) be a polynomial 
of degree n; then 


Pal) = > (* a ‘) A‘p,(a). 
b. Summation of series: 


If 


then 
FO) = F2) - BD 
f(2) = F(3) - FQ) 


fn) = F(n + 1) — F(n) 


ntl 


1 


> fe) = F(n + 1) - FQ) = A"! f(x) 


c. Summation by parts: 


n+1 n+1 


> g(x) Af(x) = FAL] — — A [fx + 1) Ago) 


1 


[Proof: Sum each side of the equation for A[f(x)g(x)] from x = 1 to x = n.] 
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c. 0.013770 0.013770 0.013770 
Sa ane y oer 
w— x atl 
3.36. a. 0.000877 b. 0.999189 
3.37. a. 0.4076 b. 0.1786 
3.39. 0.97920 
Fix] 
3.40. log| 1 2 log(1 — quj 
341. g} < 2g, 
1+ Bc? —A/(B log c) 
3.43. a. | ————- 
2 ( ea: 
57 
3.44. a. 4n b. 77.2105 
-g 1 
3.45. b. -log(1— g) c. » d. 
EE i T Noga Ps 
3.49. qio = 0.0055547, gay = 0.0027812 
3.50. Check value e, = 35.367 
3.51. ej = 46.038, e,, = 28.366, e, = 13.264, eg, = 3.889, 


C199 = 0.508 


———M—————— MS —À Án Án 
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3.52. 
3.53. 
3.54. 
3.55. 


Check value &4, = 35.867 

Starting value e„g = 0, Check value ex,55 = 19.369 
Starting value e,7q = 0, Check value e479 = 9.809 
esz = 24.610 


Chapter 4 


45. b. Ala = 3 DE AA c ^ es = (A4, where n satisfies (b) 
2 AOE Cove 
w+ 8’ ao A(u + 8) 
4.6. a. 0.237832 b. 0.416667 
47. a. 0.092099 b. 0.055321 
20 20 y 
4.8. a. 1 , 
?- 300 — x) | (x = -) | 
20 i 20 Y 20 , 2 YN 
7(100 — x) 120 — x 3(100 — x) 120 - x 
20 20 Y 2D 
b. 10-1 100 
3(100 — x) | (x - -) ( ala - ;) | 
p 2 M 
410.a.——— b. 
MITES da -2B (w+ | 
|. J02z2€99 O<z<1 
BU UTE 0.0 elsewhere 
c. 1/6, 25/396. 
0.0 z«uv 
4.442. F(z) = 410 - Flog z/log v) vo" -z«1 
1.0 1xz 
0.0 z«eC 1? 
4.13. a. F2) = 427% em EE 
10 1zz 
c. 1/6 + (5/6)e 1 
4.14. a. 0.407159 b. 5.554541 
4.16. a. 0.5 b. 0.05 
417. b. (LA), = (LA) + mAH 
oo m—1 
= = 
423. A, + May 
4.24. 4,007.85 
9,100 
4.26. a. — 
a J4- k 


b. 1,000,0002A,4 — (A,AY] + (kay PAL; — (Alg)?] — 2,000 kr Aly A, 


where 7 is the net single premium in (a) 


ae e À 
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4.27, 


a. 0.307215 


4.34. a. A320 = 0.01827 
"Anna = 0.01143 
b. 110,933,839 
4.35. b. A,g = 0.0 
4.36. a. 3.06569 b. (IA), = (Aly + vp, Åp) + up, (IA, (IA), = 0 
c. (IA), = [QA).g gh Up, Axl + Up, A). (1A),, r= 0 
d. (IA), = (d/9)lg, + py Aver] + vp, QA 
=a d] f/i— ò 3 Bs 
A), m m C S V + Px Ayy a up, UA). 
ò i 
4.38. b. Aya —-1] c Aga = 0.34743 
4.39. mean = 38,056.82, variance = 42,337,224.63 
Chapter 5 
5.1. a. 16.008, 12.761, 5.397 b. 3.137, 10.230, 9.523 
5.2. a. 0.111, 0.251, 0.572 b. 0.0251 
54. —Var(v') = —-(A, — A?) 
1 
1- (1 — y)! 0xyc- 
56. a. E(y) = f 1 TS 
$ 
l1- (1 -8y Osy<a 
De i a= y 
1 — (v" — y)? pepe 
c. Fy) = ; v" _ 
8 d y 
0 0 « ys ^s 
d. E(y) = 41— (1 — &yy^ d <y <5 
1 
: S " " E n=1,2,... 
5.7, Gy T Ay — US Py ayant zb UP Artin x=0,1,... 
4,5; = f,3 which equals 1/2 by the trapezoidal rule 
» p F E v0 54 
5.8. n|x =U" aA ecu] + Up, n|U cei n= 0, 1, 2, aie te 
Ajo = 0 
99. du = U" Py Axin + Tal vp) + vp, a; 
aon = 84 
2 
5.14. - (4,4 ^a.) KM (Qa 


1 


ee — SSS A terpenes t 
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5.15. 


5.16. 


5.17. ü 


5.22. 


5.34. 
5.35. d 


5.36. 


5.38. 


5.41. 


se» 2c 


do A, 
m-1 1 (y-xym-1 
cx h hh 
a. m 2 U » h/m Dx at m 2 ve himPx 
=m 


b. a(m) — B(m)(1 —vp,) 
c. (x) = a(m) — B(m)1 — vp), d(x) = vp,, 
m—1 ; m—1 


yp T 2m (1 V gear nËx m EDU nEx 


a. a(m) $55.2 — BON) (3 


(it) eor K=0,1,...,”n-1, 


a. Y= y 
(13), K-2n,ncdl1... 
NC 
Y (Da) ris K=0,1,...,n-1, 
a. f= 
(Da) P K=nn+1,... 
wey (1) 
Y (IA) eri K=0,1,...,n-1, 
a. 


ACD) 
n cn K=n,n+1,..., J 


. a. dt, + 0.03(Ia), 


8 


b. ys (1.03** v* ,p, = i evaluated at interest rate i’ = 


k=0 


Jer d 


(12) (12) (12) (12) (12) 
1 200( + 10430 + 3 29430 F D 30830 10 40830 
so 4) > 


wE 30 


SR — 25P35 435) 


=0 


= 1) b. (i) 15.038 (ii) 196.380 


0, 1, ,m-1 
0, 1, ,m-1 
0, 1, ,m-—1 
,m— 1 
i — 0.03 
1.03 


a Wd 
VP gel o y Ban + o” py Sls 
a. a(m) = 14 “ ô + atte €: Sm 854 
Bn) = "1 | puc ee eg DOE CE 
b. a(~) = 1 + = e+ am Stet 
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I I I Dy Tees! ie 
44.-+(J-=])v7-+(y- = --| @A,-# 
sas. ta (1-2) ot (72a. (1-2) ea, a 
5.45. a. 14.353 b. 13.350 c. 1.002 
5.51. a. 488.23 b. 700.48 c. 531.77 
5.53. ü.ig = 7.45735 
5.54. dssqq = 7.19783 
5.56. fissaq) = 7.19783 
5.57. lig = 6.46348, Var(X) = 1.82621 
5.58. à? = 10.13343, Var(Y) = 16.87662 
5.59. 10.41532 
Chapter 6 
6.1. —0.43202, 0.39760 
6.3. 0.303598 
6.4. a. 0.02 b. 0.00857 c. 0.02885 
fu x 
6.6. =e 
9 pt 28 i 
6.10. 
Annual Premiums for (35) 
Fully Fully 
Insurance Continuous Semicontinuous Discrete 
10-Year endowment 0.075128 0.072885 0.072810 
30-Year endowment 0.015371 0.014894 0.014751 
60-Year endowment 0.008913 0.008621 0.008374 
Whole life 0.008903 0.008611 0.008362 
30-Year term 0.005117 0.004958 0.004815 
10-Year term 0.002669 0.002589 0.002514 
1-r 1-r 
12. A, = P. = 
HRN Rak ae o pern 
UN nace ae 
* o l-i-r 
decet. (1 — nr 
(dà, 1+2i+i? -r 
6.13. 0.019139 
6.15. 0.032868 
6.16. 0.0413 
6.17. With the common (A pz) omitted from the premium symbols, 


P< pO s pue pup 
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100 


6.18. — 
99 
6.19. 740.93 
6.21. P(A'1555) where A’j539 is the actuarial present value of a 20-year term insur- 
ance on (45) under which 5,,, = Sq] 
6.22. a. 11.5451, 20.4106 b. 6.3099, 25.6458 
6.24. P, 
6.25. b. PAY) + do 
65:10 
1 
6.26. ——— SOR - 
(1.1 äg — 0.1 S sag) 
6.27. 0.008 
6.29, 114000 A, + 25 tm 
ag um 1.153A), 
6.29. 2 As = Aag 
2 fs ib Isis 
EP LX. 
630. L, = v" — P(A Jän = 1 (2 Jen -L 
6.31. a. —0.08 b. 0.1296 c. 0.1587 
6.32. cfe ot 
2ü, ~ d.a 
TEE 
6.33. P(A) — POXA) = 4P(À) ew a) 
ME 
4p w/d 5 
E (s 5) 3 Zu <1 
6.35. a. F(u) = 494 + PA +P à 
elsewhere 
1 
6.36. a. —— 
V3 
b. 0.02 
Chapter 7 
7.1. V = 0.15111 ,V = 0.30800 „V = 0.47118 V = 0.64067 
72. ,V = 0.14925 ,V = 0.30492 ,V = 046741 ,V = 0.63712 
73. V = 1287] ,V=26996 ,V = 42558 „V = 5.9748 
7.4. V = 0.15064. ,V = 0.30730 ¿V = 0.47025 ,V = 0.63980 
5 " v 
75. a. l= >| e911.06 7037/97/83 dt where 8 = log(1.06) 
0 


= 1 ft Za Eis ob - . 
iV = 10 log G | gP MLO Ure P/S) E78] i) where P and 8 are as in (a) 
0 


Appendix 7 727 


b. P = 0.388380, ,V = 0.182825 


pep od U<n-t 
pt 


7.6. es 
= IA U=n-t 


A 
74. ELL) = Aerin Var(L) = Ani — sth 


82 
7.8. a. Åz — pP (Ausg) Aso D. Ag 

79. a. ug = og.) b. 23.2476 

7.10. 41.7524 

7.11. F,(y) = 0 y <u"! — P(A.a) a 


oy + P(A a 
LF LM xn) 
TTD (: Bo Ea PA 


F = prt P A, i < <1 
neu) 1 — Fr (t) (Aa) 4 Sy 
Fly) = 1 y > 1 
7.12. Fi(y) = 0 y < PU) acs 
FG 0D c afe -P(A a am my vt S 
1 ag Frw) tPx 
Io ot PAL 
1- PA. 
Prey ( 8/98 3 + PAL) 
ss n—t Á < < 1 
FAM 1- Fat) p P(Alz;) =y 
7.14. Asp = wP (Arg) Üso1d; LieP(Aso) — 49P(A49)] ās, 
40) - 
, 20P(Agy) 8 
| El sor 20P (Ao) Sao — 10K40 
7.15. Asoig = PA waa) 50:707 [P(A A oTa) = P(A oza) loa; 
Plom] = TE i 
[i Bes] PAn som- e 


i sog P (Asoia) uL (Asam) Aso Aozi 


ñoa P(Asysg) +8 ux Awa 
7.16. Plof) 83553 
7.18. (7.3.3) 
7.19. Aso — 2P40 ËsoTo Paso Pa ( — s : Asg, 


20P 49 S400 — 10K49 


ee 
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7.20. 


2.22; 


7.23. 


7.24. 
7.26. 
7.27. 
7.29. 
7.30. 


7.31. 


7.32. 


Ásy1ó P4929 450-1017 (P soig — P. 4039) !l59:10] 


P4539 
0:20 "m 
E sod P4939 549310 1040 


P. 50:10] 


1 aso.70 FP. 50:10] P 40:20] Aso Aog 
fog P. 5030] T d 1 Anz 


1 


5 


Fully 
Insurance Continuous Semicontinuous 


Fully 
Discrete 


30-Year endowment 0.17530 0.17504 
Whole life 0.08604 0.08566 
30-Year term 0.03379 0.03370 


0.17407 
0.08319 
0.03273 


(b) and (c) 
All but (d) 
All 

0.008 
0.240 


a. 0.005527 
b. 0.051255 
c. 0.946122 
d. 0.132109 


a. 0.0241821 b. 0.0189660 


Chapter 8 


8.1. 


8.2. 


8.3. 


8.5. 


1-—r 
V eae 

(1 — n(-* i-r) 
"q-20-ci-r) 


[ b, v' Px u(t) dt 
0 


Í w(t) v! ,p, dt 
0 


b. 
Stu 


a. (Poss ~ Uqy +t) aPx vq, 
b. (Prat Vlen) ipo iPx xj + idx P4) 
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c. If P, — Varen < 0, then Cov(C, Cj) <0 for allj < h 
8.6. If 1 — vq,., 853 < 0, then Cov(C, Cj) <0 for all j <h 


8.13. (A,m) is omitted from the reserve and premium symbols 


1 1 1 qoot s 
a.paV t+ 5aVt5P boyaV +5 nV 


6 5 Ve + zaV? d 3 V? ee „aV + Fi po 


ps 


V+ pe 


e. Same as (b) f 32! 3 


k 3 20 
8.14. 0.05448 
8.17. b. Var(L) = 0.076090 


8.18. a. 0.0067994 b. 0.1858077 c. 0.2012024 
d. 0.0275369 e. 0.0255406 
821. —,p,[8 VA) + PAJ 
8.22. a. p, [m, + &V — b, p,(6)] 
b. v'[m, + pt) V ii b, ust) 
c. v' P. Im — b, (t) 
8.26. a. and b. 1,491.03 c. 343.84 d. 0 
8.27. a. 1,490,915 
b. 6,450,962; 1,495,093, which is 1.00280 times the reserve 
c. 5,311,375; supplement is 3,791, which is 0.00254 times the reserve 
d. For b.: 645,096,250; 149,133,281, which is 1.00028 times the reserve 
For c: 531,137,500; supplement is 37,911, which is 0.00025 times the 


reserve 


8.28. a. 1,104,260 is the reserve for these policies 
b. 6,450,962; 1,108,438, which is 1.00378 times the reserve 
c. 5,311,375; supplement is 3,791, which is 0.00343 times the reserve 
d. For b.: 645,096,250; 110,467,781, which is 1.00038 times the reserve 
For c: 531,137,500; supplement is 37,911, which is 0.00034 times the 
reserve 


829. 5,000[,,V(À5)) + PAs) + 4 V(À3)] 
8.30. a. 0.2 b. 0.25 c. 0.7584 d. 0.27 
8.32. 0.081467 


8.34. a. 355.6563 
. 2,614.2511 


AA 
8.35. a. 100,000 EA 
1 — Asag 


b. 100,000 Aasa + SAgs + rao 


c 
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S — SA 


C. 
Ass 


d. $ = 18,575.08, V = 53,962.62 


Chapter 9 

nae ü TE a TE | (1 + = ye ? mec 
bf cuu 529 
Fr) <1 - quu sno 
ua +s) = = s>0 


92. 


9.3; 


9.4. 


9.6. 


9.7. 


9.8. 


9.10. 


1 


1 
e Colle): WW Gaye Bp, BE x» 


1 


a S zOotzo 
(esp ^ 
: 1 . 1 
Fron 9 |i-ucIs|i-gag3) 8h otro 
1 1 
Sruyr(y (Sr t) ~ a + sy? (1 + Dy? sz 0, t= 0 
a. p. nPy 
b. nPx E y 2 nPx nPy 
€ Px T Py 7 Px Py 
diu nPx nPy 
e. Same as for (d) 
E (1 — pd — Py) = Y — PaT Py F iP x Py 
nex 
1 
Tao da 
1 
Stoy (t) = ü cay Yo t=0 
1 
E[T(xy)] = ———— 
(Tel = zs 
= 3 
E =e 0 «t «10 
fran) z d 
0 elsewhere 
nx gr ny = nlx nly 


No, since for „gx the second death must occur in year n + 1, and this is not 
the case for the requested probability. 
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9.11. 


9.12. 


A 3455 + 20/440 e s[10740;55 


a. [AP + pla — at] 


2 1 


a. Prep (f) = 1 0-0? +22 t>0 
() = 2(n — 2) : : L0 
tre a + tyr! (1 + 2p 
pm 3 
b. E[T = => 
Haa s 
€. p(t) = 2(n — 2) IU + ee Tee 2] vu o 
as 2/( + 1y ? —170 + 242? 
: 
9 
2 29 
. a. 3 b. 30 c. 18.06 d. 36.94 e. 160.11 f. 182.33 
g- 82.95 h. 0.49 
. pas (D) es = 1 
531 
` 2,000 


(ty (et = fe" = 1) 


1 
ELE E b (e —1) (P - F 


0.05a __ 0.030 __ 
Tah 2 ame = 0] 
a 


e-1 


. a. 0.001500 b. 0.000266 c. 0.004232 


thereafter as (xy) exists. 


whichever is later. 


-lsz + foz — 25:307 

+ 20439 + osos — 2525:30 
1. 1. " 

: 6 Ley al at 5 "val + 3 ^il 


n 
m ui" nPx Ü enm n 


20/440:55 
ay 
d + ptr) — a) 


. a. 7.0753 b. 7.0756 


3 2 


.w=>x+5Ī 
w xc 


5 


. An annuity of 1 payable at the end of each year for n years and for as long 


. An insurance of 1 payable on the death of (x), or at the end of n years, 
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9.44. As, — Åsbo 
945. Arq — Ay + „Es Aga 


xTnu 


9.46. 
947. a. 0.2755 b. T Aos + 0.0015 A4o.«9 


9.48. z, 52.68 


w| =e 


9.49. a. a, + fy — ü.a b. v" nix 


9.51. u(x) eu ii Hey 
952. a. (po + A)e ett t>0 
b. e (2*9t t=0 
A 
Qut a 
Py + ga + A 


Chapter 10 


10.1. a. e^"? pb. M c. e P uf 


i50 - t? aco-m j 
b. : 

d BOS 50° € 3 

10.3. a. ft) = pay + pe tme (1 — pu + vje tet», 


Í 
10.2. d. 
K 3 


pu Uy Vi 
1) = + (1 » fD = +1 
f) utu ( magie. fi?) Pu +o, ( p 
b. s(t) = pe erent + qd A pe ert 
104. 4p) = 0.75321, 44S) = 0.03766, x9% = 0.16504 
10.5. a. 302.4 and 210.95 b. 231.0 and 177.64 


10.6. a. h(1) = 0.231, h(2) = 0.4666, h(3) = 0.3024 
b. h(1|k = 2) = 0.25, h(2|k = 2) = 0.75, h(3|k = 2) = 0 


107. = (a—xe*,d?—e*(1—e, 
d? —(a—-x-1e*—(a-x-2e*! 


=, 2 
10.8. 1,000 (==) e 


109. a. pP (uus HD b. pP na aP HE — na e pP uia 
10.10. 


k q” =1- (PPR quU =1- (pone 
0 0.17433 0.27332 
1 0.11210 0.21163 
2 0.05426 0.15410 
3 0.00000 0.10000 
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10.11. 


10.13. 
10.14. 
10.15. 
10.16. 


10.17. 


10.18. 


10.20. 


10.21. 


10.22. 


1 
al-e* bc c cf pO dt 
0 


0.0592 
a. 0.0909 b. 0.0906 


k m? mo 
0 0.18750 0.31250 
1 0.11765 0.23529 
2 0.05556 0.16667 
3 0.00000 0.10526 
x p? gt? q? qe 
62 0.76048 0.01767 0.02665 0.19520 
63 0.85027 0.02054 0.03193 0.09726 
64 0.82115 0.02578 0.03705 0.11603 
m? m? m 
" E ow we le gi m? q” q? q? 
62 0.02020 0.03046 0.22222 0.27288 0.01777 0.02680 0.19554 
63 0.02224 0.03459 0.10526 0.16209 0.02057 0.03200 0.09737 
64 0.02840 0.04082 0.12766 0.19688 0.02585 0.03716 0.11622 
X m mo m!® m!” 
65 0.02073 0.05181 0.02073 0.05183 
66 0.03141 0.06283 0.03144 0.06286 
67 0.04233 0.07407 0.04237 0.07412 
68 0.05348 0.08556 0.05355 0.08565 
69 0.06486 0.09730 0.06499 0.09744 


: 1 
Revise (a) to mt? i (1 + z mp) 


C. i gy = K; (L= e/a yey = K, © 
Gi = 1 -—e kept = 1 — (pS 


j t— 
gË — K; (1 — cB@/log N-D) = K; qP 
qu = 1 — gKG/log W-D = 1 — (pos 


SS Pi 
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10.25. 


qe qo 
07143 0.27027 
0.11111 0.21053 
0.05405 0.15385 
0.00000 ^ 0.10000 


Qc 


1 ‘ 1 
10.27. a. From 49) = q;? E 25 (gi + gi) + 34 «e| obtain 4:9), then use 


(9.6.3). 
b. Obtain q? from a relation derived in Exercise 9.18, 


af = 4 fap +] 


10.28. q9 = 0.94434 
10.29. qi? = 0.015 


CET 
10.30. 1 =1 A 
& IS Án 
10.31. a. Approximate m®, m? from gi", q{®, or approximate q;?, q;® from 
m, m® 
2 qo ]o 
bi1-»—-1- 
> T2 1) 
10.32. (The probability of decrement = (the absolute rate 
due to cause j when of decrement 
all causes are operating) due to cause j) 
— (the probability that decrement will 
occur due to causes k, k # j, and 
thereafter the event associated with j 
will occur prior to (x) attaining age x + 1) 
10.34. a. fri, j) = ae eie jf=1,t20 
JS I'(o) 
apee 
= =2,f20 
T(a) J , 1 
_ Je j=l 
fip s j=2 
p* pi e Pt 
t 
fl) - P s 
Qa a 
b. B[T] = <, Var(T) = 75 
P p 


Chapter 11 


11.1. If 1 denotes death and 2 withdrawal for any other reason, the actuarial pres- 
ent value is 
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40 40 
20,000 v' PS usio dt + 300 Í v PS TEN E ao also, at 
+ 12,000 89 gph) tig: 
11.2. 0.31075, 0.19717 


11.4. Sees 20 = x 


11.5. 2,250 
11.6. a. Take $4, = 1. Then 


(1.05) 0=k< 10 
e EEO. 10 Se 20 
3  ) (1.1)2(1.05 20 =k < 30 
(1.1)9(1.05 — kz30. 
a-31 


b. 1,200 » pes aas S30 +k 


w—36 
11.7. 01 È v py |zsoo (324) — 1,000.05 
k=0 35 
11.8. a. < 
U 


1) Afr 1 1 Z E 
FS p Gov (20 tk + 5) (: =] 640 dz. iii 


k=5 50 


14 
= az 5 
+ > p PS ont (20 ToksE i) (Z) 320 5o ci /238-E7173- 


50 


Since q(2,, = 0 for k < 5, these sums could be extended down to k = 0. 
b. In the first sum, the terms for k > 14 are changed to 


z : Z " 
Y vt pl gO (22) 22,400 soie 
50 


k=15 
c. In the answer to part (a), replace (20 + k + 1/2) by 20. 
14 
119. a. R(30, 20, 15) = 8,000 + 720 Y Sas 
j-0 50 


14 
25 S504) + (1/2) Ses 
b. R(30, 20, 15-1/2) = 8,000 + 720 =? 


S50 
17 
c. 8,000 2 UMS PS + DTE 
k-1 
17 S504; + (1/2)S5044 
d. p» eine P3 qi 720 | = S D TEE 
per] 50 


which equals the sum with k — 8 to 17, or 


720|% 1 d 

rd Lopnjti/2 400 40/04 kr1/2 Q4 40 z 

S > S594; 2 ge Po gos; 5o+j+1/2 + P vt Pio goir LET, 
50 zt 


j-0 
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11.10. 1.0756 


2 S 
11.11. a. 20,000 Í v! pR R5 4 f) Sa a cdi 
15 40 
É S 
b. 600 | : v' pO p25 + t) Lc (45 + f) ay, dt 
“40 


15 
T wW S Fw 
c. 600 f v' pi uS 15 ++) TA (15 + f) 15—(4.40-+¢ dt 
40 


where the w superscript on the annuity symbol indicates that it is to be 
calculated using mortality rates appropriate for a life after withdrawal 
from employee status. 


= iS d 
d. 1,000 | v! PR p15 + f) (s t Í Saal) Aro dt 
15 0 540 


Assuming S, is a step function between integral ages, 


Lij-1 

D 2 A + Sase (E — Lt) 

1,000 i re RO z Bios, dt 
= 40 

t 

15 i S454, du 

e. 1,000 [ v pR pds +H) ) 8+ 2e 15-i dt 
40 


Assuming 5, is a step function between integral ages, 


LeJ-1 
15 25 S494 + Sag +t (t = Lt!) 
1,000 | v p@ agas + p | 8 + SE —— | ag. di 
40 


39 
T F 5 ar 
11.12. à v7 pS gos (0.60)35,000 SM a5, 
= 30 


oc 


ee Spei ar 
+ OM, UE? p dbx (0.60)35,000 797 25, 


k=40 30 


24 
Dee PS Woe az 
11.13. a. 24,000 ==? 5 
35:25) 
b. 24,000 (IT; — 381T5;)#275 where 24,000 32115, and 24,000 {SIT are the an- 
nual benefit premiums for the benefit for (35) and (45), respectively. 


Chapter 12 


121. S= X, + X, +++: + Xy where N is the number of cars and X, is the number 
of passengers in an i. 
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122. Let N denote the number of rainfalls and X; the number of inches of rain in 
rainfall i. 


12.3. a. npp, b.npp;— np c. [p M +1- p] 
12.4. a. L7 b. 0.81 c. L6 d. 044 e. 272 f. 2.8216 
125. a. 272 b. 51 

12.6. e *, 0.2e?, 0.42e ?, 0.681333e 7, 1.008067e ? 


X 
12.8. z ; -] 
—log(1 — c) P E 
24 428 5-3x 
12.9. 37 x" e 


23! 
12.10. Poisson with parameter Ap 
12.12. Compound Poisson with à = 8, p(1) 


0.05, p(2) = 0.15, p(3) = 0.425, 


p(4) — 0.375 
12.13. Compound Poisson with à = 14, p(-2) = 1/14, p(1) = 4/14, p(3) = 9/14 
ibis puN 414 On 
n1 


12.16. a. 0.425 b. 0.3984 c. 0.184; no: Pr(N, = 1, N, = 1) # Pr(N, = 1) Pr(N, = 1) 


Compound 
Compound Negative Compound 
x/f(x) Poisson Binomial Dinomial 
0 0.011109 0.044194 0.001953 
1 0.034993 0.069606 0.012305 
2 0.070112 0.096827 0.039727 
3 0.105111 0.108230 0.085805 
4 0.130100 0.110967 0.137767 
5 0.138723 0.104988 0.173661 
E(N) = 4.5 E(N) — 4.5 E(N) = 4.5 
Var(N) = 4.5 Var(N) = 9 Var(N) — 2.25 
44 256 8 
12.25. a. =0. ] ae 
5. a. B(2) = 09772 b. G (5 9 s) 
; P» Po pn 
12.26. b. 1. li. 
A[p, (1. + OP (ra/pXp( + 9) 
1228. a. a, E 
Tij 
Chapter 13 


ucl 
13. a. -1 be RD c, log” d. (2) 
q p 


f(t — s) 


13.3. ———————— 
? 1 — F(t — s) 


dt 


In SSS SR 
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13.5. O; y 
13.7. a. 3 b. 1 
10 
13.8. 7 log 2 = 
2 96) « Q0) - QE) 
13.12. a. | 2 1| ^] b. 
B (2 3 Pr 
13.13. b. E[L] = Biya s Re pY 
Fire > Op, 3/\ 6p, 4/ \ 6p, 
20r 
fei (1 + 02r — e” 
2 
13.15. a. 3 b.2 
n A; 
13.16. = — 
noe 
5 4 —17r + 54 
13.17. a. 57 b. 5€ 38 —- a 2$ 
d 4 10 — 3r 7 1 
“AOI\8 — 6r + £2 = 9 rem 
= 4 —2u T -4u ER. 5 = 1 
e. Wu) = 5e "gt Check: (0) = rae ar 
10 9 
13.18. a. 3 b. 2 c. (8 — 5r? 
q (2)(. .012-01r | 0403 09670.) 
"A\3/\0.24 — 1.1r + 7? 0.3 -r 0.8 -r 
e. u(u) = 0.4e 9?" — 0.067708 
__9 = 1 Q 2..1 a? n 
Diusper pa = (s 7 JG). mua eer (5 4 a) 
b. Wu) = cl - Glee.) 
13.20. a. Y p BJ petr 


= > (A/B) 
£ 


A;/ B; 
[> a 


,i=1,2,...,n 
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13.21. 


13.23. 


C. 


a. 


C. 


n 


A./ p, 1 
> z // Bi & 
2 A/p)| 


j=l 


21 
10 
29 


(e* + e^") 


' 105 


1,009 
11,025 


a. fc, fr, Wu, ft) b. : 


10 
13.24. — 
3 


Chapter 14 


14.1. 


14.3. 
14.4. 
14.5. 


14.6. 


14. 


14.9. 


b 


C. 


a. 31.35 days b. 2.99848 c 


t? pq 
s = 0.233 


0xuzxl1 


a. 0.13022 b. 0.09823 c. 0.05683 


a. B[S] = 47, Var(S) = 16.40 
7 
b. X = 17, p(1) = 17 pA = 


10 
75, 16.7 
17’ 


a 2 bh, D beh, c 167, 293 


(654) mfr a(t] 


14.10. a. -[1 — F;()] 


1411. fox) 22x 0cx«1 


b. fix + 1) 


—————— ÀMÁÉÁÉ Ss U 
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14.12. 


x fe FG) EU] 
0 0.050 0.050 3.500 
1 0.124 0.174 2.550 
2 0.180 0.354 1.724 
14.13. a. 0.3885 b. 0.985 
14.14. 0.8 EI] - 0.8 EU] where! = d + os 
14.15. 3.758 
14.16. a. TA b. 0 < and (1 +02 <1 +¢ 
E vVli+¢ 
14.17. a. a= 2-1 b. £2 28 
0 — e 1 — re Pn 
48. —— —, 1 [ü +0- (+ elr = ——— 
14.18 $c 14[0-9 — (1 + Be *]r T3 
~ 1.25 - 2a 
14.19. Roe = 0.25 
1 d-w 
.20. =o o 
14.20. H; Lig] ( = 
d— p ao? 
+ - = — d)t—— 
| ( - co) | ap] el ) 2 
Note: The answer of Exercise 14.9 is the limit of H, when a — 0. 
14.21. Inverse Gaussian distribution with parameters a and f. 
E log d — (tm + ta?) log d — tm 
1423. a. e* ees o( d|1-® 
| Vio Vio 


b. m = 8 — 67/2 


-log d + tò + to?/2 , (= d+ 18— wit) 
.® de™ d 
j ( o Vt ) e o Vt 


Chapter 15 


15.1. 


a. Savings Account 566.50 Reserve 485.44 
Surplus 81.06 
566.50 566.50 
Premium Income 550.00 
Interest Income 16.50 
566.50 
Increase in Reserves 485.44 
Net Income 81.06 


b. 1 — ¥(5.28) = 0.00000 
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15.3. 


15.10. 


15.12. 


b. i. 7,425.56 ii. 183,833 
c. i. 7,500 ii. 187,500 
d. 7,425.56 e. 7,500 f. 0.171914 


a. 288.4] b. 332.35 
1,000 Auz + 4 duas + 85 
0.93 Hus + 0.05;5E ug Üugr1o13 — 0.35 
1000 À, + 2544 + 25 
0.935 


ü—ltectete, € =e, + de, 

, PA) to i) eee 
l-p l-pb b 

p, PAD) ta, 9 1 " f 
1 1 — p E[B] E[B] 


a. 200 b. 20 c. V200 


a. 1st Year a'b + 14.29 where a! 
Renewal Years a'b + 2.63 
2.54. — 7.5 
y H + x 
b. All Years a'b 0954, — 025 — 025 


= ae) ae 
(Gy — Gy) » a coro, f i 


. 1,000A, + 0.54, + 2.5 
0.954, — 0.25 


15.14. b. Í (e 9" E e 9b, L(t + u) — Tul uPx+t du 
0 


Chapter 16 


16.1. 


16.2. 


16.3. 


16.4. 


16.8. 


, , 
Pg Py 


AW 


iW, & ,W, according as 


b EU b 1 d e 
2 2 nib 
a. CV L (1 L) Ad 


10E4o 


b. (1 e L) A5 + E eke 


10Wao = 0.5829, 1Wiozg = 0.6232, proportional amount = 0.5 


pP 
Whole life: 1 — —+-, n-Payment life: 1 — 
P x+k 
1- Pty 
n-Year endowment: 
x+kn—k] 


P 
Whole life: 1 — =*!, 
Pd 


perm 


n-Payment life: 1 — 
n-k* xk 


ME 
iE 
P 
n-k^ xk 


————————————————M———— —— 
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eA 
BEEM = P + iP xvid Ax 


where , 
T 
pcRvM 
n-Year endowment: 1 — 
Ps 
1 
is Peer — Ayal 
where poke = Pis £ 19 xLl xi 
[e 


169. c. a, Ge + ü up + 5) — 1 


9 E N 
a AED 
16.10. (G, — G,) 2 EDU ce 
5e x+10 
16.13. b. (e (Es) 
1 ti Px+h 
= A, 
16.15. B = (inm * A, 
K 
16.16. a = AL 2 KE, pr E Pus 2 fi. 
x+1 


16.23. a. B = 0.03, a = 0.01,8 — a < 0.05 b. 0.28 d. 0.0867 e. 0.0278 


Pug dug — & 
16.24. a= Bray” 2 GSP, T Ala), B S A a - 
xi 


1625. T = BEM — op, 


Chapter 17 


17.1. <8 + | v Loup, ds 


n 
Alu — v” = E 

124. es UA aA aos Dg) or 
ax ~ flag depu 5Px B. 83] = v” 20P x ay 


[1,000 Aig + 12040? — a8] 


frog 


17.8. 


17.10. a. 


v dx T 15 

z — |v” fg 15<T=25 
vay  25«T-35 
UP īa T>35 


15 25 
b. [ v‘ zs Pao Walt) dt + aig [. v^ Pao pap (f) dt 


i 
35 B 
+ v” ag m Pao Baot) dt + v” ig Ay Pao pag(£) dt 


17.15. 203,421 
17.16. a. 55 b. 53,759.04 
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1718. c. as8 5 0. p® 
as ò — 00 pO /4 
Chapter 18 


18.1. a. Either 2 or 4 of w, x, y, z survive to time t 
b. Either 1 or 3 of w, x, y, z survive to time t 


183. a. 65 b. 3,236.71 

184. ,D, — 3,D, where ,D, = Prey E Poss © Puy + Pr and Dy = Proxy: 

18.5. ay (iy H y; d ud | P 

18.6. 0.624010 

18.7. a. 15(4 + a, + à) — 10(4, + à; + a,,) + Os 
b. 154, — 5n, + au) + BA gy 

18.8. 4.6 

18.9. a. 12,000 (aida + afes — 20 ism) 
b. 12,000 (ajos + aig — alosa) 


18.10. a. Z, + 4, + 44 — dy — Ay ~ ha + ua 


b. ax + 539 m 39 


1 26 64 
18.11. a. b. : 
E 7 > 105 108 
18.12. a. Lis false. Change right-hand side to A2, + Auty + Aus: + Aune 
b. H is true. 
c. Ill is false. Change right-hand side to A, + Ad + A} — 2(A,1 + Aug) + 
Ae) + SA 


18.13. Í U Pry y(t) t Ayr, dt 


0 


5 3 
18.14. a. 7 b. 7 


18.15. A. (A z Ausg Avg (Araiz Aa seen) 
18.16. OAL | Ay Ai) Aia At uds Aja Ao ids 
+ Ayan AS dozidü 


P : 1 z 
18.17. (Aso + Ax ssp) i (+ ~ Aso Ase 


18.20. a. Í (1 zd Pw) Px "WO Pyz dt b. iis e Aan 


25 19 5 

(BO mE SS a 

à 5 P as Cg 
18.23. 0.07 


1824. a. 0.3 b. 02 c. 3 
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15 
18.25. ie (1 — LP; iPy pt) (aos — 25.) dt 
30 
18.26. Í (1 — Pio) Poo Malt P0 — 30P30) dt 
30 
+ (1 — Pao) Pao Molt) (Pio — soP10) dt 
40 
+ f (1 — sofa) Pao Boolf GPio ~ soP10) dt 
18.27. 0.2145 
18.28. 0.2704 
18.29. I. False. Insurance factor should be Ad oh 
H True 
III True 
18.30. a. iig 470 rupto d, UM 10Px B, +10: 
b. dg AL, +v" a, ua, 
ess " T p 
18.31. G = 3 Ëw + afl) T 3 nly (0.92 = nA) 
A ed 
18.33, ———Ee— 
9x3] + Ayytn 
18.34. dy, 
18.35. D. öm OP — up) us 
18.37. Insurance payable at the moment of z's death, if the deaths have occurred 
in the order x, y, z and only if the death of z is less than 10 years after the 
death of y. 
Chapter 19 
19.1. a. 45 b.2 c.2 
192. 2,500 V2 + 10000 
T 
e! 
19.3. 10,000 | e7! — eV? — xb 
19.4. 1002 [e 51/160 c eg 90/100 + eg 28/100 bots e 27/100] + 100 [e 1/4 + e 95/190] 
19.5. Tay — Tay — 20L, 
50 80 50 
19.6. Í Kx, —x) dx — Í I(x, 50 — x) dx — Í (80, t — 80) dt 
20 70 30 
198. bro (: © z.) (x 2 
8. ex = 
Va Va 2a 
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19.9. a + Dec Í gp ose 
ar-a] a T, = T, 
19.11. a. e® s(x)(R + m), 1 — e® s(x) 
19.15. 0.02 
19.17. a. [P(a)]'/" — B b. stationary 
l 
19.18. b. a c. T 
Chapter 20 
20.1. (T, — Tw 
20.2. netten | e^ ^! s(y) w(y) dy 
f b 
203. b. n(t — r + a)s(r) a b f w(r — yet dy 
0 
f b 
C. TP pu = neREtu=r+a) s(r) a (£) Í w(r = y) grt) dy 
0 
= g" TP, 
20.4. a. c(r — ayw(r) e* n(t — r + a)s(r) a; 
b. TP,,, = c(r — a) w(r) ett n eR 7*9 g(r) a = e TP, 
20.5. e” e CI f(r) a 
1 1 — eg 6*006x 
20.6. a. 25 « x « 100 
06. a 506 — (100 — 20.06" s 
d. = 9.7020 
b. 3,056.14 9?! Q0 «f 
0 t<0 
20.8. a. 34,175.71 e09 0x 
b. 4,423.17 e»? 0st 
_ J0 xr 
209. M(x) = n a 


as 
20.10. fw(r) a; e Eteo get ais where0 = 8 — p 


f= 


20.14. a. P, = exp(—8[r — X(8)]) TP, 


20.15. a. 


(aV), = TP, axes = P, 5-X@6 
b. P, = TP, (aV), = 'P(r — pu) where p = | xm(x) dx 


fwlr) e0 > s(r a 


r 


w(y) e^?» s(y) dy 


eT- D s(x) wx) 


r 


Í e 67" s(y) w(y) dy 


——MÓ EE s 
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20.20. a. 60,977.92 £^?! 


x — 25 1 
b. M(x) = a" m 
i. 38,292.33 £9?! 
ii. 1,524.45 e00% 


et —- eg 0.04x 5 0.047024 


= E , 
gi-—g26 


c. M(x) = 


i. 45,479.00 £99 
ii. 1,236.88 £99 


20.21. » (aF), = [e + d -FB(aP)—- TP, 0s¢t<15 


E 
Initial condition (aF) = 0 


d 
di (aF), = P, + 8(aF), — "P, 15 =t 


Initial condition (aF) = (aV),5 


a. 26,234.75 e°% + 38,292.33 0°! — 64,527.08 Osf<15, 
38,292.33 e 1st 
b. 31,158.47 e"9** + 45,479.00 e"?! — 76,637.48 0zt«15, 
45,479.00 et 15xt 
20.23. a. dyuy-3. b. m — à where u = Í x m(x) dx 
20.25. a. 21,000.00 e% 
b. 263,122.29 g?0% 
Chapter 21 
21.1. 0.000382 
21.2. 0.001154 
1 1 
213. a. — b. => 
& I0 ™ 132 
21.4. Beery B gens) 
c. i. > poe en cm KPx x +k = iA, 
k=0 
it, 24 A 
2 100 z 0«z«041 
218. a. 0.10, 55 b. f2)= 120-1002  01«z«02 
’ 0 elsewhere 
100 log y/y 1<y<® 


[el 


elsewhere 
217. a ò b. ko? c. log(1 + I) — NG, ko?) 
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f(y) = 4 (20 — 100 log y)/y Lt < y< pne 
0 
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n(n + 1)2n +1) , 
6 n 6 


C. e214 DOnc)/12)02). eg? (G- lore Ont DH (lant DOm t D/6lg* = 1) 


n(n + 1)(2n + 1) o?) 
6 


21.8. a. —nð b. log(6,) ~ N |» 


d. 6, ~ lognormal ( nò, 


21.9. a.r b. no? c. log I, ~ N(r, nò’) 
21.10. eted, etno? (ater — 1) 
21.17. 0.050000, 0.054866, 0.059611 
2122. b. L(cta, — 0À,) 
c. -L[QA), + ea, ~ P(A, + oa) 


where *4, is valued at *8 = ô + r 


n(n + 1)Qn + 1) | 
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Accounting statement 
balance sheet, 471, 478 
income, 470, 477 
Accounts receivable, 493 
Accumulated cost of insurance, 214 
Accumulation period, 539 
Actuarial accrued liability, 618 
Actuarial accumulated value, 140, 146 
Actuarial cost method, 607 
accrued benefit, 622 
entry-age, 623 
group (or aggregate), 624 
individual, 622 
Actuarial present value, 95, 135, 192 
Actuarial value, 3 
Additive property, 512 
Adjustment coefficient, 401, 411 
ceding insurer’s, 453 
Adjustment effect, 612 
Age-at-death, 51 
Aggregate claims, 367 
Annual cost of insurance, 114 
Annuities 
apportionable, due, 155 
cash refund, 536 
certain, 133 
certain and life, 139, 146 
complete, immediate, 156 
continuous, 134 
deferred whole life, 138, 145 
due, 133 
immediate, 133, 146 
installment refund, 536 
joint-life, 280 
last-survivor, 281 
life, 133 
partial cash refund, 536 
payable m-times a year, 149 
reversionary, 285, 570 
temporary life, 137, 144 
variable, 539 
whole life, 134, 143 
Arbitrage, 656 
Asset shares, 485, 512 
Associated single decrement model, 319 
Assumed investment return, 540 
Assumptions 
Balducci, 74, 253 
constant force of decrement, 322 
constant force of mortality, 74 
demographic, 350 


Index 


hyperbolic, 74, 253 
uniform distribution of deaths, 74, 239, 288, 
296 
uniform distribution of decrements, 323, 328 
Attained age, 315 
Automatic premium load provision, 506 
Average amount of insurance (AAI), 526, 527 


Benefit 
accelerated, 547 
career average, 353 
disability income, 358, 437 
disability waiver of premium, 359 
double indemnity, 342 
dread disease, 548 
family income, 537 
final average salary, 352 
final salary, 352 
long-term care, 548, 550 
nonforfeiture, 347 
vested, 607 
Benefit income rate, 352 
Benefit payable 
at the end of the year of death, 108 
at the moment of death, 94 
Bond equivalent yields, 658 
Book profits, 509 


Cash flow 
expected, 490 
random variable, 234 
Ceding company, 43 
Central limit theorem, 39 
Central rate bridge, 335 
Central rate of decrement, 321 
Central rate of mortality (see mortality, central 
rate of) 
Claim, 7 
Cohort, 66, 586 
Convolution, 35, 369 
Copula, 277 
Current payment technique, 134 
Curve of deaths, 66 


Death rate 
annual, 67 
central, 70, 321 
instantaneous, 55 
Decrement, 308 
Deductible, 17, 445 


Index 
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Definition of a process 
global method, 407, 408 
waiting time (or discrete) method, 407, 408 
Density function 
of births, 587 
pension accrual, 614 
population, 587 
probability (p.d.f.), 31 
Distribution 
Bernoulli, 703 
binomial, 703 
chi square, 48 
compound negative binomial, 373 
compound Poisson, 372, 437, 442 
compound Poisson inverse Gaussian, 376 
exponential, 37, 371, 411 
gamma, 48, 374, 377, 446 
geometric, 369, 419 
inverse Gaussian, 39, 412 
lognormal, 436, 644 
mixture of exponentials, 436 
multinomial, 85, 379 
negative binomial, 375, 404 
normal, 11, 39, 45, 377, 386 
Pareto, 436 
Poisson, 437 
Poisson inverse Gaussian, 375 
translated gamma, 388 
truncated exponential, 42 
uniform, 12 
Dividends, 449, 513 
experience premium method, 531 
Duration, 671 


Economic consideration 
fund objective, 508 
natural premiums and reserves, 508 
rate of return objective, 509 
risk-based objective, 511 
Effective annual rate of mortality, 67 
Elimination period (waiting period), 358, 437 
Entities, 257 
Equivalent level renewal amount (ELRA), 524 
Expectation of life 
complete, 68 
curtate, 69 
temporary complete, 71, 86 
temporary curtate, 86 
Expectation of the present value of payments, 
95 
Expected gain, 452 
Expected value principle, 3 
Expense 
acquisition, 479 
general, 479 
investment, 479 
maintenance, 479 
settlement, 479 
Experience adjustment, 512 
Exponential case, 610 


Fair value, 3 

Feasible insurance, 16 

Financial economics, 655 

Force of decrement, 310, 311, 351 
marginal, 325 


Force of mortality, 55 
generation, 589 
joint-life, 266 
last-survivor, 270 

Function 
accrual, 614 
benefit, 94 
compound contingent, 566 
continuance, 437 
discount, 94 
distribution (d.f.), 52 
force of birth, 600 
logistic 605 


moment generating (m.g.f.), 11, 38, 368, 412 


net maternity, 600 
present value, 94 
probability (p.f.), 28 
probability generating, 46 
Funding method 
(see also actuarial cost method), 607 
initial, 614 
terminal, 609 
Future lifetime, 52 
curtate, 54 
median, 68 


IJattendorf’s theorem, 244, 253, 365 
Health insurance, 533 

Heavy tails of a distribution, 436 
Hospital continuance table, 441 


Illustrative Life Table, 78, 675 
Illustrative Service Table, 351, 685 
Immunization, 663 
Independent increment, 408 
Index of selection, 89 
Insolvency, 400 
Insurance 
contingent, 293, 565 
decreasing term life, 108 
deferred, 103 
endowment, 101 
excess of loss, 17 
family income, 537 
fixed premium variable life, 541 
fully variable life, 541 
group long-term disability, 437 
group weekly indemnity, 437 
increasing whole life, 106 
joint-life, 282 
last-survivor, 281 
m-thly increasing term life, 108 
mortgage protection, 538 
proportional, 23 
pure endowment, 101 
stop-loss, 17, 445 
term life, 28, 94 
universal life, 547 
variable life, 541 
variable universal life, 547 
whole life, 96 
Insurance system, 2 
Insured, 7 
Insurer, 7 
Insurer’s surplus, 399 
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Interest rate 
bond equivalent yield, 658 
dependent, 649 
deterministic scenarios, 638 
forward rate, 656 
independent, 643 
inverted yield curve, 658 
one-period, 637 
par yield, 657 
random scenarios, 641 
spot rate, 656 
term structure, 656 
yield curve, 658 
International Actuarial Notation (IAN), 53, A4 
Interpolation 
exponential, 74 
harmonic, 74 
linear, 74, 239 
Intrinsic rate of population growth, 602 


Jensen's inequalities, 9, 21, 637 


Law of mortality 
De Moivre, 78 
Gompertz, 78, 287, 295, 569 
Makeham, 78, 288, 296 
Weibull, 78 
Law of uniform seniority, 302 
Lexis diagram, 585 
Life-age-x, 52 
Life estate, 147 
Life expectancy (see expectation of life) 
Life table, 51 
Life Table for the Total Population: United 
States, 1979-81, 60 
Limited expected value function 
(see also expectation of life, temporary 
complete), 86 
Limiting age, 63 
Loading, 7, 536 
Loss variable (see random variable, loss) 


Maximal aggregate loss, 417, 447 
expected value, 422, 432, 452, 457 
Method 
double integral, 590 
experience premium, 531 
in-and-out, 589 
modified reserve (see modified reserve) 
natural premiums and reserves, 508 
of inclusion and exclusion, 268, 576 
Mode, 69 
Model 
autoregressive, 659 
closed, 28 
collective risk, 367, 441 
dependent lifetimes, 274 
double decrement, 347, 512 
individual risk, 27 
moving average, 649 
multiple decrement, 341 
multiplicative, 670 
open, 28 
proportional hazard, 89 
random walk, 660, 669 
single decrement, 346 
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Modified reserve 
Commissioner’s valuation method (CRVM), 
522 
full preliminary term (FPT), 519 
modified preliminary term, 522 
two-year preliminary term, 533 
Mortality 
annual rate of, 67 
central rate of, 70, 321 
force of, 55 
n-year rate of, 67 
Mortality table 
aggregate, 81 
select, 81 
select-and-ultimate, 81 
ultimate, 81 
Multiple decrement table, 317 
Multiplicative model, 670 


National Association of Insurance Companies, 
501, 529 
Actuarial Guideline XVII, 526 
Net amount at risk, 236 
Nonforfeiture benefit, 347, 500 
cash value, 486, 500 
extended insurance, 504 
minimum cash value, 526 
paid-up insurance, 502 
Nonidentifiability, 265, 327 
Normal cost rate, 609, 616 
Normal power expansion, 46 


Operational time, 434 

Order statistic 
largest, 268 
smallest, 263 


Penalty, 427 
Pension plan 
benefits based on salary, 352 
defined benefit, 351, 354, 609 
defined contribution, 356, 609 
general model, 608 
Policies, 7 
Policy fee, 481 
Policy loan clause, 502 
Population 
stable, 594 
stationary, 593 
Premium, 7 
adjusted, 472, 501 
annual, 180 
apportionable, 191 
benefit, 169, 573 
continuous, 170 
contract, 167, 536 
expense-loaded, 467, 508 
experience, 531 
exponential, 169 
natural, 508 
net, 7 
net stop-loss, 445 
percentile, 169, 174 
pure, 7 


751 


renewal, 516 
single, 169 
step, 516 
true fractional, 188 
unearned benefit, 239 
Premium principle, 167 
equivalence, 169, 205, 346, 360, 550 
expected value, 531 
exponential, 169 
percentile, 169 
standard deviation, 511 
variance, 511 
Probability 
compound contingent, 566 
contingent, 291, 564 
joint-life, 271 
last-survivor, 271 
Probability of decrement, 309, 310 
net, 319 
Probability of ruin, 400, 403, 413, 417, 418 
asymptotic formula, 424 
Probability of withdrawal, 361 
Process 
aggregate claim, 399, 406 
ageregate loss, 418 
autoregressive, 404 
claim number, 406 
compound Poisson, 409 
discrete time surplus, 401 
Poisson, 408 
renewal, 431 
surplus, 399 
Pure discount bonds, 656 


Radix, 67 
Random variable 
Bernoulli, 28, 443 
binomial, 28 
cause of decrement, 308 
common shock, 274 
expense augmented loss, 467, 474 
fractional part of year lived in year of death, 
76 
future-lifetime, 52 
indicator, 28 
individual claim amount, 367, 377 
loss, 170, 206, 345 
maximal aggregate loss, 417 
net cash loss, 234 
number of claims, 367, 372 
prospective loss, 204, 230 
time-until-death, 51 
time-until-decrement, 308 
time-until-failure, 263 
Rate (see also salary rate), 320 
failure, 55 
hazard, 55 
net reproduction, 602 
normal cost (see normal cost rate) 
Rate of decrement 
absolute, 320 
central, 321 
independent, 319 
Rate of disablement, 439 
Recursion formulas, 73, 110, 486 
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backward, 73, 114, 135, 235 
forward, 73 
Recursive method for compound distributions, 
383, 448 
Reinsurance, 27 
coverage, 44 
excess-of-loss, 453 
premium rate, 451 
proportional, 453 
stop-loss, 445 
Reinsuring company, 44 
Remainder, 147 
Renewal equation 
defective, 424, 432 
Replacement effect, 612 
Reserve 
at fractional duration, 238 
benefit, 205, 230, 346, 467, 575 
contingent insurance, 574 
continuous, 206 
disability, 360 
expense, 468 
exponential, 205 
Fackler accumulation formula, 251 
full preliminary term (FPT), 519 
initial benefit, 235 
interim benefit, 238 
level premium benetit, 521 
modified, 515 
natural, 508 
negative, 519 
on policies with fractional premiums, 221, 
224 
on second-to-die policies, 574 
paid-up insurance formula, 213, 360 
premium-difference formula, 212 
prospective formula, 212 
retrospective formula, 213 
terminal, 235 
Zillmerized, 529 
Retention limit, 43 
Retroactive disability benefit, 358 
Risk amount, 546 
Risk averse, 10 
Risk lover, 21 
Ruin related to surplus, 400 
Rule of moments, 96 


Salary rate 
actual annual, 351 
final, 609 
projected annual (or estimated annual), 351 
Salary scale 
function, 351 
Security loading, 25, 41 
relative, 41, 412 
Select period, 81 
Selection, 79 
Simulation, 655 
Simultaneous claim 
zero probability of, 408 
St. Petersburg paradox, 20 
Standard Nonforfeiture Law, 501 
Standard Valuation Law, 522 
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State, 547 
absorbing, 362, 548 
active, 547 
disabled, 547 
mature, 599 
Stationary increments, 408 
Status, 257 
compound, 562 
joint-life, 263, 556 
k-survivor, 556 
last-survivor, 268, 556 
single-life, 258 
survival, 263 
term certain, 258 
[k]-deferred survivor, 556 
Surrender charge, 500 
Survival function (s.f.), 52, 437 
generation, 587 
joint, 260 
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Survivorship group 
deterministic, 66, 318 
random, 59, 316 


Theory 
individual risk, 126 
multiple decrement, 308 
of competing risks, 308 
ruin, 451 
utility, 3 


Utility function, 4 
exponential, 10 
fractional power, 12 
logarithmic, 21 
quadratic, 13 


Z-method, 576 
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